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Zusammenfassung

Eine der wichtigsten Grundideen in der Banachraumtheorie der vergangenen Jahr-
zehnte ist es zu untersuchen, inwieweit sich Resultate und Methoden fiir skalarwer-
tige Funktionen auf vektorwertige Funktionen verallgemeinern lassen. Der interes-
santeste Fall ergibt sich, wenn die untersuchte Verallgemeinerung von der Geometrie
und der lokalen Struktur der beteiligten Rédume und Operatoren abhéngt. Eines der
bekanntesten Beispiele hierfiir ist sicherlich die vektorwertige Verallgemeinerung der
Besselschen Ungleichung. Ein grundlegendes Resultat von S. Kwapien [Kwa72] be-
sagt, dal ein Banachraum X genau dann isomorph zu einem Hilbertraum ist, wenn

die Ungleichung

N 1 2 1/2 X
(kZlH [ swe| dt) gC( [ e dt)

mit einer festen Konstante C' > 0 fiir alle X-wertigen Funktionen fund N =1,2,...

1/2

gilt. Das Hauptaugenmerk dieser Arbeit liegt auf den Beziehungen zwischen der
Geometrie der Banachraume und den analytischen Eigenschaften der untersuchten
Funktionen. Ein zweiter Schwerpunkt ist es, diejenigen Banachrdume und Oper-
atoren zu klassifizieren, fiir welche bestimmte Eigenschaften, die im skalaren Fall

gelten, auch im vektorwertigen Fall wahr bleiben.

Die vorliegende Arbeit ist im wesentlichen in zwei Teile gegliedert. Im ersten Teil, der
die Kapitel 2 bis 4 umfasst, beschaftigen wir uns mit der Fouriertyptheorie. Die Defi-
nition des Fouriertyps fiir Banachraume wurde 1969 von J. Peetre [Pee69] eingefiihrt.
Er untersuchte die vektorwertigen Fouriertransformationen auf der reellen Achse.
M. Milman setzte dieses Studium mit der Untersuchung von Fouriertransforma-

tionen beziiglich lokalkompakter abelscher Gruppen fort, siche [Mil84]. Das oben
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erwihnte Resultat von S. Kwapienn besagt gerade, dafl Banachraume vom Fourier-
typ 2 isomorph zu Hilbertraumen sind. Das tiefliegendste Ergebnis dieser Theorie
geht auf J. Bourgain zuriick. Er bewies in [Bou82, Bou88], daf} ein Banachraum
einen nichttrivialen Fouriertyp beziiglich der klassichen Gruppen oder beziiglich der
Cantorgruppe genau dann besitzt, wenn er B-konvex ist. Weitere Ergebnisse zur
Hausdorff-Young-Ungleichung fiir vektorwertige Fouriertransformationen finden sich
in den Arbeiten von M. E. Andersson [And98], J. Garcia-Cuerva, S. Kazarian, V.I.
Kolyada and J.L. Torrea, [GKKT98], A. Pietsch, J. Wenzel [PW98] und A. Hinrichs
[HinOla, Hin01b, Hin03a].

Der zweite Teil dieser Arbeit besteht aus dem Kapitel 6 und stellt Resultate zur
Absolutstetigkeit von Operatoren zwischen Banachrdumen vor. Durch die Verall-
gemeinerung des Fakts, daf} jeder schwach kompakte Operator auf einem Raum
C(92) durch ein gewisses Integral beziiglich eines Kontrollmafies abgeschétzt werden
kann, fiihrte C.P. Niculescu 1975 in [Nic75] ein Absolutstetigkeitskonzept fiir Opera-
toren zwischen Banachrédumen ein. H. Jarchow und A. Pelczynski stellten in [Jar81]
eine Beziehung zwischen dem Absolutstetigkeitsbegriff von Niculescu und der Ope-
ratorenidealteorie her. Ein systematisches Studium des Absolutstetigkeitskonzepts
wurde in den Arbeiten von H. Jarchow, U. Matter [JM88, Mat87, Mat89] und F.
Rébiger [R4b91] durchgefiihrt.

Wir gehen nun kurz auf den Inhalt der Arbeit ein. KEine ausfiihrlichere Beschrei-
bung findet sich am Anfang jedes einzelnen Kapitels. Kapitel 2 dient zur Festle-
gung der Notation und zur Bereitstellung von Hilfsmitteln. In Kapitel 3 zeigen
wir, dafl der Begriff des Fouriertyps p beziiglich der Cantorgruppe und ihres steti-
gen Analogons dquivalent sind. Der Beweis stiitzt sich wesentlich auf Techniken,
die von J. Bourgain [Bou88| und H. Konig [Koe91] entwickelt wurden. In Kapi-
tel 4 wird Bourgains Hausdorff-Young-Ungleichung verallgemeinert. Wir werden
beweisen, dafl die B-konvexen Raume gerade die Rédume sind, die einen nichttri-
vialen Fouriertyp beziiglich des unendlichen Produktes der zyklischen Gruppen von
Primzahlpotenzordnung haben. Dalfiir fiihren wir mittels des Orthonormalsystems
von Vilenkin eine gewisse Klasse von Operatoren ein. In Kapitel 5 zeigen wir ein
Ubertragungsprinzip des Fouriertyps 2 vom klassischen Fall zum Fall einer beliebigen
lokalkompakten abelschen Gruppe. Das Hauptresultat hier ist, dafl unter allen Ide-

alen von Fouriertyp-2-Operatoren das Ideal der Operatoren vom klassischen Fouri-
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ertyp 2 das kleinste ist. Es ist das Ergebnis einer gemeinsamen Arbeit mit A. Hin-
richs, siche dazu [HP03]. Im letzten Kapitel beschreiben wir eine Verallgemeinerung
der von U. Matter [Mat87] eingefiihrten Prozedur, mittels der aus gegebenen Ba-
nachidealen A und B ein neues Banachideal (A, B), definiert wird. Insbesondere
stellen wir eine Verbindung zwischen bestimmten Interpolationsmethoden und der
Absolutstetigkeit von Operatoren her, indem wir (p, ¢)-absolutstetige Operatoren
charakterisieren. Schliellich wenden wir dies auf die Abschétzung von Approxima-

tionsgroflen von Operatoren an.



Chapter 1
Introduction

It is an important theme in Banach space theory during the last decades to inves-
tigate how well results and methods for scalar valued functions can be extended
to vector valued functions. The most interesting case occurs when the extension
in question depends on geometry and structure of the underlying Banach spaces
or operators. A prominent example illustrating this phenomenon is certainly the
extension of Bessel’s inequality to the vector valued setting. This is a celebrated
result of S. Kwapieni [Kwa72], which says that a Banach space X is isomorphic to a

Hilbert space if and only if

N 1 2 1/2 X
(;H/o | dt) <c( [ )

holds with the constant C > 0 for every X-valued function f and N = 1,2,....

The basic idea of this thesis is to study the interaction between geometry of Banach

1/2

spaces or operators and analytical properties of involved functions. Our second aim
is to classify Banach spaces or operators for which certain property true in the scalar

case remains valid in the vector valued case.

This thesis consists mainly of two parts. The first one comprises Chapters 2 through
4 and is devoted to the study of Fourier type theory. The investigation of the
classical vector valued Fourier transform was initiated by J. Peetre in [Pee69]. M.
Milman continued this research in [Mil84], where he considered vector valued Fourier

transforms on general locally compact abelian groups. The above stated result of
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S. Kwapient shows that Banach spaces of Fourier type 2 are isomorphic to Hilbert
spaces. The deepest result in this direction is due to J. Bourgain [Bou82, Bou88]. He
showed that a Banach space has nontrivial Fourier type with respect to the classical
locally compact abelian groups or with respect to the Cantor group if and only if it
is B-convex. A systematic study of vector valued Haussdorf-Young inequalities was
initiated in the work of M. E. Andersson [And98], J. Garcia-Cuerva, S. Kazarian,
V.I. Kolyada and J.L. Torrea, [GKKT98|, A. Pietsch, J. Wenzel [PW98] and A.
Hinrichs [HinOla, Hin0O1b, Hin03a].

The second part of this thesis consists of Chapter 6 and deals with results on ab-
solutely continuous operators. Taking into account special properties of weakly
compact operators on C(2), see [BDS55], C.P. Niculescu introduced in [Nic75] the
class of absolutely continuous operators. H. Jarchow and A. Pelczyrniski established
in [Jar81] a result which connects the class of absolutely continuous operators with
the theory of operator ideals. Further studies of this theme are due to H. Jarchow,
U. Matter [JM88, Mat87, Mat89] and F. Réabiger [Rab91].

Let us now present the contents of this thesis in some detail. Chapter 2 collects
fundamental notations and concepts. In Chapter 3 we show that the notions of
Fourier type p with respect to the Cantor group and its continual analogue are
equivalent. In the proof of this result techniques developed by J. Bourgain [Bou8§]
and H. Konig [Koe91] are used. In Chapter 4 we get an extension of Bourgain’s
Hausdorff-Young inequality which states that B-convex spaces are just the spaces
which have non-trivial Fourier type p (i.e. p > 1) with respect to the infinite
product of cyclic groups of order a prime power. To do this, we distinguish a certain
class of operators with the help of Vilenkin orthonormal systems. In Chapter 5
we show a transference principle of Fourier type 2 from the classical case to the
case of arbitrary locally compact abelian group. The main result of this section
states that among all ideals of Fourier type 2 operators the ideal of Fourier type
2 operators with respect to classical groups is the smallest. This is a joint result
with A. Hinrichs, see [HP03]. In the last chapter we present a generalization of a
certain procedure introduced by U. Matter [Mat87] by which from given Banach
ideals A and B a new scale of Banach ideals (A, B), is generated. In particular
we stress an important connection of our construction to interpolation theory. As
an application we characterize (p, )-absolutely continuous operators by a special
factorization property through a suitable interpolation space. The last section is

devoted to give some applications to approximation quantities and entropy numbers.



Chapter 2

Preliminaries

2.1 Notation and Conventions

In this section we collect some needed notations, which remain fixed throughout this
work. The symbol K stands as a synonym for the scalar field of real numbers R or
complex numbers C. Furthermore, we put Ny = NU {0}. The cardinality of a set I
will be denoted by |I| or card(I). Let X,Y be Banach spaces over K. The norm of a
Banach space X will usually be denoted by || - || or || - ||x, || - | X if more precision is
desirable. The closed unit ball of X is given by Bx = {z € X : ||z|| < 1}. The term
operator means bounded linear operator unless specified otherwise. For an operator
T from X into Y its operator norm is given by ||T'|| = sup{||Tz| : « € Bx}. The
set of all operators from X into Y is denoted by £(X,Y). If X =Y then we simply
write £(X) instead of £(X, X). We denote by Iy the identity map of X. The dual
space of X is given by X' := L£(X,K). Analogously we denote the dual operator
of T by T'. The fact that the Banach space X embeds continuously into Y will

always be denoted by X < Y. For a real number a let [a] represent the greatest

integer less than or equal to a and {a} = a — [a] the fractional part of a. The
characteristic function of a measurable set A will be denoted by x 4. Let (€2, 1) be a

o-finite measure space. A function f : Q — X is called u-simple if it can be written

n
F= wxe
k=1

in the form
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where z1,...,x, € X and xi,...,Xn are characteristic functions of measurable
subsets A1, ..., A, of Q. A function f : Q — X is said to be strongly u-measurable if
it coincides almost everywhere with the pointwise limit of simple X-valued functions.
We denote by Lg( = Li((Q,,u) for 1 < p < oo the Bochner-Lebesgue space of

equivalence classes of strongly p-measurable functions f : 0 — X for which

171 = ([ 1o dw))w

is finite. In the limiting case p = oo the usual modification with the essential
supremum is required. In the scalar case X = K we will write L,(€, i) or short
L,(2), L. Taking Q@ =N,Z or Q = {1,...,n} and counting measure as p produces
vector-valued sequence spaces denoted as usual by £,(X) and £;(X), respectively.
It is known that for 1 < p < oo the space Ly (€2, 1) is isometrically isomorphic to
L,(9Q, ). Here p’ denotes the conjugate exponent of p given by 1/p+1/p’ =1. We
denote by (P, Xn),, the closure of all finite sequences (zn,) with z, € Xy, for all

n € N endowed with the norm

o} 1/p
(@)l = (Z [ n) -
n=1

The spaces (D], Xi)p are defined accordingly. In the sequel, we will also consider
the subsequent generalization of £,-spaces. Given any sequence x = (z,,) in a Banach

space X with [|z,|| — 0 we arrange the norms of the members of this sequence in

*

*) will be called the non-increasing

non-increasing order. The resulting sequence (x
rearrangement. The Lorentz sequence space £y, 4(X) (or £} ,(X) for finite sequences)

with ¢ < oo consists of all sequences (z,,) equipped with the norm

1/q
I@n)llpg = (Z (nl/p—luoc:;n)"> .

n

The sequence space ¢}, o, (weak £,) is equipped with the quasi-norm
@) lpo = supn/?la .

The spaces obtained in this way are Banach spaces though | - |4 is, in general, only

equivalent to a norm. Let 1 < r < s < oo. We will also work with the Lorentz
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quasi-norm given by

alezl = min { 32 15 ( 3 ) ),
h=1

keFy,
where the minimum ranges over all partitions of {1,...n} into pairwise disjoint
subsets Fj, with h = 1,...,m and m < n. Below, we summarize Lorentz quasi-norm

estimates which we will need later on.

LEMMA 2.1. Let 1 <r < s < co. Then there are constants A, B > 1 depending
only on r and s such that
- 168 < At/ e (2.1)
12 - 16 lls < - 16200 < B - 1624 ls- (2.2)

We omit the proof of this lemma. It may be found in [PW98, Section 0.5].

2.2 Operator ideals and ideal norms

In this section we collect some notation and results from the theory of operator
ideals. For more information we refer the reader to the monograph [Pie78].

Recall that £ denotes the class of all operators between Banach spaces. Moreover,
the class of all Banach spaces is denoted by L. An operator ideal A is a subclass of
L such that the components A(X,Y) = ANL(X,Y) are linear spaces which satisfy
the ideal property

UTV € A(Xo,Yy) for V€ L(X0,X), T € AX,Y) and U € L(Y,Yy). (2.3)

With every operator ideal A we associate the class of all Banach spaces X such that

the identity map Ix belongs to that ideal, i.e.
A={Xel:Ix e A}

An ideal (quasi-)norm « is a function on £ which is a (quasi-)norm and satisfies on

each component £(X,Y) the ideal norm property

a(UTV) < ||[Ula(T)||V|| for V € L(Xo,X),T € A(X,Y) and U € L(Y,Y)).
(2.4)
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We will write a(X) for a(Ix). It is well known that every ideal norm is equivalent

to the operator norm.

An ideal (quasi-) norm || - |A|| on an operator ideal A is a function on A which is a

(quasi-) norm and satisfies on each component A(X,Y") the ideal norm property

[TV A < [UITIALV I

Observe that (2.4) and the above notion coincide for A = £. An operator ideal A
endowed with an ideal (quasi-) norm such that all components A(X,Y") are complete
will be called (quasi) Banach operator ideal.

The sequence («,) of ideal norms will be called submultiplicative if oy, (UT) <
am (U)a (T) for all m,n € N, which we abbreviate by a, < a0 ay,. Given any

sequence of ideal norms (a,,) we put
Llay| ={T € L: (a,(T)) is bounded}

and
Lolan]) ={T € L: a,(T) — 0 as n — oo}.

Then L[ay,] and Lo[ay,] endowed with the ideal norm sup,, o, (T) induced by L]a,]
become Banach operator ideals. To avoid trivial cases we use instead of the se-
quence (ay,) a sequence A\, ', with appropriate weights satisfying min(a,) < A, <
max(ay, ).

We now describe a few methods to produce new operator ideals from given ones.
The dual ideal A" consists of all operators T such that T’ belongs to the given
ideal A. We say that A is symmetric if A = A9l The closed hull A of an ideal A
has the components m, where the closure is taken with respect to the operator
norm topology on £(X,Y). The ideals A such that A = A are said to be closed.
The injective hull A™ consists of all operators T' € £(X,Y) that become a member
of A by extending the codomain X Ly Yo. Here J denotes an injection into a
suitable Banach space Yp. Due to the extension property we may take Yy = £ (1)
for an appropriate index set I. An ideal is called injective if A = A™. Injectivity
of A implies that the associated class of Banach spaces denoted by A is stable when

passing to subspaces.



PRELIMINARIES

15\

2.3 Abstract harmonic analysis and Fourier type theory

This section reviews some of the standard facts on abstract harmonic analysis and
Fourier type theory. For more information, we recommend the monographs [HR79]
and [PW98].

We will work in the framework of a topological group G, i.e. a group equipped
with a topology with respect to which the group operations are continuous. Any
topological group mentioned in this section will be taken to be an abelian group and
a locally compact (or sometimes simply compact) Hausdorff space. For simplicity
let us use the abbreviation lca for ”locally compact abelian”. An isomorphism of the
topological groups, denoted by =2, is a map which is both a group isomorphism and a
homeomorphism. It is well known that on every lca group there exists a translation
invariant Borel measure p¢, the so-called Haar measure. For a construction of such
a measure we refer the reader to [HR79]. In the case when G is compact, it is
customary to normalize ug by declaring that pug(G) = 1. An exeption are finite
groups where also the counting measure is used. It will be clear from the context
which convention we use in this case. For lca groups the uniqueness of the Haar

measure holds up to a positive constant.

Let now G be a lca group. A character of G is a continuous group homomorphism
v : G — T to the unit torus T = {z € C: |z| = 1}, that is 7 is a complex-valued
map on G satisfying

[y (@) =1 and ~(st) = ~(s)v(t)

for all s,t € (G. The collection of all characters on G is an abelian group under
pointwise multiplication and carries a natural locally compact topology. The result-
ing lca group is the dual group G’ of G. The Fourier transform Fg of a function
f € L1(G) is given by

Folf)y) = /G FOT dualt) for 7 e @

It is a function in Cy(G’), the space of continuous functions on G’ vanishing at
infinity. To simplify notation, we will write ffor Faf if it is clear which group is

considered. In the sequel the following groups will be called ”classical”.
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EXAMPLES.

e The integers Z with addition, discrete topology and counting measure. The
characters on Z are given by (k) = z* for some z € T. It turns out that

7! = T and the Fourier transform is given by

f(eit) = Z f(n)e™™t for e eT.
neZ
e The torus T with multiplication, usual topology and normalized Lebesgue
measure. The characters on T are given by v(z) = z* for some k € Z. Tt turns

out that T = Z and the Fourier transform is given by

R 1 2

f(n) fleMe ™ dt for ncZ.

e The real line R with multiplication, usual topology and Lebesgue measure.
The characters on R are given by v(r) = ¥ with y € R. It turns out that

R’ =~ R and the Fourier transform is given by
-~ 1 o0 .
fly) = —= f(z)e ™ dx for yeR.
V2r J oo

For more examples we refer the reader to Chapter 3, where we describe in detail
the harmonic analysis on cyclic groups. The above examples show that Z and T are

duals of each other. This is a special case of the following duality principle.

THEOREM 2.2 (Pontryagin). Let G be a lca group. The map
©:G =G, 0t)(7) = (1)
is an isomorphism of the topological groups G and G .

In particular it follows that the dual of a discrete group is a compact abelian group
and conversely the dual of a compact group is a discrete abelian group. Furthermore,
we may easily extend the classical Plancherel theorem to obtain that the Fourier
transform F¢g on L1(G) N La(G) can be extended to an isometric isomorphism from
Lo(G) to L2(G’). The classical Hausdorff-Young inequality for G asserts that the
Fourier transform extends to functions in L,(G) for 1 < p < 2 so that Fg defines
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a bounded operator from L,(G) into L, (G’). It was computed by K.I. Babenko
[Bab61] and W. Beckner [Bec75] that the exact value of | F : L,(R) — Ly (R)]| is

equal to \/pl/?/p/t/7'.

From now on let p be a number from the interval [1,2]. Due to the linearity of the
Fourier transform, we may extend it to functions from the algebraic tensor product
L,(G) ® X consisting of finite sums f = > ppz) with ¢ € Ly(G) and 23, € X by
putting

Faf =) (Fap)u € Ly(G) @ X.

In view of the density of L,(G)®X in L;( (G) it is natural to ask whether F¢ extends
to a bounded linear operator from Lf,( (G) into Ll}f (G'). This question gives rise to
the following definition. We say that the Banach space X has Fourier type p with
respect to G if the Fourier transform Fg extends to a bounded linear operator from
L;((G) into ng (G'). In the language of inequalities it means that the Hausdorff-
Young inequality

HfoHL;i(G/) < Cllfllzx @) (2.5)

holds for every X-valued function f € Lff (G).

That the extension in question does not exist in general is shown by the following
simple example.

EXAMPLE. Put G = Z,G' = T and X = Lo(T). Furthermore, denote by

(er) the unit vector basis in ¢,(Z). For a fixed integer N we define the function

In € 6,(Z) ® X by
N

fn= Z er @ exp(2mik-).
k=—N

Considering fy as a function in fg( (Z) and fx as a function in L;g ([0,1)) yields

N
lle = (X 1ix %) = (32 esp(emit)z) " = @ + 1)V
k=—N

neL

and

Hﬁmz(AWﬂ@wwﬁwéﬂﬁlﬁ%wmwmm—w@mfm
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=2N + 1.

Thus, for p > 1 it is not possible to find a constant ¢ > 0 independent of NV such that
||.]/C\NHp’ < ¢||fn|lp, which shows that a bounded extension of the Fourier transform
from L (G) to Ll)ﬁ(G') does not exist.

This notion in the case of the classical Fourier transform on R was considered for
the first time by Peetre in [Pee69]. The above notion can be extended to the case of
operators in the following way. The operator T is said to have Fourier type p with

respect to the group G if the operator
FaT:Ly(G)®X - Ly(GYeY

admits a bounded and linear extension acting between Lff (G) and L}D//(G’ ). In other

words we require the validity of a Hausdorff-Young inequality

I(Fe @ T)fllLy, oy < Cllflx @) (2.6)
D

for every X-valued function f € Lff (G@). Recall that p’ denotes the conjugate expo-
nent of p defined by 1/p+1/p’ = 1. In particular, X has Fourier type p if the identity
operator Ix does. The operator norm of the extended operator will be denoted by
| T|F Tf ||. Trivially, any operator is of Fourier type 1 with respect to an arbitrary
lca group. Moreover, by definition Fourier type p passes to subspaces. The class of
all operators of Fourier type p with respect to the group G equipped with the norm
Il - |J’-"’Tf|| constitutes a Banach operator ideal denoted by FTE, see Section 2.2.

Observe that the ideals F Tf become more restrictive as p increases. More precisely,

for 1 < p1 < p2 < 2 we have
FT§ C FTS, C FT§ C FTY = L.

This was proved by M. Milman [Mil84]. Moreover, for any infinite group G all of
the above inclusions are strict. It is shown in [GKKT98] that L, € F Tf \ F ’Tg.

1
A basic question arising from the above consideration is whether the ideals F7° Z(,;
depend on the infinite Ica group G? In other words, does there exist for given infinite
lca groups G1 and (o, an operator T which has Fourier type p with respect to Gy

but not with respect to G27 To be more precise, we are interested in transference
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principles like F ’Tg tCF 752 or F ’Tgl =F ’T]??. The most prominent result in this

direction states that for any n € N
R _ T _ 7 _ R _ ™ _ z
FT,=FT,=F1T,=FT, =FT, =FT, . (2.7)

This was independently shown by Andersson [And98|, Konig [Koe91] and Garcia-
Cuerva et al. [GKKT98]. In [And98] Andersson obtained the following abstract
results concerning subgroups and quotient groups. We remark that in the above
cited papers only the case of identity operators of Banach spaces is treated. Never-
theless, the extension of the proofs to the operator case requires only straightforward

modifications.

(i) If G2 is an open subgroup of G, then ]-"Tfl C }_TEQ.

(ii) If G is a compact subgroup of Gy, then .7-"751 - .7:751/02.

Next we want to look at the smallest class in the scale of Fourier type p operator
ideals, FT QG By the result of S. Kwapien [Kwa72], a Banach space has Fourier type
2 if and only if it is isomorphic to a Hilbert space. A characterization like this in
the operator case is still an open question. For more information and results on this
problem we refer the reader to Chapter 5 where we prove that among all ideals of
Fourier type 2 operators the ideal of Fourier type 2 operators with respect to the
classical groups is the smallest. Let us now make some comments on the deepest
result in the Fourier type theory achieved by J. Bourgain in [Bou82] and [BouS8§]
which states that B-convex spaces are just spaces of nontrivial Fourier type p (i.e.
p > 1) with respect to the classical groups or the Cantor group. B-convex Banach
spaces are spaces of nontrivial Rademacher type. By a result of G. Pisier [Pis73] this
class coincides with the class of Banach spaces which do not contain the spaces ¢}
uniformly. A general reference here is [DJT95]. For a treatment of a more general
case we refer the reader to Chapter 4 where we prove Bourgain’s result in the case
of infinite products of cyclic groups of order a prime power.

We conclude this chapter by quoting some results on duality of Fourier type. The
Pontryagin duality for lca groups and Banach space duality fit together very well to
produce the following duality theorem, see [And98] or [GKKT98].



PRELIMINARIES

THEOREM 2.3. An operator T has Fourier type p with respect to the lca group G
if and only if the dual operator T' has Fourier type p with respect to the dual group
G'. Moreover, we obtain HT]]:’TEH = HT’|.7-"T§/H.

However, it can easily be seen that in some cases even more is true. Indeed, we
have ]:Tf = ]:Tf/ for the classical groups and the Cantor group. It was asked
in [GKKT98], whether the equality in question holds for arbitrary lca group G. In
[HLO2] A. Hinrichs and H.H. Lee gave an affirmative answer to this question by
showing that the operator ideal F Tff is symmetric.

Theory of Fourier type with respect to non-abelian compact groups was investigated
in [GP02]. For applications of classical Fourier type to the study of abstract Cauchy

problems and vector valued Fourier multipliers, we refer the reader to [GWO01].



Chapter 3

Equivalence of Fourier-type p
with respect to the Cantor

group and its continual analogue

3.1 Harmonic analysis on the Cantor group

In this section, we describe basic facts of harmonic analysis on the Cantor group.
For n € Ny the binary expansion of nisn =73 ;°, n,2F with its binary coefficients
n € {0,1}. In fact we observe that the sum is a finite sum. For a pair of integers

n,m € Ny we define their dyadic sum by

oo
nom:= Z g — ma 2",
k=0
Here the sequences (ny)ren and (mg)ren denote the binary coefficients of n and m,
respectively. We are now in the position to introduce the Cantor group (or dyadic

group). The set
D:=7° ={x = (Tn)nen : Tn, € {0,1}}.

endowed with the addition given by = + y := (|zn — Yn|)nen becomes an abelian
group. This group will be called the Cantor group. Moreover we equip this group
with the direct product topology. We conclude from the Tichonov theorem that

the Cantor group is compact. The Haar measure p on D is the product measure
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of the measures that on each factor assign measure 1/2 to each of the two points 0
or 1. Observe that the subset given by Dp := {xr € D: 2, - 0 as n — oo} is a
countable subgroup of . It is known that the character group I of D is isomorphic

to (No, ®). We have the following formula for the characters on D.

Wn(z) = (1),

where

(n,x) :==noxo +nizr1 + ... (mod 2)

for n € N and z € D. For n € Ny the Fourier transform with respect to the Cantor
group of a function f € L (D) is defined by

(Fol)(n) = fln) = /D Fibndp, (3.1)

where the integral is interpreted in the sense of Bochner and p is the Haar measure
on D. For convenience we identify the Cantor group with the interval [0, 1]. More

precisely, the map

d:D—[0,1], () ixkz—k—l (3.2)
k=0

establishes a one-to-one correspondence between non-periodic elements of D and
binary irrational points ¢ € [0,1]. Moreover, ® is measurable and maps the Haar
measure g on D to the Lebesgue measure A on [0, 1]. This enables us to introduce
a more convenient description of the character group of the Cantor group which
provides a useful enumeration of characters. For the dyadic expansion of a positive
integer n = Y e n2" with ny € {0,1}, the n-th Walsh function is given by

[e.9]

wa(t) = [ (re()™ . (33)

k=0
Here 7}, stands for the k-th Rademacher function defined by 74(t) =sign(sin 2F7t).
Observe that the infinite product on the right hand side is again finite, hence w,, is
well defined. The sequence of Walsh functions constitutes the orthonormal Walsh

system.
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An alternative formula for the Fourier transform of an integrable function defined

on D reads as follows

~

1
f(n) = /0 F(t)wn(t)dA(t) for n € Ny and t € [0,1].

We now shall construct a continual analogue of the Cantor group. Let us consider

the set of doubly infinite sequences
F={z=(zp)nez :2n =0 orl and 2, — 0 asn — —oo}.

The sum operation on F is defined analogous as in the case of the Cantor group.

The product of = (,)nez and y = (yn)nez is given by

z-y:= (§n)nez with &, = Z zy; (mod 2).
i+j=n

Equipped with the discrete product topology the group F becomes a locally compact
abelian group. Using the mapping

x — anQ_"_l (3.4)

nez
we identify the group F with the positive real axis Ry = [0,00). In the follow-
ing we carefully distinguish between the dyadic multiplication = - y and the usual
multiplication xy. We generate the characters on (F,+) as follows. For z,y € F
define
by () = (—1)™ ),

where m, : F — {0,1} is given by 7,(x) = m,((2)jez) := @n. It is clear that

Uy(x) = 1 (y) (3.5)
and

Yy () = py (@)Y (y) (3.6)

We consider the Fourier transform with respect to the group F of a function f €
L¥(F) defined by

Fel(y) = /F @)y (@)du(z) for y <.
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Here, as usual, u denotes the up to a multiplicative positive constant unique Haar
measure on F and the integral is understood in the sense of Bochner. Due to the

formula (3.4) we may write equivalently

Frfly) = /OOO f(@)Yy(z)dz for y e Ry.

For more information on dyadic harmonic analysis the reader is referred to [SWS90]
and [GES91].

3.2 Result

From now on, p will always be in the interval [1,2]. According to the definition from
Section 2.2 we introduce the class of Banach spaces of Fourier type p with respect

to the Cantor group and its continual counterpart in the following way.

(i) A Banach space X has Fourier type p with respect to the group D™ if there is
a constant C' > 0 such that the Hausdorff-Young inequality

1/p
) \f(t)llpdt>

1/p’

> Il ) <c(f

neNG )
holds for any function f € Ll)f (D™).

(ii) A Banach space X has Fourier type p with respect to the group F™ if there is
a constant C' > 0 such that the Hausdorff-Young inequality

1/p'
( L. H(fwfxt)\\”'dt) <C ( L. IIf(t)Ilpdt>

holds for any function f € LZ( (F™).

1/p

We are now ready to state the main result of this chapter which says that the notions
of Fourier type p with respect to the Cantor group and its continual counterpart

coincide.

THEOREM 3.1. Let 1 < p < 2. For a Banach space X the following statements

are equivalent
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(i) X has Fourier type p with respect to group D.
(ii) X has Fourier type p with respect to group D™ for all m € N.
(i1i) X has Fourier type p with respect to group F.
(iv) X has Fourier type p with respect to group F™ for all m € N.
Moreover, in this case all norms coincide.

Proof. Our proof is based upon ideas found in [Bou88] and [Koe91]. First we observe
that by the definitions of the underlying groups the equivalences (i) < (i) and
(1i1) < (iv) together with the equality of the corresponding norms are obvious. Let
us start with the implication (i) = (7i¢). So assume that X has Fourier type p with
respect to the group D, i.e. for any function g € Lf,( (D) we have the inequality

1/p
(Z ||§(n)|!§é) < Cllgllp- (3.7)

neN

Let f € L;X(Ry4) be supported in the interval [0,1]. Our goal is to prove that
| Frfllpr < CJ fllp- Using the correspondence (3.2) we identify the group D with the

interval [0, 1] and consider the function g on [0, 1] given by

g(t) = f()y ().

From (3.5) we obtain

1 [’
G(n) = /0 F (£ (£ o ()t = /0 FE)(n + y)dt = Fa(n +y).

Since || f]|, = ||gl|p, it follows from (3.7) that

1/p'
(Z | Fr(n + y)ll?c) < Olfllex ry)-

neN

Integration of the last inequality over y € [0, 1] gives the claim. In general, for

compactly supported f € L;( (R,) we consider the function f.(z) = 1 f (). Observe

T e

that for small € > 0, the function f. is supported in [0, 1]. Taking e = 27" forn € N
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big enough we have that ex = ¢ - x for all x € Ry. Thus we obtain 7_1(z - (ey)) =
m_1(ex) - y), which implies that 1.y (2) = 1y(e - £). Summarizing, we have

Felo(y) = / fo ()b, (@) de = / F (@) (2)dz = Fif(ey).
0 0
Finally we obtain
1Bl = 7 | Fe el < CE7 | £olly = CIl ]

Now a density argument shows that this holds for an arbitrary function f & L])f (Ry).

To prove the implication (7ii) = (i) let us assume that X has Fourier type p with
respect to the group F. We claim that

17l < Clifllp for al f € L (D).
By assumption there is a constant C' > 0 such that
1729l x ) < Cllglly forall g€ Ly (Ry). (3.8)

By density it suffices to work with polynomials f(t) = > }_, gtk (t), where 2, € X.
Let us now consider the function h(s) = >} o ZrX[kk+1)(s). Then h € ij(l&).

Consequently, we obtain

/v’

n 1/p’ n 1
(Z IIf(k)\|§(> = (Z ||sck||§<> = Il e
k=0 k=0

We apply (3.8) to the function g = fF_lh = Frh € L,(Ry). We get

L n k+1
Frh(t) = / Zka[k,k+1](5)¢t(5)d5 = Zl‘k Yi(s)ds.
0 k=0 k=0 “F
From (3.6) we get for s € [k, k + 1]
k+1 k+1
i wt(s)ds = i 1#[,1(8)1/}[5} (t)ds
k1 Ui(t) for 0<t<1

= wk(t) ¢[t}(8)ds =
k 0 for t>1
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Hence we obtain

1/p
1, n ,
I Fhll Lx ®y) = </0 H Zwkwk(t)det> = 1/l o.11)-
=0

Finally, it follows from (3.8) that

n 1/p’
(Z Hf(k)llﬂ’() = 17rgllx e < Clglle = CllFllax (o,1)-
k=0

This finishes the proof. O

REMARKS
We restricted our attention only to the case of Banach spaces. Of course this result

may be easily extended to the operator case:

THEOREM 3.2. Let 1 < p < 2. For an operator T € L(X,Y) the following

statements are equivalent
(i) T has Fourier type p with respect to group D.
(i) T has Fourier type p with respect to group D™ for all m € N.
(iii) T has Fourier type p with respect to group F.
(iv) T has Fourier type p with respect to group F™ for all m € N.
Moreover, in this case all norms coincide.

The Walsh system is a special case of a more general class of orthogonal functions
systems, the so-called Vilenkin system. We refer the reader to the next chapter
where we distinguish and investigate a certain class of operators between Banach

spaces with help of Vilenkin systems.



Chapter 4

Bourgain’s Hausdorff-Young

inequality for cyclic groups

The starting point of our considerations in this chapter is a celebrated result of J.
Bourgain from [Bou88] which says that B-convex spaces are just the spaces which
have non-trivial Fourier type p (i.e. p > 1) with respect to the classical groups or the
Cantor group. In the same paper Bourgain claimed that the argument used in the
proof of this result was easy adaptable to groups Z° with m > 2. Since all proofs
of Bourgain’s Theorem in the literature, e.g. in [GKKT98, PW98], only contain
the original theorem for classical groups and for the Cantor group, our aim in this
section is to give a complete proof of the above statement for infinite products of
cyclic groups of prime power order. This chapter is organized as follows: The first
section contains a brief summary of Vilenkin systems. In Section 4.2 we will be
concerned with operators of Vilenkin type. The last Section provides a detailed
proof of the above stated theorem for the cyclic groups of prime power order. This

condition is unfortunatelly essential to the proof.
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4.1  Vilenkin system

In this section we review some of the standard definitions and facts concerning

Vilenkin systems. In the sequel, we shall denote the m-adic intervals in [0, 1] by

Aflk):: [i k+1> for 0<k<m"-—1.

mr’ mn
For a fixed integer m > 2 every nonnegative integer k € Ny has the unique m-adic

expansion

k=Y bml, with b; € {0,1,...,m — 1}.
j=0

Observe that the sum is actually a finite sum. We shall now define a class of function

systems by means of a generalization of Walsh systems. Let us extend the function

2mik
so(t) = exp ( =

) for every t € Agk)
to the whole line by periodicity of period one. The functions s; given by
sj(t) := so(m’t) for every t € [0,1) and j € Ny

are called Rademacher functions in base m. The Vilenkin functions vy, are given by

o0

ue(t) = [ (s5(6)".

j=0
By the Vilenkin system, we mean ¥V = V(™) .= {vo,v1,...}. We will consider also
finite Vilenkin system given by Vyn := {vo,...,vmn_1}. The above defined system
was introduced by N. Ya. Vilenkin [Vil47]. It is easy to check that a Vilenkin system
forms a complete orthonormal system in L3|0, 1), i.e.
1 ifi=j
0 ifi#j.

and that {vp,v1,...} is a basis of Ly[0,1). The principal significance of the system

1
/ vi(t)vj(t) dt =
0

V(™) is that it can be identified with the character group of Z2°. Analogously V,,»
is the character group of Z7,. Observe that we can completely determine the finite

Vilenkin system V,,» using the following Vilenkin matrix defined by

Vin :=m 2 exp <2m‘hk> for h,k=0,...m" —1.
m
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Furthermore, using tensor product notation we put

For each 0 < h,k < m"™ — 1, denote by vh(A%k)) the constant value which the
)

Vilenkin function v, (t) takes on the m-adic interval Agﬂ . Notice that there exists a
permutation 7, of {0,...,m™ — 1} such that the entries of the Vilenkin matrix V,,»

are given by
v = m gy (AP, (4.1)

It turns out that the matrix Vy,» := (U](;;zn)> is unitary.

4.2 Operators of Vilenkin type

We begin this section with definition of Vilenkin type and cotype ideal norms. Let
us fix a natural number m > 2 and assume that 1 < p,q < co. We now introduce
the notion of Riemann ideal norms, following the monograph [PW98, Ch. 3.3]. Let
A, = (ag,...,an—1) and B,, = (bo,...,by—1) be orthonormal systems in Lo(M, 1) N
L,(M,p) and Lo(N,v) N Ly(N,v), respectively.

For T € L(X,Y), we denote by Qj(gq) (T'|By, Ay) the smallest constant C' > 0 such
that

— q Ha n—1 v 1/p
(/NHkZ_OTxkbk(t)H dz/(t)> <c </MHkZ_0xkak(t)H d,u(t)) (4.2)

holds for all zg...xz,_1 € X. We refer to
0 (B, An) : T — of(T|By, Ay)

as a Riemann ideal norm.

Let us denote by Z,, the unit vector system in /3. By applying the above definition
to the ortonormal systems B, = V,, and A,, = Z,, we obtain the following Vilenkin
ideal norms. For T € L(X,Y), we denote by géq)(T\Vn,In) the smallest constant
C > 0 such that

1/p

1, n—1 q 1/q n—1
TR (t t < Tk i
(/ > ()Hd) c(}ju up> (43)
k=0 k=0
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holds for all zg...x,-1 € X. For simplicity of notation the inequality (4.3) will be
written shortly as

[(Tzr)Vally < C ()61

We refer to
o Vo In) : T — o\ (T|V,, T)

as a Vilenkin type ideal norm.
We also consider the following counterpart of the above definition. For T' € L(X,Y),
we denote by géq)(T\In, V) the smallest constant C' > 0 such that

n—1 1/q 1. n—1 » 1/p
(anknq) <cC (/ Hzxkvk(t)H dt> (4.4)
k=0 0 " k=0
holds for all zg...x,-1 € X. The inequality (4.4) can be written shortly as follows:
[(Tze) 6| < C [[(@e) Vallp-

We refer to
Q},Q) (Zn, V) : T — QI(;q) (T|Zn, Vn)

as a Vilenkin cotype ideal norm. In the case p = ¢ = 2 we will omit the sub- and
superscript.

Let 1 < p < 2. An operator T is said to have Vilenkin type p if

ITIVT,| = sup off )TV, T0)
is finite. These operators form the Banach operator ideal

VT, = L) (Va, T,)).
Now let 1 < p < 2. An operator T is said to have weak Vilenkin type p if
ITIVTY ) = supn!/>~ P o(T V0, T)
n

is finite. These operators form the Banach operator ideal

VTV = L' 2PV, 1))
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Observe that V71 = L. Furthermore, we define in a similar manner the Banach
ideal of operators of Vilenkin cotype q denoted by VC, and the Banach ideal of
operators of weak Vilenkin cotype q denoted by VC}/. However, it turns out that

VCq=VTy and VC =VTy.
This can be easily obtained from the following proposition.
PROPOSITION 4.1. For every n € N we have
QI(7q) (Zyn s Vinn ) = m"(l/p+1/q*1)91(0f1) (Vi s Ly ).
In particular we get
Q;E,q)/(an  Toyn) = mn(/pH1/a=1) Qz(gl) Vs T ).

Proof. Observe that the ideal norms under consideration are stable with respect to
permutations, i.e. QSJ) (ro Ay, moB,) = Q;(,Q) (Ap, By). Thus we assume by rearranging
columns of the matrix V,,» that the permutation 7, occuring in (4.1) is the identical

permutation. It follows from (4.1) that
1. mt—1 . 1 mt—1 m"-1 (m™)
2, (m™
TR Dol b ot
k=0 h=0 k=0

Applying the above identity and taking

r

1. m*—1 -
H(*'Ek)n)m"”; ::/ H Z xR (t)|| dt
0 " k=0
and
mt—1 m"—1 ,
IRV lly = 3 || 32 ol
h=0 k=0
yields

(@) [V | = m™ 27 () Vi - (4.5)
Moreover, we obtain that the inequalities

1(T2) €5 | < Cll(@r) Vi llp - and - [[(TZ3) [V llg < Cll(@R) 165 (4.6)
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are equivalent for arbitrary sequences (x) and (z}) given by

m"—1 m"—1
Tn = vg]? )zk and z = Z v,(:}? )3:\;;.
k=0 h=0

Combining (4.5) with (4.6) we deduce that

1(Tzp) ey || < m" VP20 () Vinn I
and

I(TZR)[Vir llg < m 200 @) 16 |

are also equivalent. Consequently, we have
m™(1/2+1/p) QZ(;]) (Zyn, V) = inf C' = m"(l/q“/?)g](ﬁ)(an,Imn),
what gives the claim. O

It follows that the ideal VT, of operators of Vilenkin type p defined here is just the
ideal of Fourier type p operators with respect to the compact abelian group Z:% as
defined in Section 2.3 with equal norms.

In the sequel, we will consider also the following property. An operator T is said to

have Vilenkin subtype if
o(T|Vy, In) = o(V/n).

These operators form the Banach operator ideal
VT = Lo[n~ 2 0(Va, Ip)].

We define the Rademacher system as R := {ry...,r,}. Here ry denotes the k-
th Rademacher function. Analogously, an operator 7' is said to have Rademacher
subtype if

o(T|Rn, Zy) = o(V/n).

These operators form the Banach operator ideal
RT = Loln " ?0(Rn, T,)].

We conclude this section with the following useful observation about Vilenkin ideal

norms in the case p = q = 2.
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PROPOSITION 4.2. The sequence of Vilenkin ideal norms (o(Vmn,Zmn)) is sub-

multiplicative, i.e.

oV niky Lonik) < 0(Vimn, Zn) 0 0(Vpok, Lok )

4.3 Main results

In the sequel, let m be a power of a prime. The following theorem summarizes the

relations between type, weak type and subtype Vilenkin ideals.

THEOREM 4.3. The ideals VT, are linearly ordered with respect to p. More
precisely, for 1 < p < q < 2 we have

VIoC VT, CVT] CVT,CVT. (4.7)
In particular we have
U vr,= U v1y. (4.8)
1<p<2 1<p<2

The proof of the inclusion V7T, C VT is obvious. Applying Holder’s inequality shows
the inclusion V7, C V7. For the remaining non-trivial inclusion we need to prove

the following lemma.

LEMMA 4.4. Let ¢ > 2. For any finite subset F of N such that card(F) = m™ the
following inequality holds

oD (V(F), Z(F)) < 205 (Von, Tynn).

Proof. Let Sy = (71,...,7n) be any system of characters on the compact abelian
group G = Z3%. Consider the function fj given by

fie,t) i= Tt = (D enta) (4.9)
h=1 h=1

for t = (t1,...,t,) € G" and ¢ = (c1,...,¢n) € Z7,. Let us fix t1,...,t, € G and

develop the function fi in the Vilenkin series

fele,t) = > sei(t)vile), (4.10)

<mn
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where the coefficients are given by

skil(t) = — Z ’Yk(zchth>vz

ceZn,

An easy computation shows that the functions fi (-, t) are characters on Z,. Indeed,

we have

n

frlc®d,t) =% ( Z(ch o dh)th> =, ( Z cntn ® Z dhth)

= h=1
(ZC}M) ’Vk(zdhth> frle,t) - fi(d, ).

Observe that sy ;(t) = 1 only for v; = fj and s, ;(t) = 0 in other cases. Consequently,
we have that s ;(t) > 0. Let z1,...2y € X. For r € G define

N
)= apsp i ()(r). (4.11)
k=1
It follows easily that
lzi(r, ) < D lwallswi(t)- (4.12)
k=1

For fixed ¢ = (c1,...,c,) € Z7, applying (4.9), (4.10) and (4.11) we obtain

Z Txy

i<mn

= Z Tzi(r, t)vi(c)

<m™

’m(Z%M)] ZT«% > skit)vi(e)y(r)

Using the invariance of the Haar measure we obtain for ¢ = (c1,...,¢,) € Z7, and
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t1,...,tn € G that

N 1/q
|(Ta)lSwl, = ( /G > Tainlr) qdu<r>>
N n 1/q
= (/ Z Ty, [Wk ( Z chth)} Vi (r) quﬂ(7")>
G k=1 h=1
1/q
= (/G Kzn;n Tx;(r, t)vi(c)qu,u(r)) (4.13)
Averaging over ¢ = (cy,...,¢,) € Z, then gives
1/q

I(T0) Sl = ”122‘; L X zatm@]'dutr

<m™

Combining type property with inequality (4.12) yields

(% Z H Z Txi(r’t)vi(C)Hq)l/q <

ceZn, i<mn

1/2
< 0 (T Vi, Tyn) (Z uxm,tm?)
i<mmn

1/2

N 2
< oS (T WV L) [ D [ZIkaIISk,i(t)]

<m" Lk=1

Since the right hand side of the above inequality does not depend on r € G we
obtain by integration

1/q

LS [ 5 ratome| o) <

ceZR, <m"

o\ 1/2

N
> sk (t)

k=1

< an (T|Vm” ; Im”) Z

<mn
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Consequently, equation (4.13) yields

1/2
N 2\ 1/

> lkllsea(t)

k=1

I(Tz)|Sxllg < 05" (T Vin, Ton) |

<mn

Since the left-hand side of the above inequality does not depend on the elements

t1,...,tn € G, integration yields

[(Tzk)|Snllq <
N 2 1/2
< & (T Vo, Ty Z/ S e llsna(t)| du® (0
i<mn Gn k=1
Furthermore we obtain
N 2
Z/ S llwkllski(®)| du™(t) =
i<m™ Gan k=1
1 N P
= Z / ZHSUkH Z fr(e, t)vi(e) d,u(”)(t)
<m™ Gn k=1 CEZf’n
1 N -
T Z/ S aelllznl S file,t)fuld: Doile)ui(d) | du™ ()
<mn Gn k=1 c,dezn,

1

N
=3 el Y /G frle DAl dp™ () — > vilc)ui(d).

k=1 c,deZn, <mn

Hence taking into account that

1 _ 1 forec=d,

0 otherwise.

(4.14)
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yields together with the fact that the f(c,-) are characters on G™

>/ \Zuxkuskz [ 1) =

<mn
1 N _—
= (3 bl Jeand ({ee 2 [ penfnano =1}).
k=1
(4.15)
Now the assumption, that m is a prime power implies that
Frle,t) file, )du™(t) _/ H'Yk: th)" H (tn)~*dpt™ ()
Gn G"h 1 h=1
n . . 1 forc=(0,...,0)0or k=1,
= H/Vk(s) "(s)”Mds =
h=17G 0 otherwise.
Now (4.15) gives
\kaSkz (t) du (1) =
<mn
1 2 al
— (( S lleall) -+ (- 1>Z||xk||2> .
k=1 k=1
1 N
<—(N+m"-1 2, 4.16
<G =13 fal (416)

Finally, combining (4.14) and (4.16) we arrive at

N+m"—1
mn

1/2
o (Sn, In) < ( ) 0D Vo, Topn)  for N < m™.

Taking for Sy any Vilenkin system V(IF) with card(F) = m” finishes the proof. [
The preceding Lemma is the key ingredient in the proof of the following fact.

PROPOSITION 4.5. Assume that 1 < p < 2 and q > 2. Then the following

statements are equivalent:
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(i) There exists a constant A > 1 such that

ng) (TWn, 1) < A nl/P=1/2 for neN.

(i) There exists a constant B > 1 such that

Q;E,?%(TWn,In) <B for neN.

Proof. The proof is based on estimates of Lorentz norms collected in Lemma 2.1.
The inequality

@)l ]l < On' P71 2 () 65 |
with constant C' = 4p/(p — 2) shows the implication (i7) = (i). For the reverse
implication let us fix xq,...,z,—1 € X and consider a partition of {0,...,n—1} into

pairwise disjoint subsets [F; such that

n—1 /
SOIES (S ) < 2l g
1=0

keF;

Applying Lemma 4.4 we conclude that

1. n—1 q 1/q n—1 1 . 1/q
([1Eramofa) <S([]|5 ramofa
0 " k=0 i=0 \"0 " keF,
- (@) 2\ /2
<> 20 VE), ZE) (D lloel?)
i=0 keF;
n—1
<243 (Y ) < 2] @01
i=0 keF;
Consequently, Q;(fi (Vn,Zn) < B := 2A which finishes the proof. O

The interpretation of the last proposition in terms of operator ideals reads as follows

PROPOSITION 4.6. Let 1 < p < 2. Then we have

VTY = L[\ Vo, To)] = L2120 (v, T,)].

b,
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Roughly speaking the above Proposition says that the Banach operator ideals V7T
are independent of the superscript gq.
In order to finish the proof of the remaining inclusion in Theorem 4.3 we combine

the Proposition above with the following one:

PROPOSITION 4.7. Let 1 < p < r < 2. Then there exists a constant C' > 1
depending only on p and r such that

o)V Ta) < Coty) (Va, T). (4.17)
In terms of operator ideals the above inequality reads as follows:
Lo} (Vay )] € VT,

Proof. The basic idea of the proof is to use interpolation theory. Define the operator
n—1
VT . (l’z) — ZT-ri'Ui'
i=0

Then we have

IV €21(X) — LY(G)|| = o\ (TVa, T),
IV : 63(X) — LL(Q)|| = |7

and
IV 02(X) — LY@ = o) (T|Vn, T).

Let us now recall necessary interpolation formulas for the real interpolation method:

(04(X), 61(X) , = 3(X)

P

and

(L1(G), Lao(@)) g, = Ly (),

0,p
where 6 is given by 1/p = (1—0)/r+6/1. These equalities are meant as isomorphisms,
not isometries. The best general reference here is [BL78].

Moreover, it is well-known that

Y Y
Ly, (G)C Ly(G) for p<p.



BOURGAIN’S HAUSDORFF-Y OUNG INEQUALITY FOR CYCLIC GROUPS

41‘

Hence

STV, To) < Ol (TVa, T) 0T

The last inequality together with ||T']] < g%) (T'|Vn,I,) establishes (4.17) and hence
completes the proof. O

Next we give an example which states that the inclusions VT, C VT7' C VT, are
strict. In order to find such examples we will use the diagonal operator Dy, A > 0
given by

Dy : (&) — (K7 &).

EXAMPLE. For 1 < p < g < 2 we have
Ly, Ly eVT,\ VT

and
Dl/p’ S VT;)V(El) \ VTp(Zl)

In order to examinate the first example observe that gj(f /)(Lp|Vn,Zn) = 1 which
implies that L, € VT,. It follows from Proposition 4.1 we also have L, € VT,.
Moreover, by [PW98, 3.7.11] we obtain

Q(Lph}n,zn) = Q(L;‘Vnal—n) = nl/p_1/27

which gives Ly, L,y ¢ VT,. To deduce the second property observe that by [PW98,
3.7.15] we have

n
’ 1\ 1/7 ’
o (Dajy s = Vo, To) = (D7) = (1+1logm)!/?
k=1
and .
A 1/2 ~
05 (D1t — 01V, Ty) = (Zk_2/”> = pl/P=1/2,
k=1
To round off our discussion of the properties of Vilenkin type operators, we present a
beautiful consequence of Theorem 4.3 in the setting of Banach spaces. The equality

(4.8) reads then as follows
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THEOREM 4.8.
U vr= U vy =vrT.
1<p<2 1<p<2

The last equality follows as in the Walsh case in [PW98, 6.3.10] from Proposition
4.2. Notice that the last equality does not occur in the operator case. To see this,
consider the diagonal operator Cy, A > 0 on (@ lgk)2 given by Cy(x1) = (k™ zp)
with z;, € zggf. Moreover, it can be computed analogously to [PW98, 6.3.11] that
0(Cx|[V, T,,) = n'/2(1 + logn)~*. Finally, the Vilenkin counterpart of Bourgain’s

Theorem, see [Bou88] reads as follows in the language of operator ideals.

THEOREM 4.9.
VT =RT.

Proof. The inclusion VT C RT follows from the inequality o(Rn,Zn) < 50(Vn,In),
which is a consequence of the principle of contraction, see [PW98, 3.7.9]. The reverse

inclusion can be shown by using Hinrichs’s inequality, see [PW98, 4.11.18]. O

It follows from Theorem 4.8 and 4.9 that Banach spaces of non-trivial Vilenkin type

are just the B-convex spaces.



Chapter 5

Fourier type 2 operators with
respect to locally compact

abelian groups

The main result of this chapter states that among all ideals of Fourier type 2 opera-
tors with respect to G the ideal of Fourier type 2 operators with respect to classical
groups is the smallest. The results comprising this chapter were obtained in the
joint work [HP03] with A. Hinrichs.

5.1 Introduction

We start our considerations in this chapter by recalling Kwapieni’s celebrated iso-
morphic characterization of Hilbert spaces. Its main assertion is that a Banach
space X with the property that X-valued functions satisfy a ”Parseval inequality”
is already isomorphic to a Hilbert space, see [Kwa72]. The informal term ”Parseval

inequality” here refers to the existence of a constant ¢ > 0 such that either

1 N 9 N
/ H Z 627Tiktka dt < 62 Z ”xk”Q
O Tp=nN k=—N
or

N 1 N , 2
> llal? §c2/ | > ekt an
k=—N 0 Ve N
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holds for all N =1,2,... and z_p,...,zny € X. In other words, we have a uniform
estimate of the Lo-norm of an X-valued function in terms of the ls-norm of its
Fourier coefficients or vice versa.

It is not necessary to use trigonometric functions in this characterization, any com-
plete system of characters on an infinite compact abelian group will do. A basic
open question here is, whether a similar characterization can be derived for linear
and bounded operators factoring through a Hilbert space. More precisely, is it true
that any operator T' between Banach spaces X and Y, for which there exists a

constant ¢ > 0 such that

1 N . 2 N
/ H 3 TeQ’”ktka dt < 3 gl (5.1)
0 " k=N k=—N
or

N 1 N . 2
STl gCQ/ | 3 ity ar (5.2)
k=—N 0 " k=—N

holds for all N = 1,2,... and xz_p,...,zny € X, can be factored as T = AB with
linear bounded operators B from X to a Hilbert space H and A from H to Y7 Let
us denote by H the class of all operators T' factoring through a Hilbert space, that
is for which there are a Hilbert space H and linear bounded operators A and B as

above such that the following diagram commutes.

T=A

B
X Y
N/
H

The above question which was posed e.g in [PW98] then asks whether every operator
of Fourier type 2 with respect to an arbitrary lca group G factors through Hilbert
space? In other words we ask whether TS = H holds. By the ideal property and
Kwapieri’s Theorem we obtain immediately that H C F7§. An affirmative answer
to this question would mean that the concept of Fourier type 2 does not depend on
the underlying Ica group G. Other interesting aspects of this problem were studied
in [HinO1b].
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The main purpose of this chapter is to show that among those classes of operators
for which a Parseval inequality with respect to some compact abelian group G holds,
the class where G is the torus group T or the group Z of integers is the smallest.
This latter class consists just of the operators for which (5.1) (or, equivalently, (5.2))
holds. It will be convenient to cast this in the language of Fourier type with respect
to locally compact abelian groups (see Section 2.3), even if we are only interested in

the case of Fourier type 2 operators. In the case p = 2, we have coinciding norms:
z* T™ R
1TV FT | =T FTy || =T |FT | (5.3)

for all k,m,n =1,2,..., see [And98]. For definitions and more information on the
concept of Fourier type p for operators and spaces, the reader is referred to Section

2.3. We now state the main result of this chapter.

THEOREM 5.1. Any operator of Fourier type 2 with respect to the classical groups

has Fourier type 2 with respect to all lca groups. More precisely,
FT; CFT5 and |T|FTS| < |T|FTs]|
holds for all lca groups G and all T € FT5.

Forerunners of this theorem were proved in [HinOla] (for the case where G is the
Cantor group) and in [CHLO3] (for the case that G is a closed subgroup of R"). In
the next section, we give a proof of the inequality in Theorem 5.1 for a finite group
G. This will be the basis for the proof of the general case, which is accomplished
invoking some known facts from the theory of Fourier type and the structure theorem

for lca groups.
5.2 Finite groups and Vilenkin case
The purpose of this section is to establish the inequality

IT|FT5| < |T|FT3| (5.4)

in Theorem 5.1 for finite abelian groups . Since any finite abelian group is a
product of finite cyclic groups, Fubini’s Theorem and (5.3) show that it is enough

to prove (5.4) for the case of a cyclic group. We follow the simulation of characters
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approach used in [HinOla]. So let m = 2,3,... be fixed and let Z,, be the cyclic

group of order m. The characters xg, ..., xm_1 are given by
Xn(k) = exp(—2mwihk/m).

Then |T| FZT5™|| is the smallest constant ¢ such that

—_

3

1 m— ' 9 m—1
NS T < 2 N (5.5)
k=0 0 k=0

>
Il

holds for all zg,...,zym—1 € X. Let wy = exp(2mik/m) for k =0,...,m — 1 be the
m-~th roots of unity. Obviously, inequality (5.5) is equivalent to the inequality

1. m—1 9 m—1
LI rama| de< @ 3 (5)
0 " h=o k=0

where the functions x;, are now defined on [0, 1] by
xn(t) =wl for k=0,...,m—1and t € [k/m, (k+1)/m).

The key to our proof of inequality (5.4) is the following simple lemma. As usual, the
spectrum of a trigonometric polynomial p(t) = ), Ay exp(27ikt) is the set spec(p) =
{k €L : A 75 0}

LEMMA 5.2. For alle > 0 and m = 2,3, ... there exist trigonometric polynomials
POy - - - s Pm—1 With mutually disjoint spectra and a set A C [0, 1] with measure 1 — &
such that |xn(t) — pn(t)] < e fort € A and h =0,1,...,m — 1. Moreover, we can
choose these polynomials with ||pp|lec < 1.

Proof. Let Kn(t) = N}H w be the N-th Fejér kernel on [0, 1]. Let

() = /0 xn(8)Kn(t —s) ds

be the N-th sum in the Fejér summation method of the Fourier series of xj;. The
properties of the Fejér kernel imply that || pELN) lloo < lxnlloo = 1. An easy calculation

shows that the Fourier coefficients of x;, satisfy

Xn(3) #0 only if j=h mod m.



FOURIER TYPE 2 OPERATORS WITH RESPECT TO LCA GROUPS

Hence also spec(pgN)) C{j€Z:j=h modm} which implies that the spectra of

(N), ceey pfév )1 are mutually disjoint for fixed N. Moreover, on any compact subset

A C [0,1] avoiding the points of discontinuity of the functions xp, p ( ) converges
uniformly to xj if NV — oco. Choosing pp = ( ) for N large enough then proves the

lemma. O

Proof of inequality (5.4) for finite G. As already pointed out we may and do assume
that G = Z,, for some m. Let zg,...,z, € X and € > 0. We can also assume
without loss of generality that ||T]| =1 and Y ;_, ||z%||*> = 1. Choose trigonometric
polynomials py, . ..,p, and a set A C [0, 1] as in the previous lemma. Let us denote
the spectrum of py by M}, and let py, be given as pp(t) = Zjth Aje?™it Then we
find that

n 2
(/01 gxw)n:h dt)l/2 <
" ) ) 2
</01 g(Xh(t)_ph(t))Tx" dt>1/2+</01 hzzoph(t)Ta:h dt)lh.
=1 ~

From (5.1) and the disjointness of the Mj, we get

2

/ZZWWWMMWWWZZWW?

h=0jeMj; h=0jeM,;

Also ||prllee < 1 implies that [|pp|l2 < 1. Then Parseval’s equality gives that
> jeM, 1Aj|?> < 1. Hence we find that I, < |T | F75|>.

Using triangle and Cauchy-Schwartz inequalities we estimate

/(Zm phmmnﬁ<z/uh ()2t

The latter integrand is bounded by €2 on A and by 4 outside of A. For ¢ < 1 we
have I1 < (n+ 1)(e2 +4¢) < 5e(n + 1) . We obtain that

2
T2 1/2
(/ E Xn(®)Txp dt) <||T|FT3|| +/5e(n +1).
0 {lh=0
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Since € > 0 was arbitrary, letting ¢ — 0 implies inequality (5.4) as we wanted to
show. O

We conclude this section by showing a special case of our main result. Let us recall
briefly some definitions. For a fixed integer m > 2 and every nonnegative integer
k € Ny with m-adic expansion k& = 3772 bym? with b; € {0,1,...,m — 1} the

Vilenkin functions are given by
vg(t) = H (s5(1)7,
=0

where the functions s; with j € Ny are defined by

2mik k kE+1
so(t):exp< 7; ) for every t € [m’+>

m

and
sj(t) = so(mit) for every t €[0,1) and j € Np.

By the Vilenkin system, we mean V = {vp,v1,...}. An operator T' € L(X,Y) is
said to be of Vilenkin type 2 (or equivalently of Fourier type 2 with respect to the

group Z9) if there exists a constant ¢ > 0 such that

1. 00 9 0o
/ | Sz ar < @3 il (5.7)
0 k=0 k=0

Below we show how to construct polynomials as in Lemma 5.2 in this case. Observe
that the proof of inequality (5.4) may be easily adapted to show that every operator
of Fourier type 2 with respect to the classical groups has also Vilenkin type 2.

PROPOSITION 5.3. For all § > 0 and n = 0,1,... there exist trigonometric

polynomials qq, . . ., qn, with mutually disjoint spectra, a measure preserving bijection
7 0of [0,1], and a set B C [0, 1] with measure 1 —4 such that |vg(7(t)) —qi(t)| < § for
te B, k=0,1,...,n. Moreover, we can choose these polynomials with ||qk|lcc < 1.

Proof. Recall that in Lemma 5.2 we have already constructed trigonometric polyno-
mials po, ..., Pm—1 With mutually disjoint spectra and a set A C [0, 1] with measure
1 —e such that |xp(t) —pu(t)| <efort € Aand h=0,1,...,m—1. In addition, we
have that spec(pp) C mZ + h. Denote by N, the degree of the polynomial p and
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put N = max Nj,. Let K be an integer with m® > 2N. For k = Z?:_& bjmj with
b; € {0,1,...,m — 1} we define

n—1 n—1
Hpb Kit) and () = [ sx; (0% = [] som™it)% = be m’t).
j=0 j=0

Since ||pnlloc < 1 for every h = 0,...,m — 1, we obtain ||gx|lcc < 1. It is easy to
see that there exists a measure preserving bijection 7 of the interval [0, 1] such that
5i(7(t)) = sk;j(t) for j =0,1,...,n—1and t € [0,1]. Now we have vi(7(t)) = vy (t)
for k =0,...,m"™ — 1. Moreover there is a set B C [0,1) with measure 1 — § such
that for t € B

n—1
[on(8) = ax ()] = | T ] xo; (m™7t) = Hpb m"t)
=0

n—1|h—1 n—1 h

< Z Hij(mKJt) Hpbj(mKJt) _Hij( ) H p; (m™7t)
h=0 | j=0 j=h =0 j=h+1
n—1

< Z X, (M Kht h(mKht)‘ < ne.

Taking 0 = ne gives the trigonometric polynomials qo, . . . , gmn—1 such that |vg(7(t))—
qr(t)] < O for t € B. The task is now to show that the constructed polynomials

have mutually disjoint spectra. From the definition of g, we obtain

n—1
spec(qr) C ZﬁjmKJ NGNS spec(pb].)

Jj=0

Let us assume that there are k = Z}:& bym? and k' = P b m? with b],b] €
{0,1,...,m — 1} such that

spec(qx) Nspec(q,) # 0

Then we have

n—1 n—1

o Ki ' Kj
> BmtT =3 Bm
j=0 Jj=0
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for some (3, ﬁ;- € {k € Z: |k| < N}. First observe that it follows from Z?:_& a;m%i =
0 with integers a; satisfying |a;| < m® that a; = 0 for j = 0,1,...,n — 1. Conse-

quently, we obtain from |3; — ﬁ;| < 2N < mX that
ﬁj:ﬁ;- for j=0,1,...,n—1.

If & # K this contradicts the fact that spec(pg)N spec(prr) = 0. This shows that
k = k" which finishes the proof. O

5.3 The general case

Let CX(H) be the space of all compactly supported X-valued functions on the lca
group H. In order to prove Theorem 5.1 in the case that G is compact or discrete
the following two results are needed. The first one is due to M.E. Andersson (see
[And98], Lemma 3.2 and Proposition 3.3 ).

PROPOSITION 5.4. Let H be an open subgroup of an lca group G and let g €
CX(H). Let f be the extension of g to all of G by zero on G\ H. Then

I(Fe ©Talloy, iy N(Fu @ T)f 1y, (o)

191l Lx (ar) - 1 llx @)

In particular, ||T|.7:T£{H < ||T|7:T§||.
The second one is taken from [HL02].

PROPOSITION 5.5. Let G1,G2, H be lca groups and let 1 < p < 2. If all

G . G G G1xH Gox H
T € FT,? satisfy |T|FT,* || < (| T|FT,2, then also ||T|FT ;7| < | T|FT,2*7 |
for ol T € ngQXH.

The proof of this interesting transference principle is based on the following crucial
observation from [And98] which connects the Fourier type of an operator 7" with
respect to the product group G x H with the Fourier type of the tensor product
Fr ®T, see also [Hin03a].

PROPOSITION 5.6. Let G and H be lca groups and 1 < p < 2. Then T €
foXH if and only if T € ]:Tf and FgT : Lf(H) — L;/,(H') € FTIC,;. Moreover

in this case
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1Fy © T|FTY | = |TIFT .

Now we are in a position to prove our main result in the case that G is compact or

discrete.

PROPOSITION 5.7. Let G be a compact or discrete abelian group. If an operator
T has Fourier type 2 with respect to the classical groups, then it has also Fourier

type 2 with respect to G. Moreover,
G T
IT|FTF|| < [|T|FT,|.

Proof. A basic duality result shows that | T|FTS|| = ||T"|FTS"|| for all operators T
and all lca groups G, see Section 2.3 and [HL02] for a better duality result. Since
dual groups of compact groups are discrete, equation (5.3) implies that we may
assume that G is discrete. By density, it is enough to prove that for any function g

with finite support on G the following inequality holds
1(Fa © Tl e < ITIFTE gl g (5.5)
Any such function g with finite support supp(g) C G has the form

g(s) =xs € X, s€ supp(g) and  gla\ supp(g) = 0-

The finitely generated group H = ( supp(g)) is topologically isomorphic to the
product Z™ x F, where n € Ny and F' is a suitable finite abelian group. Letting
f = glm, it follows by Proposition 5.4 that (5.8) is equivalent to

I(Fa @ T) fllgy iy < ITIFTSINN N Ly cany- (5.9)
The definition of Fourier type yields

H(}-H ®T)fHL§(H/) < HTU‘“T?H ”fHLgf(H)- (5.10)
We obtain from (5.3) and Proposition 5.5 that

ITIFTF | = 1T FT3 .
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Since F is finite, the result from the previous section and (5.3) again yield
ITIFTEI < |ITIFT3 | = | TIFTZI,
from which we now conclude that
ITIFTYF| < | TIFTY 5| = IT|IFTZ] = | TIFT3).
Altogether, we find that
ITIFTS | = ITIFT5 || < |ITIFTS)|
which shows that (5.10) indeed implies (5.9) completing the proof. O

We are now in a position to establish the proof of our main result.

Proof of Theorem 5.1. We divide the proof into three steps.
First step. Here we consider the case that G is isomorphic to Z"™ x K for some
n € Ny and some compact abelian group K. By Propositions 5.5 and 5.7 and (5.3)

we obtain
|IT\FTS|| = |IT\FT5 5| = |T\FT5 5| < |ITIFT5" | = |T|F T3]

Second step. Let now G be an lca group with an open and compact subgroup H.
Consider the canonical quotient map ¢ : G — G/H. The quotient G/H is a discrete

abelian group. Again a density argument shows that it is sufficient to prove that
I(Fe @ D) flry @) < ITIFT3 1z o) (5.11)

for functions f vanishing on G \ ¢~ !(S) for some finite subset S C G/H. Let
M = ¢~ 1((S)) be the preimage of the finitely generated group (S). Since (S) is
topologically isomorphic with Z" x F' for some n € Ny and some finite abelian group
F, the group M is topologically isomorphic to Z" x K for some suitable compact

group K. Let g := f|as. The first step yields
1Fre © Dhglliy ary < ITIFTEN gl oy

Now an appeal to Proposition 5.4 proves (5.11).
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Third step. Finally, we consider the case of a general lca group G. The structure
theorem for lca groups tells us that G is topologically isomorphic with R™ x H
for some n € Ny and some lca group H having a compact and open subgroup.

Proposition 5.5 and (5.3) together with the second step yield

ITIFTSN = |1 TIFT > < |1 TIFT | = (ITIFT | < |1 TIFTS -

This gives the claim also in this case. O



Chapter 6

Absolutely continuous operators

6.1 Introduction

The purpose of this introductory section is to motivate for studying the notion of
absolute continuity in the setting of operators between Banach spaces. Let €2 be a
compact topological space. Consider a weakly compact operator 1" defined on the
space C(2) consisting of all real valued continuous functions on €2 with values in
some Banach space X. A result of R.G. Bartle, N. Dunford and J. Schwarz from
[BDS55] asserts that there exists a certain control measure p for the operator 7'
More precisely, it can be shown that for every € > 0 there exists a positive constant
N (e) such that

ITf]l < N(€)/|f|du+6||f|! for every f e C(Q).

Motivated by the above property C. P. Niculescu introduced in his pioneering work
[Nic75] and [Nic79] the class of absolutely continuous operators with respect to a
certain seminorm. A systematic study of this notion was initiated in the work of H.
Jarchow, U. Matter [Mat87, Mat89, JM88] and F. Rébiger [Rab91].

In order to generalize the ideas of Niculescu the following definition was considered
in [Mat87]. Let T € L(X,Y), S € L(X,Z) and R € L(X, W) be operators between
Banach spaces X,Y,Z and W. An operator T is said to be absolutely continuous
with respect to (S, R), denoted by T" < (S, R), if for arbitrary ¢ > 0 there is a
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constant N (g) > 0 such that
|Tx|| < N(¢)||Sz| + ¢||Rz| for all z € X. (6.1)

In the case when X = W and R = Ix, we will call such an operator T absolutely
continuous with respect to S and denote this by T' < S. It was shown by C. P.
Niculescu that T' < S if and only if 7" <« §”. Let us now consider the notion of
absolute continuity of operators from the operator ideal point of view. For definitions
and facts from operator ideal theory we refer the reader to Section 2.2. The following
result of H. Jarchow and A. Pelczyniski characterizes the closed injective hull Zinj of
A, see [Jar81].

THEOREM 6.1. Let A be a quasinormed operator ideal. An operator T € L(X,Y)
belongs to the closed injective hull A™ of A if and only if there exist a Banach space
Z and an operator S € A(X,Z) such that T < S.

We conclude this section by stressing an important connection of this notion with
interpolation theory. Let us consider for a fixed » > 0 the function N(g) = ™"
as a function appearing in (6.1). More precisely, for a fixed 6 € (0,1) and z € X
computing the minimum value of the function f : Ry — R4 given by f(t) =
t0/(0=1)||Sz|| + t||Rx||, which controls the right hand side of inequality (6.1), shows
that the definition of absolute continuity of operators is equivalent to the following
statement:

| Tx|| < ||Sz)|* | Re||® for all z € X. (6.2)

Here S denotes a constant multiple of the operator S occurring in (6.1). The value
of the underlying constant is ((1 — 6)/6)? + (8/(1 — 6))?. The inequalities of type
(6.2) play an important role in interpolation theory, see [BK91]. This problem will
be discussed in detail in Section 6.3.

Let us now consider the function ¢ : Ri — R, given by ¢(s,t) = s179%. Then the

condition (6.2) reads as follows
ITell < o(|ISz], | Rall) for all = € X. (6.3)

For simplicity of notation, we write here S instead of S. Interesting questions

that arise from the above considerations are the following: For which functions
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¢ : R2 — Ry does (6.3) already imply T < (S, R), and conversely, does the
existence of a function ¢ such that (6.3) holds already follows from 7' < (S, R)?

To answer this questions let us define the class AC consisting of all continuous,
positively homogeneous, concave functions ¢ : RZ — Ry with ¢(0,0) = 0, ¢(s,0) =
©(0,t) = 0 and ¢(1,1) = 1. Taking into account the homogeneity of ¢ we put
often ¢(s,t) = sp(t/s) with p: [0,00) — Ry. The function p is also non-decreasing,
concave and continuous with p(0) = 0 and p(1) = 1. It was shown by F. Réabiger in

[R&b91] that the following statements are equivalent
e T'< (S,R).

e There exists a function ¢ € AC such that (6.3) holds.

6.2 An interpolative ideal procedure

This section presents a procedure by which, from given operator ideals A and B, a
scale of new ideals (A, B), is generated. For definitions and basic facts on operator
ideals we refer the reader to Section 2.2. Recall that £ denotes the ideal of all
operators between arbitrary Banach spaces. In what follows, let ¢ € AC. We
start our considerations by showing the superadditivity of ¢. This property will be

frequently used in the sequel.

LEMMA 6.2. For any a;,b; > 0 the following inequality holds

Zw(ai,bi) < <Z azb> (6.4)
=1 =1 =1

Proof. By the definition of concavity the inequality

i)\igp(ai, bi) < (i Aia, i )\ibi>
i—1 i—1 i—1

holds for every A; > 0 with >~ ; \; = 1. The homogeneity of ¢ gives

n n n
Zc)\igo(ai, bi) < ¢ (Z cAhia;, Z c)\,-bi> for every ¢ > 0.
i=1 i=1 i=1
Taking c\; = 1 for every ¢ = 1,...,n gives the claim.
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The following notion gives a generalization of the procedure introduced by U. Matter
in [Mat87]. An operator T' € L(X,Y") belongs to (A, B), if there exist Banach spaces
Z,W and operators S € A(X, Z), R € B(X,W) such that

|Tx|| < @(||Sx]|, ||Rx|]) forall xz € X. (6.5)

It is easy to see that the above defined class possesses the ideal property. To show
that TV € (A,B)y,(Xo,Y) for V € L(Xp,X) and T € (A,B),(X,Y) we choose
operators S € A(X,Z), R € B(X,W) according to (6.5). Then SV € A(Xy, Z) and
RV € B(Xo,W). We check at once that

I TVz|| < o(|SVz|,||RVz]) forall ze X.

To deduce that UT € (A,B),(X,Yy) for U € L(Y,Yp) and T € (A, B),(X,Y) let
us take the ||U||-multiple of operators appearing in (6.5). By homogeneity of ¢ we

obtain

[UTz|| <|IUI[ITz| < |Ulle (I1Szl, [|R2l]) = ¢ (MUSz], [[U]| Rz]]) for all z € X.

In order to see that (A, B), is a linear space, we provide the following alternative

characterization of operators for this class.

PROPOSITION 6.3. An operator T belongs to (A, B), if and only if there exist
some n € N, Banach spaces Z;,W; and operators S; € A(X, Z;), R; € B(X,W;),i =
1,2,...,n, such that

Tl < @l Sizll, [|Rix])) for all =€ X. (6.6)
=1

Proof. The only if part is obvious. In order to prove the converse implication let

7 = (@2)1 and W := <€:T?W)1

We define operators S: X — Z and R: X — W by

S = iJiSi and R:= iJ&VQRi,
i=1 i=1
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where J i : Zi — Z denotes the canonical injection. By lemma 6.2 we obtain

1Tzl <Y (ISl | Riz]) < ¢ (Z ISill, ) IIRz'JfII) = @(lISzll, [ Rl),

i=1 i=1 i=1

which finishes our proof. O

Now it follows from Proposition 6.3 that with operators 11,75 € (A, B),, and num-
bers A1, A2 also M7 + X215 € (A, B),. Hence (A, B), is an operator ideal.

From now on, we assume that «, 3 are quasinorms on A, B, such that A and B,
respectively, become quasinormed Banach ideals. We now consider the following
maps, which are connected to part (6.5) and (6.6), respectively: For each operator
T € (A, B), we put

(i)
V(T) := inf p(a(S), B(R)),

where the infimum ranges over all operators S, R such that inequality (6.5)
holds.

(ii)
i=1

where the infimum ranges over all n € N and all operators S;, R; such that
inequality (6.6) holds.

We recall that a mapping o : A — R4 (in particular we can consider a quasinorm) is
said to have the ideal property if for V € £(Xy, X),T € A(X,Y) and U € L(Y,Y))
the following inequality holds

a(UTV) < [[U]je(T)[|V'[|

PROPOSITION 6.4. Both maps v and 7y possess the ideal property. Moreover,

the map 7 is a norm on (A, B),.

Proof. We prove the first statement only for . The proof for 7 is similar. Let
Ve L(Xo,X)and U € L(Y,Yy). Let S, R be operators such that

[Tz) < e(ISzll, [[R)
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holds. Observe that
[(UTV)z|| < [[UNT (V)| < IU[le(IS(V)], [[R(VZ))

= e(llulsvell, [[[U| RV ().
So S := ||U||SV and R := ||U||RV are admissible operators in the definition of
y(UTV). We obtain
VUTV) < (a(JU]ISV), BUIUIIRV)) < [U]l(a(S), RNV

Taking the infimum over all operators S and R gives the claim.
We only have to show the triangle inequality in the second statement. For that
reason, let 71,75 € (A, B), and assume that Si,...,Sn; R1,..., Ry, are such that

ol < 3 ¢ISeal [ Rial) and [Toall < 3 o(ISial, [ Rel) for some n < .
i=1 i=n+1
Obviously N
1Tz + Tz <) o(lSil), | Rixl)-
i=1
We then have
(T +Tz) < zn:@(a(si)aﬁ(Rz‘)) + Em: e(a(Si), B(Ri))
i=1 i=n-+1
Turning to the infimum on the right hand side gives the claim. O

THEOREM 6.5. Let p be a submultiplicative function, i.e. there exists constant
¢ > 0 such that
p(st) < cp(s)p(t) for every s,t € Ry.

Assume also that o, 8 are ideal norms. Then
Y(T) <A(T) < er(T). (6.7)

In other words, both maps are equivalent provided that the function p is submulti-

plicative.
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Proof. The left hand inequality in (6.7) is obvious. First we prove that the following
inequality holds for any &, n,7 € Ry:

2(&m) < e p(p(L,7)E e/, n). (6.8)

This inequality is equivalent to

eo(L) < e olimie p (ELLEE)

which follows from the submultiplicativity of p by

U Ln
o (2) <enin(22).
ORAC:
Now let operators S; € A(X, Z;), R; € B(X,W;),i=1,2,...,n be such that
1Tzl <> e(lISiall, || Rix])).
i=1
For the proof of the second inequality in (6.7) let us define

B(R;)
a(S;)

= 1Sixl, mi:=|Razll, 7i:=

Furthermore, let
n n
7 = (6912)1 and W = <G?W>l
1= 1=

and define S € A(X, Z),R € B(X,W) by

n n

1
S = NJZS; and R:=Y —p(r)JW R;.
Do prIES, and Ri= 3 Zolr) A
Then we have

n

" 1
|.Sz|| ZZp(n)HSiwll and || Rz ZZ;p(Ti)IIRMII-

i=1 i=1 "

Using Lemma 6.2 and the inequality (6.8) yields
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7ol < Y gliSial [1Rixl) = 3 oleim) < 3o L)
i=1 i=1 i=1 '
< co( Lo Y 20) = epllsall | Ral).
i=1 i=1 '

Furthermore, we obtain

o(a(). B(R)) < o 3 plmda(s). 3 A pry))
i=1 i=1 !

which finishes the proof. O

To show the completeness of (A, B), we consider (T5,) € (A, B),(X,Y) such that
Yool v(Th) < co. Our aim is to find an operator T € (A, B),(X,Y) such that
v (T -3, T;) tends to zero as n — co. By assumption there are Banach spaces
Z;, W; and operators S;, R; such that | T;z|| < ¢(||Siz]], | Riz||) for all z € X. More-
over, we obtain that > 2, «a(S;) and > .2, B(R;) are finite. Put Z = (@fil Zi)1

and W = (@21 Wz> v Now the completeness of A and B yields

a(S—zn:SZ) "0 and ﬂ( ZR)”HOO
i=1
with S = (@21 SZ->1 and R = (@;’il Si)l. Consequently, we obtain for T =
(@;’21 n)l that

(13 m) <e(a(5 -3 8).0(r -3 R)

Moreover we have

ZT A< Y el IRal) <o > sl Y | Rial)

1=n+1 1=n+1 1=n+1

:<,0<H(S—Z;Si)ﬂz —iRJ;ﬂH)
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This shows our assertion.
We have thus proved that if p is submultiplicative then [(A, B),,7] is a Banach ideal
and ~ is equivalent to the norm 7. We collect the results obtained so far in the

following theorem.

THEOREM 6.6. Let ¢ € AC and p : [0,00) — Ry be given by ¢(s,t) = sp(t/s).
Let A and B be operators ideals. Then (A,B), is an operator ideal. If, more-
over, (A, a), (B,3) are quasinormed Banach ideals and p is submultiplicative, then

[(A,B)y,7] is a Banach ideal where 7 is given by (it)
Straightforward computation yields the following reiteration property.

PROPOSITION 6.7. Let ¢, pg,p1 € AC. Then

((‘A’ B)me (A, B)‘Pl)(p C (A, 8)4.0(9007901)'

Proof. Take T € ((A,B)y,, (A, B)¢1)@(X,Y). Then we find Banach spaces Z, W
and operators Ty € (A, B) (X, Z) and Ty € (A, B),, (X, W) such that

ITx|| < o(||[Toz||, || Tiz|]) forall z € X.

By definition, for T; € (A, B),,(X,Y), i = 0,1, we find Banach spaces Z;, W; and

7

operators S; € A(X, Z;) and R; € B(X,W;) such that
Tzl < wi(||Siz||, ||Riz|]) forall z € X, i=0,1.

Define S = Sy @1 S1 and S = Ry @1 R1. By the monotonicity of ¢, g and ¢ we

obtain
[Tz) < e(IToxll, 1 Trll) < @ (olllSoxll, [ Roxll), er([[Sazl], | Raz]]))
< @ (polSzll, [[R]l), er([[S]], | R]l)) -
This shows that T' € (A, B)y(40,41)(X,Y), which completes the proof. O

6.3 Factoring through interpolation spaces

Let us start this section by recalling some basic notation and results from inter-

polation theory. A pair of Banach spaces (X, X1) is said to be an interpolation
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couple (or compatible couple) if both spaces are continuously embedded into a cer-
tain Hausdorff topological vector space V. For an interpolation couple (X, X71) we

put

A(Xo, X1) ={z € Xo N X1 : [lz]la = max(||zol|xo, [lz1]|x,) < o0},
E(Xo, X1) ={z=wo+ 21 € Xo+ X1 |2z = _inf {llzollx + [lzallx,} < oo}

The linear spaces A(Xp, X1) and X(Xo, X1) equipped with the norms || - || and
|| - ||s, respectively are Banach spaces. A Banach space X is said to be an interme-
diate space with respect to (X, X1) if A(Xo, X1) — X — 3(Xp, X1) (continuous
inclusion). If additionally for every linear operator T : Xy + X; — Xy + X; such
that the restrictions Ty : Xo — Xg and 17 : X7 — X3 are bounded we have that
T : X — X is bounded, then we refer X to as interpolation space with respect to
(X0, X1). Let (Xo,X1) and (Yp,Y7) be interpolation couples. From now on, the
notation 7" : (Xo, X1) — (Yo, Y1) means that T : ¥(Xo, X1) — X(Yp, Y1) is a linear
operator such that the restrictions of T" given by Ty : Xg — X7 and 177 : Yy — Y1
are bounded. A functor F from the category of all compatible couples into the cat-
egory of all Banach spaces is called interpolation functor (or interpolation method)
if for any couple (X, X7) the Banach space F(Xp, X1) is an intermediate space and
T : F(Xo,X1) — F(Yo,Y1) is bounded for all couples (Xo, X1), (Yo,Y1) and any
T :(Xo,X1) — (Yo,Y1). The closed graph theorem implies that for any interpola-

tion functor F there exists a constant C' > 0 such that we have
IT : F(Xo, X1) — F(Yo, ¥1)|| < Cmax (HT L Xo — Yol IT: X; — y1||).

If C' can be chosen equal to one then we say that F is an exact interpolation functor.
Fundamental examples of the exact interpolation methods are the real method of
interpolation (-,-)g, with 0 < § < 1 and 1 < p < oo which takes its origins from the
classical Marcinkiewicz theorem and the complex method of interpolation [-,-]yp. The
idea of this method goes back to the Riesz-Thorin theorem. The most important
notion of real interpolation theory is the K-functional. Let (Xo, X7) be a Banach
couple. The K-functional is given by

K(x,t) = inf{||zo||x, + tllz1llx, : z=x0+ 1} for x € 3(Xp,X;1) and t > 0.
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Thus K(x,1) is simply the usual norm of the sum space. Moreover the mapping
x +— K(x,t) provides an equivalent norm on ¥(Xy, X;) for which it becomes an

exact interpolation space.

In the sequel for ¢ > 0 let tR denote the real line R equipped with the norm ||z||r =
t|z|. If F is an exact interpolation functor, its characteristic function ¢ is defined
by

o(s,t)R := F(sR, tR).

In particular we may work with a function from the class AC. For a compatible pair
(X0, X1) of Banach spaces, we define (Xo, X1),,1 as the space of all € ¥(Xo, X1)
for which there exists a sequence (x,) C A(Xp,X;) such that = Y 7z, in
¥(Xo, X1) and >, ~; @([[zallo, [[znll1) < co. Equipped with the norm

I#llon = inf { 37 @Uanllo, lanln) s =D 2}

n>1 n=1

(X0, X1)p,1 becomes a Banach space. It can be shown, that the space (Xq, X1)p1
is an interpolation space. Moreover the interpolation functor (-,-),1 turns out to
be exact and ¢ is its characteristic function. In addition, the interpolation functor
(+,-)p,1 possesses a certain minimal property in the following sense. If F is an
arbitrary exact interpolation functor and ¢ is its characteristic function, then for

any Banach couple (X, X;) the following inclusion holds
(X0, X1)p1 € F(Xo, X1).

In addition, the embedding constant is less than one, i.e the above inclusion is a
contraction. In the sequel we also consider the interpolation space (Xo, X1)y, 00
consisting of all z € 3(Xy, X1) such that

K(t,x)

p*(1,1)

H33||<p,oo = sup
t>0

is finite. Here ¢* : (0,00) x (0,00) — Ry is given by ¢*(s,t) = (¢(1/s,1/t))7L.
Again, the functor (-, ), 0 is exact and ¢ is its characteristic function. Moreover,
it possesses the following maximality property. For an arbitrary exact interpolation

functor F with characteristic function ¢ and for any interpolation couple (Xo, X1)

F(Xo, X1) € (X0, X1)p,00
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and the embedding constant is smaller than one. For more information and proofs
we refer the reader to [BK91].
In what follows, let X, X1 be Banach spaces such that Xg — X;. Let us deal with

sequences given by
ar = p(27%) and by :=2Fp(27%) forkeN.
Next, observe the following basic properties
(i) The sequence (ay) is decreasing.
(ii) The sequence (by) is increasing.
(iii) p(r) < max{l,7} for any 7 € R..
For x € Xy, define the following expressions.
n n
u(z) = inf { ng(”xkﬂo, |lzkll) : n=1,2,...; 2 € Xo; @ Zxk}
k=1 —

k

1
e.9] b% o
o(z) = inf{Zg@(HwkHo, lzell) : o, € Xo; & 2 Zxk}.
k=1 k=1
oo oo X o0
w(z) = inf { max (Z Hakxkﬂo,z ||bkxk|]1> D oxp € Xoy v = Z$k}
k=1 k=1 k=1

Observe that any representation x S, > poy @k with zi, € Xo such that either Y7
o(lzkllo, [|zkll1) < oo or Y opo; lagzkllo < oo is absolutely convergent. All above
expressions are norms on Xg. The following proposition tells us that these norms

are equivalent provided that the function p is submultiplicative.
PROPOSITION 6.8. If p(st) < cp(s)p(t) for every s,t € Ry then
v(z) <u(z) < cw(z) < 2cv(x) for all z € X.

Proof. The inequality v(x) < u(z) is trivial.

Let us show that u(z) < ¢ w(z). For that, assume x L Y opeq xp with x, € Xo
satisfies 77, [laxzillo < oo and > ;2 [|bgak|li < oo. Given n € N, define z,, =
x— Y p_yx € Xo. Since

n n n
‘ an (95 - Zxk) HO < anlzllo+ > arllzkllo < anllzllo + > llarzkllo,
— ki

k=1 =1 k=1
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the sequence (||a,Z,||o) is bounded. Since

[e'S) [e%S)
[BnZnllt < b Y el < >0 lbwwln
k=n+1 k=n+1

is a null sequence, we can, for given € > 0, choose n large enough that

o(llanZnllo, [[baznll1) < e.

The submultiplicativity of p implies

bt

p(s,t) = 5,0(2) <c 8p(2‘k)p(2k£) =cs ak,o(@) = ¢ ¢(ags, bit)

forall s,t>0and k=1,2,....

Hence

u(@) <Y ellerlo, Il) + (I Zallo, | Zallr)

k=1
n
<> elllanaello, [brzxlh) + co(lannllo, [bnZnlh)
k=1
o0 o0 oo
< e ellaanlo, lbkzln) + es < co (Y laxmello. D lowaslls) +ce

b
Il

1 k=1 k=1
[e.9] o0

< cmax (Z llaxzkllo, Z kuka1> + ce.
k=1 k=1

Since € > 0 was arbitrary, we obtain

o oo
w(z) < cmax (Z laxzillo, S kukal).
k=1 k=1

Taking the infimum on the right side yields

u(z) < cw(x).

Finally, we have to prove that

w(z) < 2v(x) for all x € Xj.
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So assume z 22 S opey wp with a, € Xo and Y po; @(||zkllo, |zx]l1) < oo. As already

observed, this implies the convergence of » 72, [|g|i. Let
In={k e N: 2"agllt < [larllo < 2" lls}.

: X
Since [|zx/l1 < [|zx]lo, we have U, 5o In = N. Set yn = > cp @ Thena = 3707 ) yp.
Now, it follows that

Z lanynllo < Z > o2 )axllo = Z > elllzxllo, 27" |z o)

n= Okeln n=0 kel
oo
< Z > elllarllos 2llexll) <2 @llzxllo, llzxlh)-
n=0 kel,, k=1

Consequently we obtain

Z [bnynllr < Z Dot @ Mkl =) Y @ ekl )

n= OkJEIn n=0 keI,
[e.@]
< Z > ellaklos llzsll) =D el lzxll)-
n=0kel, k=1
Altogether
o0 oo oo
2) < max (D llangnllo, D [1Bunll) <2 @(lzilos lowlh):
n=0 n=0 k=1
Turning to the infimum on the right hand side yields the claim. O

We generalize now a result obtained by U. Matter, see [Mat89, Theorem A].

THEOREM 6.9. LetT € L(X,Y), S € L(X, Z) be such that ||Tz|| < o(||Sx||, ||z]])
holds for all x € X. Let ker(S) denote the kernel of S. Moreover, let p be sub-
multiplicative. Then there exists an operator D : (X/ker(S),Z),1 — Y such
that the operator T factors as follows: T = DJ,Q, where QQ and J, denote the
canonical quotient map X — X/ker(S) and the continuous embedding X/ ker(S) —

(X/ker(S), Z) 1, respectively. In other words, the following diagram commutes:

X - Y

Je o

X/ ker(S) —— LN (X/ker(S), Z) 1
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Proof. Consider the canonical factorization of S

S: X % X/ker(S) 2 2.
By (6.5) we have ker(S) C ker(7"). This implies that T factors as follows
X L X/ ker(S) 25 X/ ker(T) 20 y.
We may write T = TQ, where T = T P. Furthermore, from (6.5) we obtain
ITZ| < (IS, |Z]) for all F € X/ kex(S).

For & € X/ker(S) with = >_}'_, Tj we have

n n
ITZ| <D 1Tz <D (ST, 1 Zkl)-
k=1 k=1

Proposition 6.8 ensures that there exists a constant C' > 0 such that
ITz]| < CllZ| o0

Define Dy : X/ker(S) — Y, Do(Z) := T%. By density we may extend the operator
Dy to a continuous map D : (X/ker(S),Z),1 — Y. Of course T'= DJ,Q. O

6.4 (p,p)-absolutely continuous operators

Our goal in this section is to investigate some important examples of the interpolative
construction introduced in Section 6.2. We begin by reviewing some of the needed
results on absolutely p-summing operators. Suppose that 1 < p < co. Recall that
an operator 7' € L(X,Y) is said to be absolutely p-summing or just p-summing, if
it takes weak (,-sequences (z,) of X (i.e. ({(zpn,2)) € £, for all 2/ € X') to strong
¢, sequences (T'z,) of Y (ie. (||Txy|) € €p). In fact T is p-summing if and only if

there exists a constant C such that for any choice of n € N and x1,...,z, € X,

(g HT:vz'llp)l/p < Cx/selgpx/ (g |<xi,x’>|>1/p,

The least constant C' for which the above inequality holds is denoted by m,(T"). The

class of p-summing operators endowed with the norm m, constitutes an injective
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maximal Banach ideal denoted by [II,,7,]. The fundamental characterization of
p-summing operators developed by A. Pietsch (see [Pie78]) may be formulated as
follows. An operator T' € L(X,Y) is p-summing if and only if there exist a constant

C > 0 and a regular probability measure p on Bxs such that for each z € X

el <o [ e pau) "

B/

By applying the definition of (A, B),, to ideals [A, o] = [II,, 7] and [B, 3] = [L, | - ||]
we may consider the Banach ideal [II,, ,, 7, ] := [(II,, £),, 7] of all (p, ¢)-absolutely

continuous operators. By Theorem 6.5, the ideal norm m, , is equivalent to
(1) = f{p(mp(5), A) - [Tz < (IS, Allz[])},

provided that p is submultiplicative. The subsequent result characterizes (p,p)-
absolutely continuous operators by a special factorization property through a suit-

able space given by the interpolation method (-, ), 1.

THEOREM 6.10. Let p be submultiplicative. For every operator T € L(X,Y),

the following statements are equivalent
(i) T is (p,p)-absolutely continuous.

(ii) There exist a reqular probability measure u on Bx: and a constant C > 0 such
that
[Tz]| < o(Cl[Jpl], lz]]),  for every z € X,

where J, : X — Ly(p) is the restriction of the canonical map Jp, : C(Bx:) —
Ly(p) and is given by x — (x,-).

(i1i) There exist a reqular probability measure p on Bx/, a constant C > 0 and an
operator R : (X/ker(J,), Ly(i))p1 — Y such that |R|| < C and T = RJ, ,Q.

In other words, the following diagram commutes:

X _T, Y

Je d

X/ ker(J,) —2=% (X/ker(J,), Lp(1))on
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Proof. The equivalence of (i) and (i7) follows immediately from the definition of
(p, p)-absolutely continuous operators and the Pietsch factorization theorem for p-
summing operators. For a proof of the implication (iii) to (i) observe that the con-
tinuous embedding 3; : X/ ker(J,) — Lp(p) is p-summing. This fact together with
the properties of interpolation norms shows that the embedding J, , : X/ ker(J,) —
(X/ker(Jy,), Lp(p))e,1 is (p, ¢)-absolutely continuous. We finally show (ii) = (ii4).

By assumption there is a probability measure u on By such that
IC™ || < (|| Juzll, [z]]) for all z € X.

Thus by setting Z = L,(p) and S = J,, and applying Theorem 6.9, we obtain that
C™'T = DJ, ,Q for a suitable operator D : (X/ker(J,), Ly(11))p1 — Y. Finally
the operator R = C'D possesses the desired properties. O

6.5 Applications to approximation quantities and en-

tropy numbers

We start with the introduction of some basic notation for approximation quantities
and entropy numbers of linear operators between Banach spaces. Given a closed
linear subspace M of X, the inclusion mapping of M into X will be denoted by J 1\)2
The k-th Gelfand number of T' € L(X,Y') is given by

cx(T) = inf{||TJi|| : M C X and codimM < k}.

The k-th entropy number of a bounded set M C X is defined as

k
ep(M) = inf {5 >0 Jz1,...,2, € X such that M C U(xl —i—EBX)}.
i=1

Furthermore the k-th inner entropy number of a bounded set M C X is given by
k(M) = sup {p > 0| Jzi1,...,2, € M such that ||z; — x| > 2p for i # k}
For an operator T' € L(X,Y’) between Banach spaces we put

en(T) = en(T(Bx)) and  ¢n(T) = ¢n(T(Bx))-
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Moreover, we study the quantities
en(T) = egn-1(T) and  fo(T) = @on—1(T),

called dyadic entropy numbers and inner dyadic entropy numbers, respectively. For

any operator 7' € £(X,Y’) we have

fn(T) < en(t) < 2fn(t)’ (69)

The speed of convergence to zero of a sequence of entropy numbers measures ”qual-

ity” of compactness of the operator under consideration.

Throughout this chapter we use symmetric quasi Banach sequence spaces. By this
term we mean a quasi Banach space E consisting of scalar sequences such that
I(xn)|le = ||(z£)]|g. To avoid trivial cases we assume that E contains a sequence

with full support. For arbitrary Banach spaces X,Y we define
LEX,Y)={T € L(X,Y): (s.(T)) € E}

with s = ¢ or s = e. The above linear space equipped with the quasi-norm defined
by
ITILE 1 = (s (D)) 2

becomes a quasi Banach operator ideal.
More information on entropy numbers and approximation quantities may be found
in [Koe86] and [CS90].

LEMMA 6.11. IfT € L(X,Y), S € L(X,Z) and R € L(X,W) are such that (6.5)
holds then

entm—1(T) < @(en (), em(R)). (6.10)
Proof. For given € > 0 we may choose subspaces M and N of X such that
STl < (1 +¢€)en(S) and  codim(M) < n,

|RJR| < (14 €)em(R) and  codim(N) < m.

Define L := M N N. It is easy to verify that

codim(L) < codim(M) + codim(N) < m +n — 1.
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Using the above inequality we obtain

Cnam—1(T) < | TIE |1 = sup [[(TIF)z] < sup o([(STip)zll, (BRI )ll)

lzll<1 [lzll<1
< (L +e)p(en(S), em(R)).
Letting € — 0 we conclude that (6.10) holds. O

Using a similar argument as in [Pie78] we obtain the following inequality for dyadic

entropy numbers.

LEMMA 6.12. IfT € L(X,Y), S € L(X,Z) and R € L(X,W) are such that (6.5)
holds then

entm—1(T) < 2¢(en(S), em(R)). (6.11)

Proof. Suppose that og > e,(S5) and o1 > ey (R). Then we find 21,...24 € Z and
w1, ... we, € W with

q0 q1
S(Bx) € | J{zn+00Bz} and R(Bx) C | J{wn + o1Bw}
h=1 h=1
respectively, and qo < 2", ¢ < 2™ L. For given Z1,...,Tp € Bx with p >

2(ntm=1)=1 o define

I, = {Z 2 Sx; € zp + UoBz}.

Since Y }1° | card(Iy) > p > qoq1, we have card(Iy,) > ¢ for some hg. Hence there
exist 7,j € Ip, such that Rz; and Rx; belong to the same wy, + o1 By . This means
that

||Sz; — Szj|| <209 and ||Rx; — Raj|| < 207.

Thus we obtain
|Tz; — Tl < 2¢(00,01).

By (6.9) we obtain
enerfl(T) < 2fn+m71(T) < 230(007 Ul)-

Since this is true for arbitrary o9 > e,(S) and o1 > e, (R), this completes the
proof. O
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Let E, FEy, E1 be quasi normed sequence spaces. The function ¢ is said to be
(E, Ey, E)-regular, if for every non-decreasing, positive sequences (s,) and (t,)

the following inequality holds

I (sns ta))ll; < e (Isn)llgos It )- (6.12)

EXAMPLE: In case when E = ¢, Ey = (), and Ey = {,, with 1/p=(1-0)/po+
0/p1 and (s, t) = s'7% for 0 < 6 < 1 the above condition becomes the Holder

inequality.
Im summary we can state the following result which generalizes results obtained by
H. Jarchow and U. Matter in [JMS8S].
PROPOSITION 6.13. Let ¢ be a (E, Ey, E1)-reqular function. Then
(c) plo) (c)
(e c5) < e

and

1

(5, g;?)w ccl.

Proof. We give the proof only for the case of Gelfand numbers. The entropy number
case is similar. Let us assume that ¢ is a (E, Ey, E1)-regular function. Then using

Lemma 6.11 and Inequality (6.12) we obtain

I(en(T)lle < Il (e(en(S), en(B)) e < @ (Il(en(S)) 2o 1 (en(R)) 1) -

This completes the proof. O
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THESEN ZUR DISSERTATION

Vector Valued Fourier Transforms and
Absolutely Continuous Operators

vorgelegt von Dipl.-Math. Mariusz Piotrowski

Im Mittelpunkt der Dissertation stehen Untersuchungen zu vektorwertigen Fourier-
transformationen und zu absolutstetigen Operatoren. Das Hauptaugenmerk liegt dabei
auf den Beziehungen zwischen der Geometrie der Banachrdume und den analytischen
Eigenschaften der untersuchten Funktionen. Die Argumentation stiitzt sich wesentlich
auf Techniken aus dem Bereich der Operatorenideale und der abstrakten harmonischen
Analysis. Die Arbeit gliedert sich in sechs Kapitel, wobei die ersten zwei Kapitel zur
Festlegung der Notation und zur Bereitstellung von Hilfsmitteln dienen.

Definitionen zu vektorwertigen Fouriertransformationen

Jede lokalkompakte abelsche Gruppe G (kurz: lka) wird im folgenden zusammen mit
einem invarianten Haar-Mafs jic betrachtet. Ein Charakter auf G ist ein stetiger Homo-
morphismus v : G — T. Die Menge aller Charaktere bildet die sogenannte Dualgruppe
G'. Die Fouriertransformation F¢ einer Funktion f € Li(G) ist definiert durch

(Faf)(vy /f () dug(t) fir yed.

Der Operator T' € £L(X,Y") ist vom Fourier-Typ p (1 < p < 2) beziiglich G, falls sich der
Operator
Fe@T:L,(G)®X — Ly(G")®Y

zu einem beschrénkten linearen Operator von L (G) nach L7, (G') fortsetzen lakt. Wir
fordern also die Giiltigkeit der Hausdorff-Young-Ungleichung

H(JTG X T)fHLI‘:/(G’) < C”fHL;((G)

fiir alle X-wertigen Funktionen f € Ll)f (G). Hierbei bezeichnet p’ den konjugierten Ex-
ponent zu p, der durch 1/p + 1/p’ = 1 gegeben ist. Insbesondere hat X Fourier-Typ
p, wenn die Identitdt Iy Fourier-Typ p hat. Die Klasse aller Fourier-Typ p Operatoren
versehen mit der Operatorennorm von Fg ® T (sie wird mit ||T'|F 7 §|| bezeichnet) ist
ein Banach Operatorenideal, welches mit F Tg bezeichnet wird. Ein Operator ist vom
klassischen Fourier-Typ p, falls er vom Fourier-Typ p beziiglich einer der (und damit
aller) Gruppen Z, R, T ist. Die Menge

D= {x = (Tp)nen : x, € {0,1}}



versehen mit koordinatenweiser Addition definiert die sogennante Cantorgruppe. Ihr ste-
tiges Analogon ist gegeben durch

F={z=(vn)nez : zn € {0,1} und z,, — 0 fir n — —oo}.

Der Banachraum X heifst vom Rademacher-Typ p, falls es eine Konstante C' > 0 gibt,
so daf fiir beliebige x1,..., 2, € X

1, n 5 1/2 n 1/p
(/ |3 et dt) sc(zumup)
0 7 k=1 k=1

gilt. Hierbei bezeichnet r; die k-te Rademacher Funktion. Der Banachraum X ist B-
konvex genau dann, wenn er einen nichttrivialen (p > 1) Rademacher-Typ hat.

Ergebnisse zu vektorwertigen Fouriertransformationen

1. DISKRETE UND STETIGE FOURIERTRANSFORMATIONEN AUF DER CANTORGRUPPE

THEOREM 1 Sei 1 < p < 2. Fiir einen Operator T € L(X,Y) sind die folgenden
Aussagen dquivalent.

(i) T hat Fourier-Typ p beziiglich der Gruppe D.

(11) T hat Fourier-Typ p beziiglich der Gruppe D™ fir alle m € N.
(11i) T hat Fourier-Typ p beztiglich der Gruppe F.
(iv) T hat Fourier-Typ p beziiglich der Gruppe F™ fiir alle m € N.

Auferdem stimmen alle Normen tiberein.

Der Beweis des Theorems 1 schliefst an Ideen von J. Bourgain und H. Konig an, die das
entsprechende Resultat fiir die klassischen Gruppen Z, R, T bewiesen haben.

2. DAS BOURGAIN-THEOREM FUR UNENDLICHE PRODUKTE VON ZYKLISCHEN GRUP-
PEN VON PRIMZAHLPOTENZORDNUNG

THEOREM 2 Sei m eine Primzahlpotenz. Der Banachraum X ist B-konvex genau
dann, wenn er vom nichttrivialen Fourier-Typ p (1 < p < 2) beziglich der Gruppe Z3°
18t.

Dieses Resultat wurde in der Arbeit von J. Bourgain (1988) erwéhnt, jedoch nicht be-
wiesen. In der Literatur waren bisher keine Beweise dieser Aussage bekannt. Dariiber
hinaus erhalten wir ensprechende Resultate fiir Klassen von Operatoren. Dabei spielt
das Orthonormalsystem von Vilenkin eine wichtige Rolle.

3. UBERTRAGUNGSPRINZIPIEN FUR FOURIER-TYP 2 OPERATOREN

THEOREM 3 (mit A. Hinrichs) Jeder Operator vom klassischen Fourier-Typ 2 hat
Fourier-Typ 2 beziiglich jeder beliebigen lka Gruppe. Genauer gilt

FT, CFTS und |T|FTS| <|T|FT,|
fiir alle lka Gruppen G und alle T € FT5.



Das obige Ubertragungsprinzip war in einigen Spezialfillen bekannt. Insbesondere, geht
dieses Ergebnis im Fall der Cantorgruppe auf A. Hinrichs (2001) ztiruck. Die Ideen dieser
Arbeit konnten erfolgreich auf den Fall von zyklischen Gruppen {ibertragen werden. Der
allgemeine Fall wurde mittels der Strukturtheorie lokalkompakter abelscher Gruppen
bewiesen.

Definitionen zu absolutstetigen Operatoren

Im folgenden bezeichnen A und B stets Operatorenideale. Dariiber hinaus bezeichnen
wir mit AC die Menge aller stetigen, positiv homogenen Funktionen ¢ : RT — Ry
mit ¢(0,0) = 0,¢(s,0) = ¢(0,t) = 0 und ¢(1,1) = 1. Wegen der Homogenitéit von ¢
schreiben wir oft ¢(s,t) = sp(t/s). Die folgende Definition stellt eine Verallgemeinerung
der von U. Matter (1987) eingefiihrten Prozedur vor. Ein Operator T' € L(X,Y) liegt in
(A, B),, wenn es Banachrdume Z, W und Operatoren S € A(X,Z), R € B(X, W) gibt,
so dak

ITz]| < @(|Szl, [ Rel]) fiir alle z € X (1)

gilt. Die Lineartitét von (A, B),, sieht man anhand der folgenden Charakterisierung. Ein
Operator T liegt in (A, B),, genau dann, wenn es Banachrdume Z;, W; und Operatoren

Sie AX,Z;,),R; € B(X,W,;),i=1,2,...,n gibt, so daf

| Tz|| < ng(HSZxH, |R;z||) fur alle z € X (2)

i=1

gilt. Im folgenden seien o und 3 Idealnormen auf A bzw. B. Fiir T € (A, B),, definieren
wir

(T) = inf p(a(S5), B(R)),

wobei das Infimum tiber alle Operatoren S, R genommen wird, so dafs die Bedingung (1)
gilt. Weiter sei

TT) = inf Y p(a(S). BRY)

wobei das Infimum iiber alle Operatoren S;, R; und alle Zahlen n € N genommen wird,
so dafs die Bedingung (2) gilt.

Fiir ein ¢ > 0 bezeichne tR die Menge der reellen Zahlen R versehen mit ||z||z = t|z|.
Fiir einen exakten Interpolationsfunktor F ist seine charakteristische Funktion ¢ durch
o(s,t)R = F(sR, tR) gegeben. Insbesondere kénnen wir die Funktionen aus der Klasse
AC betrachten. Fiir ein Interpolationspaar (Xg, X;) von Banachrdumen definieren wir
den Raum (Xy, X1),1 als die Menge aller z € X, + Xj, fiir welche es eine Folge (z,,) C
Xo N X, gibt, so dak @ = Y7 @, in Xo+ Xy und > o, o(|lznllo, |zn]1) < oo gilt.
Versehen mit der Norm -

lallo = inf { D ellzalo, healls) : @ => "0}

n>1 n=1



wird (Xo, X1),,1 zu einem Banachraum. Man kann zeigen, dafs (X, X1),,1 ein Interpola-
tionsraum ist. Die Gelfandzahlen ¢; und dyadischen Entropiezahlen e von T' € L(X,Y)
sind gegeben durch

c(T) = inf{||TJ3y | : M C X und codimM < k} bzw.

ok—1

er(T) = inf{a >0 Jyp, ..., Y61 €Y, sodak T(Byx) C U (vi +€By)}.

i=1
Ergebnisse zu absolutstetigen Operatoren
4. AQUIVALENTE NORM
THEOREM 4 Sei p eine submultiplikative Funktion, d.h. es gibt eine Konstante ¢ > 0,
so daf$ p(st) < cp(s)p(t) fir alle s,t € Ry gilt. Dann gilt
Y(T) <A(T) < (D).
Ist die Funktion p also submultiplikativ, so sind die Abbildungen v und % dquivalent.
5. ZUSAMMENSTELLUNG DER EIGENSCHAFTEN VON (A, B),,
THEOREM 5 Seien ¢ € AC und p : [0,00) — Ry gegeben durch ¢(s,t) = sp(t/s).
Seien ausserdem A und B Operatorenideale. Dann ist (A, B), ein Operatorenideal. Falls

zusdtzlich (A, «), (B, ) quasinormierte Banachideale sind und p eine submultiplikative
Funktion ist, dann ist [(A, B),,7] ein Banachideal.

6. FAKTORISIERUNG DURCH INTERPOLATIONSRAUME UND (p, ¢)-ABSOLUTSTETIGE
OPERATOREN.

THEOREM 6 Sei p submultiplikativ. Fir jeden Operator T € L(X,Y) sind die fol-
genden Bedingungen dquivalent

(1) T ist (p,p)-absolutstetig (T' € (I, £),(X,Y)).
(i1) Es existieren ein requlires Wahrscheinlichkeitsmaf$ i auf By, und eine Konstante

C >0, so daf
1Tl < (Cll el lel),  fiir alle = € X

gilt, wobei J, : X — L,(n) gegeben ist durch x +— (x,-).

(i) Es existieren ein Wahrscheinlichkeitsmaf o auf Bx: und ein Operator R : (X/ ker(J,),
L)1 — Y, sodaf8 T = RJ,,Q. Das folgende Diagramm kommutiert also:

X —_— Y

o |
X/ ker(J,) 22 (X/ker(J,), Ly()) o

7. ABSCHATZUNGEN VON APPROXIMATIONSGROSSEN

THEOREM 7 Geniigen T € L(X,Y), S € L(X,Z) und R € L(X,W) der Unglei-
chung (1), so gilt
Cn+m71(T)
6n+m—1(T)

p(cn(S), em(R))

<
< 2¢(en(5), en(R)).



