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Abstract

We provide methods for investigating the relationship between an attribute

and an ordinal outcome, as in a binary choice model. We do not make additional

assumptions on the errors as in the (ordinal) logit or probit models and do not

invoke asymptotic theory. These tests are exact as their type I error probability

can be bounded above by their nominal level in the data set that is being

investigated. Bounds on type II error probabilities are provided. Methods

extend to duration and survival analysis with right censoring. Several data

applications are given.

Keywords: exact, probit, logit, stochastic inequality, latent variable, single

index model, ordinal, nonparametric, survival analysis.
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1 Introduction

Binary choice models in the form of logistic or probit regressions are very popular

for understanding how attributes in�uence outcomes, yet they have grave drawbacks

when coming to inference. When �nding signi�cant evidence of a coe¢ cient there

may be several reasons why the corresponding null hypothesis has been rejected. One

would wish that this reveals a signi�cant evidence of a positive relationship between

this attribute and the outcome. However there are also three other reasons that can

lead to a rejection of the null hypothesis. (i) Errors may not distributed as postulated

by the underlying model. (ii) The formulae used to compute the corresponding p value

�We wish to thank Francesca Solmi whose work motivated this project, Heiko Rachinger for

valuable comments and Robin Ristl for programming the software used to analyze the data.
yDepartment of Economics, University of Vienna, Austria, email: karl.schlag@univie.ac.at
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may not be exact.1 (iii) The relationship between the attribute and the outcome may

not be monotone.

In this paper we show how one can make inference without being subject to any one

of these three problems. Ad (i) our method does not make distributional assumptions

on the errors. Ad (ii) our method is exact, hence p values are correct and do not rest

on asymptotic theory. Ad (iii) we measure the e¤ect of the attribute on the outcome

without imposing monotonicity and derive con�dence intervals for this e¤ect.

In the existing literature, most models are not exact and it seems almost foolish

to derive conclusions based on methods whose properties for the given samples sizes

are not known. Even in parametric models simulations typically cannot uncover

conclusive evidence of the validity of the method as the underlying data generating

processes are too rich for exhaustive simulations. There are exact versions of logistic

regression (Cox, 1972, Mehta and Patel, 1995), however they can only be implemented

in very small data sets. Moreover, it is hard to defend that the true data generating

processes follows a logistic model. The permutation test methodology (van Elteren,

1960) allows to make exact inference without making additional assumptions on the

errors. However inference is limited to uncovering that an attribute in�uences the

outcome, leaving it open how it in�uences the outcome. Yet in most studies one

needs to able to conclude whether or not higher values of the attribute are more

likely to yield higher outcomes.

The downside of our approach is that it can only be applied to data in which

there are su¢ ciently many ties in the attributes. This is a direct consequence of the

fact that we do not make any assumptions on the errors. If any two individuals can

be distinguished according to the attributes that are used as controls then it is not

possible to separate the impact of these controls from the impact of the attribute

of interest. In applications, if one of the control variables is continuous one has

to collect observations in bins. For instance, instead of controlling for the level of

income one would control for the income quantiles the subject belongs too. Note

that despite its parametric nature exact logistic regression similarly can also only

be applied when there are su¢ ciently many ties in the attributes. Common to the

permutation method, our test is based on comparing individuals who only di¤er in

terms of the attribute of interest. The value added of our approach as compared to

the permutation setting is that we are able to sign the e¤ect when the null hypothesis

is rejected.

We provide formal means to measure the quality of our inference by providing

bounds on type II error probabilities. These can then be used for comparison to

other tests and for sample size calculations. Most importantly, we provide several

1Inference is exact (Yates, 1934) if the true level of the test is bounded above by the nominal

level of the test.
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data examples to demonstrate the practicality of our new methods.

We proceed as follows. After introducing the model in Section 2 we present and

test in Section 3 a model in which monotonicity is assumed. In Section 4 we drop the

monotonicity assumption and instead introduce and test for the average incremental

e¤ect. Two tests are provided, depending on whether or not the outcome space is

binary. In Section 5 we present several data examples to show how our methods

perform. In Section 6 we conclude. The appendix contains the proofs alongside with

some original material needed for them on how to compare two Bernoulli sequences

that are not necessarily identically distributed.

2 A Nonparametric Ordinal Regression Model

We consider an ordinal regression model that describes the relationship between m

independent variables (or attributes) and an ordered dependent variable (or outcome).

We investigate this relationship using n observations, to simply exposition we will

assume that each observation is associated to a di¤erent individual. Outcomes may

be binary valued as in a binary choice model, but they may also be contained in a

general ordered set. For the given attributes the outcomes are realized independently.

We wish to investigate the relationship between one of the attributes and the

outcome without making any parametric assumptions on the errors and without pos-

tulating a speci�c functional relationship between the attributes and the outcome.

We will make inference conditional on the values of the attributes, hence our tests

apply both to the case where the attributes are chosen by the designer and where the

attributes themselves are random. In particular, when the attributes are modelled as

random variables they are allowed to be correlated across individuals.

We use i 2 f1; ::; ng to index individuals, k 2 f1; ::;mg to index the attribute
and j 2 f1; ::;mg to be the index of the speci�c attribute of interest. Outcomes
are ordinal, let Y be the set of possible outcomes, let yi be the outcome realized by
individual i, and let y = (yi)

n
i=1 2 Yn: Let Ak be the set of possible values of the

attribute with index k, let xik 2 Ak be the value of the k-th attribute of individual i.
We assume that the attribute of interest j is ordinal and allow for attributes k 6= j
to be categorical.2 Let xi = (xi1; ::; xim) 2 �mk=1Ak be the vector of attributes of
individual i and let x = (x0i)

m
j=1 2 �mk=1Ank : Let X 2 �mk=1Ank and Y 2 Yn be the

associated random vectors and let Xi = (Xi1; ::; Xim) : The data generating process

is described by the joint distribution of (X; Y ) :

We model the dependence of the outcome on the attributes in two di¤erent ways.

In our �rst approach we postulate that there is a monotone relationship between the

2Formally there is a complete order % on Aj . To simplify notation, for zj ; wj 2 Aj let zj�wj = 1;
0 and �1 if zj � wj ; zj � wj and zj � wj respectively.
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outcome and the attribute of interest and only wish to infer whether this is strictly

increasing or strictly decreasing. In our second approach we drop this monotonicity

assumption and instead investigate a measure of the dependence of the outcome on

the attribute of interest.

3 The Model with Monotonicity

We consider a nonparametric monotone ordinal regression model as de�ned by the

following two assumptions:

(a) fYijX = xgni=1 are independently distributed for all x.
(b) For each x one of the following three conditions is true:

(i) P (Yr > YijX = x) > P (Yr < YijX = x) if xrj > xij and xrk = xik for all k 6= j;
(ii) P (Yr > YijX = x) = P (Yr < YijX = x) if xrj > xij and xrk = xik for all k 6= j;
(iii) P (Yr > YijX = x) < P (Yr < YijX = x) if xrj > xij and xrk = xik for all k 6= j:
Putting (i) in words, one says that higher values of the attribute of interest un-

ambiguously tend to generate higher outcomes. One may also speak of a strictly

monotone increasing relationship. (ii) reveals that outcomes are generated indepen-

dently of the value of the attribute of interest. (ii) and (iii) together will be referred

to as a monotone decreasing relationship.

Note that monotonicity per se is not investigated but assumed, it is the direction

of this monotonicity that will be investigated. Note also that outcomes need not be

identically distributed among those individuals that have the same attributes.

3.1 Examples

3.1.1 Stochastic Inequality

Consider the case where outcomes of individuals with identical attributes are identi-

cally distributed and where the attribute of interest is binary valued. If there are no

other attributes, so if m = 1, then it is as if we are comparing random realizations

of two independent random variables Y0 and Y1 where Yk is the outcome generated

by those individuals with attribute k: For instance (i) and (ii) together postulate

that P (Y1 > Y0) � P (Y1 < Y0) : A monotone decreasing relationship is a stochastic
inequality (see Brunner and Munzel, 2000, Schlag, 2008a) between the outcome and

the attribute of interest.

When one wishes to control for additional attributes, so when m � 2, then we are
investigating a stochastic inequality conditional on the values of the other attributes,

assuming that the sign of this inequality does not depend on the values of the other

attributes.
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3.1.2 Binary Choice

For the important special case of a binary choice model we have Y = f0; 1g and the
above assumption can be rewritten as follows. For each x one of the following three

conditions is true:

(i) P (Yr = 1jX = x) > P (Yi = 1jX = x) if xrj > xij and xrk = xik for all k 6= j;
(ii) P (Yr = 1jX = x) = P (Yi = 1jX = x) if xrj > xij and xrk = xik for all k 6= j;
(iii) P (Yr = 1jX = x) < P (Yi = 1jX = x) if xrj > xij and xrk = xik for all k 6= j:
A more speci�c model obtains by assuming for each x that there exists a function

f : �mk=1Ak ! [0; 1], where f may possibly depend on x; such that

P (Yi = 1jX = x) = f (xi) : (1)

This means that choice of individual i does not depend on the index of individual i;

so P (Yi = 1jXi = xi) = P (Yi" = 1jXi" = xi) : In particular, outcomes are identically

distributed among the individuals who have the same attributes.

Our assumptions then imply that f = f (z) is either strictly monotone increasing

in zj, independent of zj; or strictly monotone decreasing in zj:3

3.1.3 Single Index Models

Our framework includes semiparametric single index choice models with monotone

link-functions, where Yi = g (Xi�) + "i with Y = f0; 1g and E ("ijXi) = 0; so

P (Yi = 1jXi = xi) = g (xi�) ; where the link-function g is assumed to be monotone.

Our framework includes single index models with binary outcomes as de�ned by

Ichimura (1987, 1993), where Yi = ' (v (xi; �)) + "i where (xi; "i) for i = 1; ::; n are

i.i.d., P ("i � jx) = P ("i � jv (xi; �)) for all ; E ("ijx) = 0, v is known and � and
' are unknown. In contrast to single index models, note that we allow for correlation

of attributes xi across observations.

3.1.4 Latent Linear Regression

This framework can be used to model choice based on a latent linear regression

model. Consider �rst the case where there are �nitely many di¤erent choices, so we

can set Y = f1; ::; hg for some h 2 N: Then there are coe¢ cients �1; ::; �m, i.i.d.
errors f"igni=1 and cuto¤s 0 = c0 � c1 � c2 � ::: � ch such that P (Yi = ljXi = xi) =

P (cl�1 < xi� + "i � cljXi = xi) :When h = 2 this includes logit and probit, for h � 3
it includes ordered logit and ordered probit. Strict monotonicity in attribute j means

here that �j > 0. We do not make any further assumptions on the errors or the

3f is monotone increasing in zj if f
�
z0j
�
� f (zj) holds for all z0j > zj ; it is strictly monotone

increasing if if f
�
z0j
�
> f (zj) holds for all z0j > zj : Monotone decreasing and strictly monotone

decreasing are de�ned analogously.
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cuto¤s. Similarly one can model choices from a continuum. Let Y � R, let c be
a weakly increasing function from Y to R and assume that P (Yi � �yjXi = xi) =

P (xi� + "i � c (�y) jXi = xi) hold for all �y: In both cases, (i), (ii) and (iii) implies

�j > 0; �j = 0 and �j < 0 respectively.

3.1.5 Duration and Survival Analysis

One can also use this model for a nonparametric duration or survival analysis with

right censoring. Let Ti be the units of time until a given event occurs for subject

i, let Ci be the time the study ended for subject i or the time at which subject

i dropped out of the study, measured from the time subject i entered the study.

Then the units of time Yi recorded for subject i are given by Yi = min fCi; Tig : One
can then test the null hypothesis of a decreasing relationship of attribute j on the

duration T if one assumes that Ci and Cr are exchangeable whenever xik = xrk for all

k 6= j:4 One proceeds as if interested in the relationship on Y and considers as null

hypothesis a monotone decreasing relationship of attribute j on Y; testing H0 : �(ii)

or (iii)�5. This results in an exact test as P (Tr > TijX = x) � P (Tr < TijX = x)

implies P (Yr > YijX = x) � P (Yr < YijX = x) :6

It is as if we are testing H0 : �j � 0 in the Cox proportional hazard model (Cox,
1972), namely that the hazard function, the probability of dying shortly after time

t conditional on surviving up to time t; is increasing in attribute j: However, we are

not making the associated parametric assumptions of the Cox proportional hazard

model.

More generally, P (Tr > TijX = x) � P (Tr < TijX = x) implies

P (Tr > TijX = x)�P (Tr < TijX = x) � P (Yr > YijX = x)�P (Yr < YijX = x) � 0:

Note that the �rst inequality above will typically be strict, hence one cannot generally

establish the size of the e¤ect on T; as we do in Section 4 for the other applications,

when only observing Y .7

4For instance, if Ci and Cr are independent and identically distributed then they are exchange-

able.
5Note that the censoring dummy should not be included in the list of attributes.
6To see why, consider i and r with xik = xrk for k 6= j: Assume that yr > yi, but that tr � ti:

This means that yi = ci < min fcr; trg : Assumptions on Ci and Cr imply that it is equally likely
that Yi = �yi = min fti; crg and Yr = �yr = min ftr; cig in which case �yi > �yr: Thus, each wrong

measurement of the e¤ect is o¤set by an equally likely correct measurement.
7One way out is to test H0 : P (Tr > TijX = x) � P (Tr � TijX = x) + d instead of H0 :

P (Tr > TijX = x) � P (Tr < TijX = x) + d:
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3.2 Testing for the Direction of Monotonicity

In the following we present an exact test for uncovering signi�cant evidence for

whether a monotone relationship between the outcome and the j-th attribute is

strictly decreasing or strictly increasing. �Exact�means that the probability of a

type I error is bounded above by the speci�ed nominal level � for the given sample.

In particular the test will be �conditional� in the sense that its probability of type

I error is bounded above by � for each realization x of X: It is as if x is known, for

simplicity we write P (Yi = yjxi) instead of P (Yi = yjXi = xi) :

We design an exact level � test of H0 : �(ii) or (iii)�against H1 : �(i)�. In the

special case of a latent linear regression, we are testing H0 : ��j � 0�against H1 :

��j > 0�: An exact test of H0 : �(i) or (ii)�against H1 : �(iii)�can then be derived

by reversing the order in Y : An exact equi-tailed level � test for H0 : �(ii)�against
H1 : �(i) or (iii)�can then be derived by combining these two tests, assigning level

�=2 to each.

Formally a test is a mapping � : �mk=1Ank�f0; 1g
n ! f0; 1g with the interpretation

that the null hypothesis is rejected if and only if � (x; y) = 1. The test � is an exact

level � test if E (� = 1jH0) � �: In the construction of our test we will be using

randomized tests, here � 2 [0; 1] is such that � is the probability of rejecting the null
hypothesis. The test has size � if there is no �� < � such that the test has level ��:8

We do not make any assumptions on the function f beyond monotonicity. This

generality comes at a price. Our test will only be useful for uncovering the alternative

hypothesis if there are su¢ ciently many individuals that are identical to each other

apart from the attribute j to be tested. This assumption is not satis�ed if one of

the attributes k 6= j is drawn from a continuous distribution. Remedies for this case

will be discussed later. The bound on the type II error probability as provided below

can be used to quantify, before observing the outcome of y; what �su¢ ciently many�

means.

3.2.1 Intuition Behind the Test

We �rst present some intuition on how the test of H0 : �decreasing relationship be-

tween outcome and attribute j�is constructed. As we do not know how Y depends

on the other attributes we isolate the dependence on attribute j by matching indi-

viduals who have equal attributes apart from attribute j into pairs. Within each pair

assign the individual who has a higher value of attribute j to position 1; the other

gets position 2: For instance, assume that individuals i and l have been paired where

xi;j > xl;j. Then i gets position 1 and l gets position 2: Under the null hypothesis,

8In many settings the size of an exact test will fall below its nominal level �; without leaving any

possibility to determine analytically how much lower it is.
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(Yi; Yl) is weakly less likely to be equal (1; 0) than to be equal to (0; 1) : Assign code

1 to each pair with outcomes (1; 0) and code 0 to each pair with outcomes (0; 1) :

Drop all pairs in which both individuals received the same outcome, analogous to

McNemar�s (1947) test. Note that under the null hypothesis, code 1 is less likely to

occur than code 0: We then use the binomial test to test whether there are less pairs

with code 1 than pairs with code 0: A rejection provides evidence that code 1 is more

likely than code 0 within the entire data set, hence signi�cant evidence that there

is no decreasing relationship which means by assumption (b) that there is a strictly

increasing relationship.

The only problem with the above test is that it has a random element. The total

number of pairs coded with one and zero will typically depend on how individuals

are paired. To eliminate randomness we evaluate the binomial test at a level ��,

thereby reduce the probability of rejection, and then reject the null hypothesis if the

probability of rejection is above �. This ensures that the test has level �: � is a

free parameter that should be chosen to minimize the bound on the type II error

probability of the test as speci�ed in Section 3.2.3. Note that this adjustment is not

needed when no two individuals have identical attributes, in this case the pairing of

individuals is unique.

3.2.2 Constructing an Exact Test

We now construct the exact test, denoted by ��; that we call the direction of monotonic-

ity test. It will be invariant to any transformation of the attributes that does not

change the order of the j-th attribute and that keeps distinct values distinct.9 It will

also be invariant to how individuals are indexed.10

Our test has one free parameter � which we later show how to select. Our construc-

tion utilizes randomized tests. Randomized tests are mappings � : �mk=1Ank�f0; 1g
n !

[0; 1] where � (x; y) is the probability of rejecting the null hypothesis. A test � is called

nonrandomized if � (x; y) 2 f0; 1g for all (x; y) :
Our test utilizes the one-sided randomized binomial test with size �, denoted by

�Br (c; n; �; �), which tests H0 : �P (Z = 1) � �� against H1 : �P (Z = 1) > ��

based on n independent realizations of a Bernoulli random variable Z where c are the

number of successes. So given

B (c; n; p) =

nX
k=c

�
n

k

�
pk (1� p)n�k

9Let (gk)
m
k=1 be such that gk : Ak! Ak where gk (ak) = gk (bk) implies ak = bk for k 6= j and

gj (aj) �j gj (bj) holds if and only if aj �j bj where �j is the strict order on Aj : Let z 2 �Ank be
such that zi;r = gr (xi;r) for all i; r: Then �

� (x; y) = �� (z; y) for all y 2 Rn:
10Consider any permutation � of f1; ::; ng such that xi;k = x�(i);k for all i = 1; ::; n and k = 1; ::;m:

Then � (x; y) = � (x�; y�) where x� =
�
x�(i);k

�
i=1;::;n;k=1;::;m

and y� =
�
y�(i)

�
i=1;::;n

:
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�Br is de�ned by

�Br (c; n; p; �) =

8><>:
1 if B (c; n; p) � �

��B(c+1;n;p)
B(c;n;p)�B(c+1;n;p) if B (c+ 1; n; p) � � < B (c; n; p)

0 if B (c+ 1; n; p) > �

.

The following four steps de�ne the direction of monotonicity test.

1. Assign individuals into maximal subsets of f1; ::; ng, which we call blocks, so
that all individuals belonging to the same block have the same values for all

attributes k 6= j: So if i and h belong to the same block then xi;k = xh;k for all
k 6= j: Consider only those blocks that have at least two elements, give them

indexes s = 1; ::; S; so S is the total number of such blocks.

2. For each block that contains at least two elements, let s be the index, do the

following:

Drop the individual that has the median value of the j-th attribute if the number

of individuals in this block is odd. Thus we can assume that there are 2ls
individuals in this block for some ls 2 N: Order individuals within this block
from lowest to highest value of the j-th attribute, allocating places in this order

at random (with equal probability) whenever di¤erent individuals have the same

value of the j-th attribute (and hence the same values of all attributes). Let

o (r; s) be the index of the individual in the r-th position in this order within the

block with index s, so r = 1; ::; 2ls and xo(t;s);j � xo(r;s);j for t > r: Let O (r; s) be
the underlying random variable that has been created by this random ordering.

3. Let k1 and k2 be the number of pairs (r; s) ; r = 1; ::; ls; s = 1; ::; S; in which�
xo(r+ls;s);j � xo(r;s);j

� �
yo(r+ls;s) � yo(r;s)

�
> 0 and�

xo(r+ls;s);j � xo(r;s);j
� �
yo(r+ls;s) � yo(r;s)

�
< 0 respectively.

4. Let q (x; y; o) = �Br (k1; k1 + k2; 1=2; ��).

5. Determine the expected value, denoted by Eq (x; y; Ojx; y) ; of q (x; y; o) over all
random orderings by repeating steps 2-4 in�nitely often. So Eq (x; y; Ojx; y) =R
q (x; y; o) dP (ojx; y) :

6. Let �� (x; y) = 1 if Eq (x; y; Ojx; y) � � and �� (x; y) = 0 if Eq (x; y; Ojx; y) < �;
which de�nes the direction of monotonicity test.

Note that in practice one cannot repeat steps 2 � 4 in�nitely often as speci�ed
in step 5: Instead, it is useful to repeat them a large number of times and to use

Hoe¤ding�s (1963) inequality to bound the deviation of the mean from the expected

value when comparing the mean to � in step 6.
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Proposition 1 For any given � 2 (0; 1) the direction of monotonicity test has a type
I error probability bounded above by �:

Proof. See appendix.
Note that any alternative method of pairing the data within blocks that does

not depend on y will similarly lead to an exact test. We have chosen to pair the

individual with the r-th highest value of x�j with the (r + ls)-th highest value of

x�j. This maximizes the minimal di¤erence between xij ad xhj provided ls pairs are

formed. Larger di¤erences in the j-th attribute generate larger di¤erences in the

probability of choosing option A and hence given monotonicity lead more likely to

rejecting the null hypothesis when it is false. The choice to maximize the minimal

di¤erence has shown to yield good results in applications. A more formal analysis of

how to best pair the data is left for future research. Note that the randomness in

the pairing, captured by O; is only used to make the procedure independent of how

individuals are indexed. All elements in the support of O have the same number of

pairs in each each block.

3.2.3 Type II Error Probability Bounds for Binary-Valued Data

We derive bounds on the type II error probability of our test when Y = f0; 1g.
We wish to derive type II error probability bound in a way that can capture het-

erogeneity of e¤ects between di¤erent blocks. At least two forms of heterogeneity

arise. First of all, the attribute may have a di¤erent e¤ect in di¤erent pairs and

in di¤erent blocks. Formally, P
�
Yo(r+ls;s) = 1jX = x

�
� P

�
Yo(r;s) = 1jX = x

�
may

di¤er across pairs. Second of all, even if the di¤erence in success probability is the

same in two pairs, the absolute level of success probability may di¤er. Formally, for

any two pairs P
�
Yo(r;s) = 1jX = x

�
can be di¤erent even if P

�
Yo(r+ls;s) = 1jX = x

�
�

P
�
Yo(r;s) = 1jX = x

�
is the same. In view of these issues, given analytic and com-

putational limitations, as well as in view of generating a simple formula, we take the

following approach.

Let N be the number of pairs in which the attribute of interest takes di¤erent

values, so N =
���(r; s) : xo(r+ls;s);j > xo(r;s);j	�� : We make the following assumption

on the data generating process (that determines Y given X) when computing the

type II error probability. Consider � 2 (0; 1) and N1 2 N such that �N � N1 � N:
There are N � N1 pairs in which the outcome is necessarily the same, so where
P
�
Yo(r;s) = Yo(r+ls;s)jX = x

�
= 1: The outcomes in each of the remaining pairs are

identically distributed between pairs (and independent within pairs). So there is some

� 2 [0; 1�N�=N1] such that P
�
Yo(r;s) = 1jX = x

�
= � and P

�
Yo(r+ls;s) = 1jX = x

�
=

� +N�=N1 (with Yo(r;s) and Yo(r+ls;s) independent) hold for all these N1 pairs. Note

that the rescaling of the e¤ect within these pairs ensures that the overall e¤ect is equal

to �:We write Y 2 S (�;N1) if the data generating process satis�es these constraints.
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Let p = (�+ �) (1� �) and q = (1� �� �)�: Given

fB� (�; �; �; n) =

nX
j=0

n�jX
k=0

n!

j!k! (n� j � k)!p
jqk (1� p� q)n�j�k �Br (j; j + k; 1=2; ��)

let

fB (�; �; n) = min
0���1�N�=N1

fB� (�; �; �; n) :

Proposition 2 The type II error probability of the direction of monotonicity test for
Y = f0; 1g is bounded above by (1� fB (N�=N1; �; N1)) = (1� �) when Y 2 S (�;N1) :

Proof. See appendix.

3.3 Type II Error Probability Bounds for General Outcome
Spaces

Next we present a bound when there are more than two possible outcomes. We

proceed as above and assume that there are N � N1 pairs in which the outcome
is the same, so where P

�
Yo(r;s) = Yo(r+ls;s)jX = x

�
= 1: For the remaining N1 pairs

we assume that the e¤ect is identical. So there is some � 2 [0; 1�N�=N1] such
that P

�
Yo(r+ls;s) < Yo(r;s)jX = x

�
= � and P

�
Yo(r+ls;s) > Yo(r;s)jX = x

�
= �+N�=N1

holds for all these N1 pairs. The set of data generating processes with this property

will be denoted by S1 (�;N1) : Let

fG (�; n; �) =
nX
j=0

�
n

j

�
�j (1� �)n�j �Br (j; n; 1=2; ��) :

Proposition 3 The type II error probability of the direction of monotonicity test for a
general outcome space Y is bounded above by (1� fG ((1 +N�=N1) =2; N1; �)) = (1� �)
when Y 2 S1 (�;N1) :

Proof. See appendix.
The bound above is derived by letting nature choose � 1 and � 2 with � 1 � � 2 =

N�=N1 such that P
�
Yo(r+ls;s) > Yo(r;s)jX = x

�
= � 1 and P

�
Yo(r+ls;s) < Yo(r;s)jX = x

�
=

� 2 holds in the N1 pairs. The proof shows that nature will choose � such that

� 1 + � 2 = 1; so in the worst case there will not be a tie in the dependent outcome.

However this bound is only very coarse as it acts as if the two outcomes within each

pair can be dependent, in fact in the worst case for this bound they very dependent

as P
�
Yo(r+ls;s) = Yo(r;s)jX = x

�
= 0. Note that in the case of binary outcomes we

were able to incorporate the independence.
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4 Testing for the E¤ect

In the following we wish to understand the magnitude of the in�uence of attribute j

on the outcome. At the same time we will drop assumption (b) (see Section 3) that

postulates a monotone relationship between the attribute of interest and the outcome.

4.1 Measuring the E¤ect

We wish to measure how changes in the attribute of interest j in�uence the out-

come for the given sample of attributes. As the measure will not depend on how the

attributes were generated, correlation among the attributes between individuals is

allowed as in the previous framework. We call our measure the average incremental

e¤ect, short AIE. It is set equal to the expected change in the outcome due to dif-

ferences in the attribute of interest conditional on selecting two individuals from the

original sample that satisfy the following three conditions. (i) They have di¤erent val-

ues of the attribute of interest. (ii) They have the same values of all other attributes.

(iii) Up to integer constraints, half the individuals who have the same values of all

other attributes have a value of the attribute of interest between the two of them.

Note that the integer constraints arise when the block has an odd number of mem-

bers, in which case the median is dropped. When the attribute of interest describes

whether or not the individual has been treated, so xij 2 f0; 1g ; one can also refer to
AIE as the average conditional treatment e¤ect. Note that we restrict our comparison

to individuals who have di¤erent values of the attribute of interest, as AIE should be

capturing the change in the outcome induced by changing the attribute of interest,

and should not be directly in�uenced by how many individuals have the same value

of the attribute of interest.

AIE measures the expected e¤ect in a random pair (o (r; s) ; o (r + ls; s)) that is

drawn from some random ordering o constructed in step 2; where the e¤ect within

this pair is measured by

P
�
Yo(r+ls;s) > Yo(r;s)jX = x

�
� P

�
Yo(r+ls;s) < Yo(r;s)jX = x

�
; (2)

note that xo(r+ls;s);j > xo(r;s);j; for r = 1; ::; ls; s = 1; ::; S.

Formally, the average incremental e¤ect, short AIE, is de�ned as follows. Consider

some ordering o as constructed in step 2. Let

N =
���(r; s) : xo(r+ls;s);j > xo(r;s);j; r = 1; ::; ls; s = 1; ::; S	�� be the number of pairs in

which xo(r+ls;s);j > xo(r;s);j (which by construction holds if and only if xo(r+ls;s);j 6=
xo(r;s);j). Note that N only depends on x and hence is nonrandom conditional on x:

Let O be the set of all orderings that may result from the procedure described in step
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2. For N > 0 the AIE, denoted by �j (x), is given by

�j (x) =
1

jOj
X
o2O

1

N

SX
s=1

X
r2f1;::;lsg:xo(r+ls;s);j>xo(r;s);j

 
P
�
Yo(r+ls;s) > Yo(r;s)jX = x

�
�P

�
Yo(r+ls;s) < Yo(r;s)jX = x

� ! :
(3)

If N = 0 then �j (x) := 0:

It follows that �j (x) 2 [�1; 1] : If �j (x) = 0 then attribute j has on average no

impact on the outcome Y for those individuals within the sample. If we were to

consider the nonparametric ordinal regression model of Section 3 then the cases (i),

(ii) and (iii) would be identi�ed by �j (x) < 0; �j (x) = 0 and �j (x) > 0 respectively.

If N > 0 then an unbiased estimate of AIE is given by

�̂j (x) =
1

jOj
X
o2O

1

N

SX
s=1

X
r2f1;::;lsg:xo(r+ls;s);j>xo(r;s);j

�
1
�
yo(r+ls;s) > yo(r;s)

	
� 1

�
yo(r+ls;s) < yo(r;s)

	�
:

(4)

4.2 Hypotheses

For each ��j 2 (�1; 1) we present an exact test for H0 : ��j (x) � ��j�against H1 :

��j (x) > ��j�. A test for H0 : ��j (x) � ��j� against H1 : ��j (x) < ��j� can be

constructed analogously. Combining these two tests, each with level �=2; one can

construct for each ��j 2 (�1; 1) an exact equi-tailed test for H0 : ��j (x) = ��j�against
H1 : ��j (x) 6= ��j� that has level �. Tests for H0 : ��j (x) = �1� and for H0 :
��j (x) = 1�are easily constructed.11 A (1� �) � 100% con�dence interval of �j (x)

conditional on x then results by collecting all values of ��j where H0 : ��j (x) = ��j�

cannot be rejected at level �:

4.3 Testing for the E¤ect with Binary Outcomes

Assume that Y = f0; 1g :

4.3.1 Additional Insights for Binary Outcomes

Since the outcome of interest is binary valued and realized independently across in-

dividuals (conditional on x), there is a cardinal and an ordinal interpretation of AIE.

11An exact level � test of H0 : �j = �1 against H1 : �j = 1 for any � 2 (0; 1) is de�ned by rejecting
the null hypothesis if and only if there are two individuals i and i0 with xi;j > xi0;j ; xi;k = xi0;k for

all k 6= j where yi = 1 and yi0 = 0:
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This is because

E
�
Yo(r+ls;s)jX = x

�
� E

�
Yo(r;s)jX = x

�
= P

�
Yo(r+ls;s) = 1jX = x

�
� P

�
Yo(r;s) = 1jX = x

�
= P

�
Yo(r+ls;s) � Yo(r;s)jX = x

�
� P

�
Yo(r+ls;s) � Yo(r;s)jX = x

�
= P

�
Yo(r+ls;s) > Yo(r;s)jX = x

�
� P

�
Yo(r+ls;s) < Yo(r;s)jX = x

�
:

For N > 0 we obtain

�j (x) =
1

jOj
X
o2O

1

N

SX
s=1

X
r2f1;::;lsg:xo(r+ls;s);j>xo(r;s);j

P
�
Yo(r+ls;s) = 1jX = x

�
(5)

� 1

jOj
X
o2O

1

N

SX
s=1

X
r2f1;::;lsg:xo(r+ls;s);j>xo(r;s);j

P
�
Yo(r;s) = 1jX = x

�
In other words, the object of interest is the di¤erence in the mean success probability

between those with attribute of interest above the median and those below the median

among those individuals with the same other attributes.

If N > 0 then an unbiased estimate of AIE is given by

�̂j (x) =
1

jOj
X
o2O

1

N

SX
s=1

X
r2f1;::;lsg:xo(r+ls;s);j>xo(r;s);j

�
yo(r+ls;s) � yo(r;s)

�
:

In the special case where the outcome probability (see (1)) is linear in the jth

attribute, so where f (z) = �jzj + f1 (z�j), we obtain

�j (x) = �j
1

jOj
X
o2O

1

N

SX
s=1

lsX
r=1

�
xo(r+ls;s);j � xo(r;s);j

�
:

In this spirit, one may choose to rescale the AIE and to test for the relative incremental

e¤ect, short RIE; de�ned by

�j (x) =
�j (x)

1
N

PS
s=1

Pls
r=1

�
xo(r+ls;s);j � xo(r;s);j

� ;
and estimated by

�̂j (x) =
�̂j (x)

1
N

PS
s=1

Pls
r=1

�
xo(r+ls;s);j � xo(r;s);j

�
where o is some element of O: Consequently, we obtain for a linear probability model
in which P (Yi = 1jX = x) = X� that �j (x) = �j. In this special case �̂j is an

unbiased estimate of �j which is linear in the outcome variables and hence has larger

variance than the OLS estimate.

Note that if attribute j is binary valued then �j (x) = �j (x) and �̂j (x) = �̂j (x) :
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4.3.2 Intuition Behind the Test

We provide some intuition for how we construct a test. Consider �rst ��j = 0: A �rst

thought could be to proceed as in the direction of monotonicity test and to drop the

pairs with ties in the outcomes (in which yo(r+ls;s) = yo(r;s)) and then to check the

average e¤ect among on the remaining pairs. However note that the average e¤ect

can turn positive when conditioning on a given number of dropped pairs even if its

negative in the entire sample. To see this, assume that the overall e¤ect is zero,

that there is a block in which the e¤ect is positive for each of its n1 pairs, that ties

never occur within this block while for all other N � n1 pairs ties occur with positive
probability. Then conditional on n1 pairs being without ties we are facing a block

with a positive e¤ect. Hence we can no longer separate inference according to the

number of ties and need to construct our test di¤erently.

We construct a test by comparing the mean outcome above and below the median

in each block. Following (5), under the null hypothesis the di¤erence between the

average success probability in pairs above and below the median is at most ��j. We

therefore need a test for comparing two samples of Bernoulli random variables where

success probabilities within the same sample need not be identically distributed. We

design such a test. The test statistic is given by the di¤erence in the number of

successes of the two samples. Using Gleser (1975) who relies on Hoe¤ding (1956) we

show that the rejection probability is maximized when each sample is i.i.d. provided

the di¤erence in the number of successes is at least ��jN+2: This reduces the problem

to one in which each sample is i.i.d. which thus allows us to compute the cuto¤.

Applying this test to our ordinal regression, we reject the null hypothesis if there

are su¢ ciently many more successes above the median than below the median when

summed over all blocks. When ��j = 0 then we are looking at the di¤erence between

the number of times Yr;s = (0; 1) and Yr;s = (1; 0) occurred, Yr;s =
�
Yo(r;s); Yo(r+ls;s)

�
:

4.3.3 An Exact Test for the Average Incremental E¤ect

For k 2 I, n 2 N and � 2 (�1; 1) let

D (k; n; �) =

max
maxf0;��g�p�minf1��;1g

8<:
nX

i=maxfk;0g

�
n

i

�
(p+ �)i (1� p� �)n�i

minfi�k;ngX
j=0

�
n

j

�
pj (1� p)n�j

9=;
�Dr (k; n; �; �) =

8><>:
1 if D (k; n; �) � � and k � �n+ 2

��D(k+1;n)
D(k;n)�D(k+1;n) if D (k + 1; n; �) < � < D (k; n; �) and k � �n+ 2

0 if D (k + 1; n; �) � � or k < �n+ 2
:

We construct a test of H0 : �j (x) � ��j for ��j 2 (�1; 1), that we call the di¤erence
test, using steps 1-6 in Section 3.2.2, however replacing step 4 by step 4�:
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4� Let q (x; y; o) = �Dr
�
k1 � k2; N; ��; ��j

�
where N is the number of pairs (r; s) in

which xo(r+ls;s);j > xo(r;s);j:

Proposition 4 The di¤erence test is an exact level � test of H0 : ��j (x) � ��j�

against H1 : ��j (x) > ��j�conditional on X = x:

Proof. See appendix.

4.3.4 Power Bounds

We derive bounds on the type II error probability of the tests above. These are useful

for determining the free parameter �, for comparing performance with other tests and

for calculating sample sizes. For �(1)j > ��j we wish to derive bounds on the type II

error probability for our test of H0 : ��j (x) � ��j�when �j (x) � �aj : Again we wish to
apply Gleser (1975), hence have to ensure that the di¤erence under the alternative is

su¢ ciently above the cuto¤ used in the test.

Let �k = �k
�
N; ��; ��j

�
be the smallest value of k 2 I such that �Dr

�
k + 1; N; ��; ��j

�
=

1: Let

fD� (�; �; �) =
NX
j=0

�
N

j

�
�j (1� �)N�j

 
NX
r=0

�
N

r

�
(�+ �)r (1� �� �)N�r �Dr

�
r � j;N; ��; ��j

�!
and let

fD (�; �) = min
maxf0;��g���minf1��;1g

fD� (�; �; �) :

Proposition 5 If �k � �ajN � 2 then the type II error probability is bounded above by

1� fD
�
�aj ; �

�
1� �

when �j (x) � �aj :

Proof. See appendix.

4.4 Testing for the E¤ect with General Outcome Spaces

We now consider the case where Y contains more than two outcomes. As we cannot
interpret the AIE as a di¤erence between outcomes above and below the median

we proceed similarly as we did in the direction of monotonicity test. We interpret

the AIE as an expected value of an average of independent random variables. For

each pair (r; s) formed in step 2 let zr;s = 1; 0;�1 if yr+ls;s > yr;s, yr+ls;s = yr;s and
yr+ls;s < yr;s respectively. Then

�̂j =
1

N

SX
s=1

X
r2f1;::;lsg:xo(r+ls;s);j>xo(r;s);j

E (zr;s)
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where the expectation takes into account the di¤erent orderings of the data in step

2: Thus we are testing the expectation of the average of N independent but not

identically distributed random variables, where N =
���(r; s) : xo(r+ls;s);j > xo(r;s);j	�� :

As explained in the �rst paragraph of Section 4.3.2 we cannot drop pairs in which

the outcomes are equal. Thus we need a test for evaluating the average of N indepen-

dent but not necessarily identically distributed random variables. We construct such

a test by �rst creating a sequence of N independently distributed Bernoulli random

variables with the same expected value and then apply results of Hoe¤ding (1956)

that identify upper bounds.

We construct a test of H0 : �j (x) � ��j for ��j 2 (�1; 1), that we call the generalized
AIE test, using steps 1-6 in Section 3.2.2, however replacing step 3 by step 3�and

step 4 by step 4�:

3� For each pair (r; s) in which xo(r+ls;s);j > xo(r;s);j;

let �zr;s = 1 if yo(r+ls;s) > yo(r;s),

let �zr;s = �1 if yo(r+ls;s) < yo(r;s);
let �zr;s = 1 with probability 1=2 and �wr;s = �1 with probability 1=2 if yo(r+ls;s) =
yo(r;s)

12,

and then let k1 be the number of pairs in which xo(r+ls;s);j > xo(r;s);j and �zr;s = 1

and let N be the total number of pairs in which xo(r+ls;s);j > xo(r;s);j:

4� Let q (x; y; o) = �Qr
�
�k1; N; ��j; ��

�
where �Qr (c; n; �; �) = �Br (c; n; (1 + �) =2; �)

if c � np+ 1 and �Qr (c; n; �; �) = 0 otherwise.13

Note that

�̂j =
1

N

SX
s=1

X
r2f1;::;lsg:xo(r+ls;s);j>xo(r;s);j

E (�zr;s) :

Proposition 6 The generalized AIE test is an exact level � test of H0 : ��j (x) � ��j�
against H1 : ��j (x) > ��j�conditional on X = x:

Proof. See appendix.

We now turn to bounds on type II error probability. When deriving the bounds

for this test it is as if nature can choose

P
�
Yo(r+ls;s) > Yo(r;s)jX = x

�
� P

�
Yo(r+ls;s) < Yo(r;s)jX = x

�
for each pair separately. Given the randomization when transforming z into �z it is

as if nature chooses a success probability for each pair. If we ensure that the true

12Note that this randomization should be undergone independently of any other events.
13At the expense of complicating exposition one can easily make the test more powerful by using

the explicit bounds in Hoe¤ding (1956) that allw for �Qr > 0 when np � c < np+ 1:
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average success probability is su¢ ciently large, then we know following Hoe¤ding

(1956) that nature will choose an i.i.d. sample in order to maximize the probability

of not rejecting the null. We proceed analogously to Section 4.3.4.

Let �c = �c
�
N; ��; ��j

�
be such that smallest value of c 2 N0 such that �Qr

�
c+ 1; N; ��j; ��

�
=

1. Let

fQ (p;N; �) =
NX
c=0

�
n

c

�
pc (1� p)N�c �Br

�
c;N;

�
1 + ��j

�
=2; �

�
:

Proposition 7 For �aj such that �c + 1 � 1
2
N
�
1 + �aj

�
the type II error probability is

bounded above by
1� fQ

�
1
2

�
1 + �aj

�
; N; ��

�
1� �

when �j (x) � �aj :

4.5 Comparison

We brie�y compare the performance of the tests for binary valued outcomes.

First we compare the bounds on the type II error probabilities of the two tests

when there is a common lower bound on the e¤ect in each pair. For instance this would

follow if one assumed under the alternative hypothesis that the e¤ect is identically

distributed in the entire data set. So we are comparing the bound in Proposition

2 with N1 = N to the bound in Proposition 5. Here the type II error probability

bound of the di¤erence test is smaller than that of the direction of monotonicity test

as we now demonstrate. The di¤erence test considers two independent samples and

compares the number of successes in each sample using di¤erences. In particular,

observations are independent within each pair. The monotonicity test acts as if there

is correlation of observations within each pair and compares the pairs in which there

are two di¤erent observations. Treating the data as if it were correlated gives us a hint

that the monotonicity test is less powerful. A more formal argument can be made

using results in Schlag (2008b). Therein it is shown that the randomized di¤erence

test obtains the smallest type II error probability among all tests provided �aj is not

too small. As the method of derandomization is the same for the two tests, this shows

that the di¤erence test has a lower type II error probability than any other test that

is based on the derandomization method. For instance, if N = 20; given � = 0:3

and � = 0:05, then the di¤erence test for ��j = 0 requires �
a
j � 0:398 in order for the

type II error probability bound to be below 0:5; for this value the monotonicity test

attains 0:56 as bound, it requires �aj � 0:416 to guarantee type II error probability

bound below 0:5:

Next we perform the comparison in light of more realistic scenarios where the

e¤ect di¤ers between blocks, a scenario for which the monotonicity test was designed.

Numerical results show that the bound for the monotonicity test is increasing in N1



19

given N: The more concentrated the e¤ect is, the better the monotonicity test in

detecting this. In fact, if N = 20 (� = 0:3 and � = 00:05) then the bound will be

below 0:5 if N1 � 18: If instead N = 50 then the di¤erence test requires � � 0:25

for type II error probability bound to be below 0:5; here monotonicity test is at 0:52

while once N1 � 48 = N � 2 we again �nd that type II error probability bound is
below 0:5:

In view of the above we �nd that the type II error probability bounds con�rm that

the monotonicity test is preferable to the di¤erence test when the modeler assumes a

monotone relationship in the attribute of interest.

5 Data Applications

5.1 Use of Fertilizer

In this section we consider the performance of our new test in the data in Du�o et al.

(2011, Table 4A). The data comes from a randomized experiment that was designed

to test the e¤ectiveness of a program (called SAFI) to induce farmers in Kenya to

use fertilizer. Three separate regressions are run, one for each season where seasons

range from 1 to 3: Dependent variables are binary valued and describe whether the

farmers used fertilizer in the given season (see columns 1, 3 and 5 of Table 4A in Du�o

et al., 2011). There are 21 attributes, each attribute is binary valued. We describe

the �ve attributes of interest. �SAFI season 1�, �starter kit�and �demo�describe

respectively whether the farmer was enrolled in the program in season 1, received a

starter kit, and had access to a demonstration plot. �kit and demo�is the interaction

between �starter kit�and �demo�. The remaining 16 attributes are controls. Farmers

were recruited as parents of school children, each of these attributes corresponds to

a di¤erent school. The number of observations ranges between 756 and 902:

We analyze this data set with our new method and compare our �ndings to several

other methods. Results are shown in Table 1. For each method we present p values

associated to two-sided tests of H0 : �j = 0 whenever these are below 0:2, �not�refers

to situations where the p value is above 0:2; �not*�refers to situations in which no

pairs could be formed as there were no two individuals that had the same values of

the attributes not of interest. Each column contains a di¤erent method. The �rst

column shows our direction of monotonicity test, the second shows the results for the

di¤erence test.14 The third to �fth column are linear probability models. �GS�refers

to the exact method of Gossner and Schlag (2013), �t test�is the test that is derived

when assuming homoskedastic errors, �robust�is the test of White (1980) for the case

14For the direction of monotonicity test we choose � to maximize the range of parameters for the

attribute of interest under which the type II error is below 0:5: For the di¤erence test we set � = 0:3:
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of heteroskedastic errors. The last two columns are the two most popular models of

probabilistic choice, namely logit and probit. Only the �rst three columns contain

results of exact methods. Interestingly, the p value of the direction of monotonicity

test is smaller than that of the exact linear regression method GS even though the

underlying model is more general.

variable mono di¤ GS t test robust logit probit

season 1

SAFI season 1 0:02 0:06 0:05 0:01 0:01 0:01 0:01

starter kit not not not 0:15 0:14 0:14 0:14

kit and demo not* not* not not not not not

demo not* not* not not not not not

household 0:01 0:01 0:01 0:01 0:01 0:01 0:01

season 2

SAFI season 1 not not not not not not not

starter kit not not not not not not not

kit and demo not* not* not not not not not

demo not* not* not not 0:01 not not

household 0:01 0:01 0:01 0:01 0:01 0:01 0:01

season 3

SAFI season 1 not not not not not not not

starter kit not not not not not not not

kit and demo not* not* not not not not not

demo not* not* not not 0:01 not not

household 0:01 0:01 0:01 0:01 0:01 0:01 0:01

Table 1: Comparison of tests using data of table 4A in Du�o et al. (2011): dependent

variable is use of fertilizer in season 1, 2 and 3 respectively, numbers represent p values

for two-sided tests, �not�refers to a p value above 0:2, �not*�refers to cases where

no pairs could be formed, �mono�for our direction of monotonicity test, �di¤�for our

di¤erence test, in both cases we set � = 0:3; GS stands for the method of Gossner and

Schlag (2013), classical for the linear regression analysis with homoskedastic errors,

robust for White�s robust method, logit and probit for the respective binary choice

models.

We compliment the above by presenting in Table 2 the 95% con�dence intervals

of AIE under the di¤erence test for the main variable of interest �SAFI season 1�,

and compare these to the con�dence intervals for a linear probability model using

the method of GS. Results are astonishingly similar despite the di¤erent model as-

sumptions (the model underlying the di¤erence test is more general than the linear
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probability model investigated in GS) and the di¤erent methods for constructing the

tests.

SAFI season 1 95% CI

season 1

di¤ [0; 0:22]

GS paper [0; 0:23]

season 2

di¤ [�0:13; 0:12]
GS paper [�0:12; 0:13]

season 3

di¤ [�0:11; 0:11]
GS paper [�0:11; 0:12]

Table 2: Comparison of exact 95% con�dence intervals for the data of Du�o et al.

(2011) used in Table 1.

Next we investigate the models underlying columns 2, 4 and 6 in Table 4A of Du�o

et al. (2011). In these regressions there are seven additional independent variables,

�ve of them are dummy variables (including gender and mud walls), the two other are

�education�and �income�. �education�presents the number of years of education,

which is an integer that lies between 0 and 15. �income�describes the income (in

1; 000 Kenyan shillings) of the household of the farmer, this ranges in our data from

0 to 81:21:

We investigate the impact of �SAFI season 1�in season 1. If all variables are added

(as in column 2 in Table 4A of Du�o et al., 2011) only three pairs can be formed.

If one includes �education�measured in quartiles but not �income� then there are

62 pairs and results are signi�cant at 5% level (estimated AIE is 0:175). Measuring

�income�in quartiles and leaving out �education�gives 69 pairs but does not even

generate signi�cance at 20%; estimated AIE is 0:07: Including both of these variables

in quartiles yields only 31 pairs and no signi�cance even at 20%. To summarize we

�nd that signi�cance of the program is robust to including education in quartiles but

not to including income in quartiles.

5.2 Advance Indicators of HIV Infection in Infants

Next we investigate a data set with 47 observations and two attributes taken from

Mehta and Patel (1995, Table IV), that originates from a study of Hutto et al. (1991).

Objective is to understand whether CD4 and CD8 blood serum levels of infants at 6

months of age can predict their later HIV infection (outcome binary valued). As this

example is intended for illustration, we analyze the data a bit di¤erently than Mehta
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and Patel (1995). While we assume that CD4 and CD8 are ordinal data, they treat

them as categorical data. We present our �ndings in Table 3.15 �pairs�describes the

number of pairs that are formed when running the test.

n = 47 CD4 CD8

p value mono 0:01 0:42

p value di¤ 0:03 0:52

95% CI [�0:64;�0:01] [�0:19; 0:55]
pairs 23 15

AIE �0:377 0:223

p value logit 0:01 0:04

p value exact logit 0:01 0:05

p value probit 0:01 0:03

Table 3: Comparison of methods for determining predictors of HIV infection.

While our results for CD4 are similar to those obtained by other popular methods

used in the literature, those for CD8 are dramatically di¤erent. We conclude that the

signi�cant negative e¤ect of CD4 blood serum levels on HIV infection does not rely

the functional form of the link function. On the other hand, the e¤ect of CD8 cannot

be established under weaker assumptions, possibly due to the small data set but also

possibly because it is absent if one does not add the logit or probit speci�cations.

5.3 Engel�s Law

Engel�s law (Engel, 1857) is an empirical observation on the negative relationship

between income and proportion of income spent on food. Speci�cally, households

with more income tend to spend proportionally less on food. We use Engel�s original

data set to investigate this relationship.16 We choose income as the attribute and

food share as outcome (which is a number between 0 and 1 and hence not binary

valued). There are 199 observations, each of them corresponding to income and share

of income spent on food of a Belgium family. Following the approach in this paper,

we examine this relationship when comparing pairs of families such that 50% of the

sample have income levels lying between their values. Results are presented in Table

4. We �nd signi�cant evidence in favor of Engel�s law under both the direction of

monotonicity test and under the generalized AIE test. Note that the OLS estimate

�̂ and the estimate of the relative average e¤ect �̂ are very small. The exact linear

regression of Gossner and Schlag (2013) performs very bad in this data set, the p value

equals 1. On the other hand, the results of the standard linear regression analysis

15I would like to thank Georg Heinze for providing the p values for the exact logistic regression.
16We would like to thank Manisha Chakrabarty for providing this data set.
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with robust standard errors (White, 1980), which are not exact, are very comparable

to the results we obtain for the relative incremental e¤ect.

income

p value mono 0:04

p value generalized AIE test 0:04

number of pairs 99

�̂ �0:24
95% CI for � [�0:46;�0:01]
�̂ �0:00041
95% CI for � [�0:00077;�0:00001]
GS 1

OLS estimate �̂ �0:000061
p value of robust 0:01

95% CI of robust test [�:000091;�:000031]

Table 4: Testing for the relationship between income and food share expenditure: we

consider the ordinal regression in which outcome i is the food share expenditure of

family i and the single attribute is the income of family i: "pvalue mono" and "pvalue

generalized AIE" show the two-sided p values for the direction of monotonicity and

for the generalized AIE test respectively. p values for � and � are derived using the

generalized AIE test. GS stands for the exact linear regression of Gossner and Schlag

(2013). In the last row we add the 95% con�dence interval of the standard test with

robust errors (White, 1980).

5.4 Survival of Leukemia Patients

Consider the original data used by Cox (1972) in which time (in weeks) of remission

of leukemia patients is given for two groups of patients, those treated with a drug

and the control group. There is no further individual patient information. So we only

have a single attribute which is group membership, i.e., m = 1 and outcomes are not

binary valued. We assume that censoring is not dependent on the time of remission

of a patient. As discussed in Section 3.1.5 we can thus compare the time of remission

between the two groups by ignoring the censoring. As mentioned in Section 3.1.1 we

are considering a stochastic inequality. Results are shown in Table 5.

6 Conclusion

Exact statistics is an exciting discipline. It requires new approaches and di¤erent

perspectives. Typically one does not follow the standard routine of deriving the dis-
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treated

p value mono 0:02

p value generalized AIE 0:02

pairs 21

�̂ = �̂ 0:52

95% CI [0:06; 0:82]

p value Cox 0:01

Table 5: Comparing survival between two groups: we consider the ordinal regression

in which outcome i is the time of remission of patient i.

tribution of some test statistic. Exact probability bounds can help tackle the richness

of the data generating processes, as in Dufour and Hallin (1993) and Gossner and

Schlag (2012). The derandomization trick of Schlag (2008a) helps eliminate random-

ness that emerges during the construction of a test. For instance, randomization can

be added to reduce the richness of distributions as �rst shown in Schlag (2008a) and

also used in Gossner and Schlag (2012). Randomization also occurs naturally if one

wishes to treat identical individuals identically as in this paper.

The central ingredient of this paper is the formation of blocks in which the only

variation is in the attribute of interest, as it is done in strati�ed permutation testing

(van Elteren, 1960). It allows us to solve a complicated problem with a very simple

statistical test. In fact, strati�ed permutation tests would have a lot of potential, if one

were be able to get a handle on how to prove the inequalities needed for establishing

one-sided tests. For instance, in this paper, any test statistic can be used to construct

a permutation test for testing �j = 0 against �j 6= 0 by permuting only within blocks.
The di¢ culty is that one has to �nd a statistic for which one can prove that the null

hypothesis is rejected for any �j � 0 whenever it is rejected for �j = 0. To this date
no such statistic is known. Note that any method like ours that makes inference using

information within such blocks cannot analyze interaction e¤ects. Once the values of

two di¤erent attributes are held �xed, their interaction e¤ect is constant.

Numerous open questions remain. One important area of future research is develop

methods for coping with continuously valued attributes. One idea is to collect them

into quantiles and bound the resulting error. An alternative approach is to add

more structure on the link function. Another question of interest is the analysis of

interaction e¤ects.
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A Appendix: Proofs

A.1 Preliminaries

We present three results that will be used in the proofs and that are of independent

interest.

We recall a result from (Schlag, 2008a) that shows how to turn randomized tests

into nonrandomized tests.

Lemma 1 (Schlag, 2008a) Let � be a randomized test with level �� for testing
some null hypothesis H0 and type II error probability � for some subset A of the

complement of the null hypothesis, so E (1� �jA) � �. Let �� = 1f���g: Then �� has
level � and type II error probability bounded above by �= (1� �) :

Proof. We apply the Markov inequality twice, namely

E�� = P (� � �) � E�=� � �

and

E
�
1� ��jA

�
= P (� < �) = P (1� � > 1� �) � E (1� �jA)

1� � =
�

1� � :

Next we identify the distribution that maximizes the type II error probability of

the randomized version of McNemar�s test. Consider a random vectorQ 2 f0; 1g2 and
a sample of n independent realizations fromQ:We wish to testH0 : EQ1 � EQ2. The
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randomized version of McNemar�s test (see Lehmann and Romano, 2005) evaluates

whether there are signi�cantly more occurrences of Q = (0; 1) than of Q = (1; 0)

using the randomized version of the binomial test. Note that it is uniformly most

powerful unbiased test for H0 (Lehmann and Romano, 2005).

Lemma 2 (Schlag, 2008b) For any given w > 0; the type II error probability of

the randomized version of McNemar�s test conditional on EQ1 = EQ2+w is attained

when P (Q1 = Q2) = 0:

We here present an alternative simpler proof of the statement.

Proof. Consider the test �� that is generated by �rst transforming each observation
of (0; 0) or (1; 1) equally likely into observations (1; 0) and (0; 1) and then applying

the randomized version of McNemar�s test. �� is unbiased. As the randomized version

of McNemar�s test is a uniformly most powerful unbiased test, it is more powerful

than ��: Hence �� has a higher type II error probability. However, since �� coincides

with the randomized version of McNemar�s test when P (Q1 = Q2) = 0 it follows that

the type II error probability of these two tests is equal, in particular the randomized

version of McNemar�s test attains its type II error probability when P (Q1 = Q2) = 0:

Finally we present a novel exact test for comparing two independent samples of

Bernoulli random variables where observations within each sample are not necessarily

identically distributed.

Consider a sequence of n independently distributed Bernoulli random fZigni=1 :
Let pi = P (Zi = 1) and let zi be the observed values. Let n2 = n � n1: We wish to
test H0 : 1

n1

Pn1
i=1 pi � 1

n2

Pn
j=n1+1

pj + d for some d 2 (�1; 1) : Let �p1 = 1
n1

Pn1
i=1 pi

and �p2 = 1
n2

Pn
j=n1+1

pj:

Consider the test, which we call the two sample Bernoulli di¤erence test, that

rejects the null hypothesis if
Pn1

i=1 zi �
Pn

j=n1+1
zj � �k: In the following we will show

how to choose �k:

For each i let �Zi be a Bernoulli random variable where P
�
�Zi = 1

�
= �p1 if i 2

f1; ::; n1g and P
�
�Zi = 1

�
= �p2 if i 2 fn1 + 1; ::; ng : Let Yj = 1�Zj and �Yj = 1� �Zj:

Then Yj is also Bernoulli distributed.

Then

P

 
n1X
i=1

Zi �
nX

j=n1+1

Zj � k
!

= P

 
n1X
i=1

Zi +

nX
j=n1+1

(1� Zj) � n2 + k
!

= P

 
n1X
i=1

Zi +

nX
j=n1+1

Yj � n2 + k
!
:
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Following Gleser (1975),

P

 
n1X
i=1

Zi +

nX
j=n1+1

Yj � n2 + k
!

� P

 
n1X
i=1

�Zi +
nX

j=n1+1

�Yj � n2 + k
!

= P

 
n1X
i=1

�Zi �
nX

j=n1+1

�Zj � k
!

if n2 + k � n1�p1 + n2 (1� �p2) + 2; so if k � n1�p1 � n2�p2 + 2
Assume that H0 is true. Then 0 � �p1 � �p2 + d and hence

n1�p1 � n2�p2 � n1�p1 � n2max f�p1 � d; 0g � (n1 � n2)min f1 + d; 1g+ n2d if n1 � n2
n1�p1 � n2�p2 � n1min f�p2 + d; 1g � n2�p2 � n1d+ (n1 � n2)max f0;�dg if n1 < n2

and hence

n1�p1 � n2�p2 � max fn1 � n2; 0g+min fn1d; n2dg :

Let �Wi be a Bernoulli random variable such that P
�
�Wi = 1

�
= �p2 + d: Using the

fact that �p1 � �p2 + d, we obtain

P

 
n1X
i=1

�Zi �
nX

j=n1+1

�Zj � k
!
� P

 
n1X
i=1

�Wi �
nX

j=n1+1

�Zj � k
!
:

Hence we have shown that

P

 
n1X
i=1

Xi �
nX

j=n1+1

Zj � k
!
� P

 
n1X
i=1

�Wi �
nX

j=n1+1

�Zj � k
!

if k � max fn1 � n2; 0g +min fn1d; n2dg + 2: Note that when samples are balanced,
so n1 = n2 = n=2 then the condition turns into k � nd=2 + 2:
Let g (k) be such that

g (k) = max
maxf�d;0g�p�minf1�d;1g

n1X
i=maxfk;0g

�
n1
i

�
(p+ d)i (1� p� d)n1�i

minfi�k;n2gX
j=0

�
n2
j

�
pj (1� p)n2�j :

Note that g (n1) = maxp2[0;1�d] (p+ d)
n1 (1� p)n2 :

Let �k be the smallest integer k such that g (k) � � and k � max fn1 � n2; 0g +
min fn1d; n2dg+ 2:
This yields the following result.

Proposition 8 The two sample Bernoulli di¤erence test that rejects the null hypoth-
esis if

Pn1
i=1 zi �

Pn
j=n1+1

zj � �k has type I error probability bounded above by �:
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A.2 Proof of Proposition 1

Assume that the null hypothesis is true, so that f is monotone decreasing.

Fix some ordering o as constructed in step 2 and consider the randomized test ��o
de�ned by ��o (x; y) = q (x; y; ojx; y) : We �rst show that ��o has level ��:
Consider some block as constructed in step 1 that has at least two elements, let s

be its index. Consider some r 2 f1; :::; lsg : Let zr;s = 1 if�
xo(r+ls;s);j � xo(r;s);j

� �
yo(r+ls;s) � yo(r;s)

�
> 0 and let zr;s = 0 if�

xo(r+ls;s);j � xo(r;s);j
� �
yo(r+ls;s) � yo(r;s)

�
< 0: Let Zr;s be the Bernoulli distribution

that is generated by taking the distribution of zr;s over all possible realizations of y

conditional on x: Since xo(r+ls;s);j > xo(r;s);j; xo(r+ls;s);k = xo(r;s);k for all k 6= j; and f is
monotone decreasing we obtain that f

�
xo(r+ls;s)

�
� f

�
xo(r;s)

�
: Simplifying notation

but still keeping in mind that all probabilities are conditional on x; we �nd that

P (Zr;s = 1)

P (Zr;s = 0)
=

P
�
Yo(r+ls;s) > Yo(r;s)jYo(r;s) 6= Yo(r+ls;s)

�
P
�
Yo(r+ls;s) < Yo(r;s)jYo(r;s) 6= Yo(r+ls;s)

� = P
�
Yo(r+ls;s) = 1; Yo(r;s) = 0

�
P
�
Yo(r+ls;s) = 0; Yo(r;s) = 1

�
=

P
�
Yo(r+ls;s) = 1

�
P
�
Yo(r;s) = 0

�
P
�
Yo(r+ls;s) = 0

�
P
�
Yo(r;s) = 1

� = f
�
xo(r+ls;s)

�
1� f

�
xo(r+ls;s)

�= f
�
xo(r;s)

�
1� f

�
xo(r;s)

� � 1
which implies that P (Zr;s = 1) � 1=2:
As individuals are making independent choices conditional on x, the variables Zr;s

are independent for all r = 1; ::; ls and s = 1; :::; S:

Given the functional form of the randomized binomial test, we obtain that P
�
��o (x; y) = 1jx

�
is maximized when P (Zr;s = 1) = 1=2 holds for all r; s: As the randomized binomial

test is an exact test with size ��, this implies that P
�
��o (x; y) = 1jx

�
� ��. Hence

��o has level ��:

We now prove that the direction of monotonicity test �� is exact. Let �� be

the randomized test de�ned by �� (x; y) = q (x; y; Ojx; y) : In other words, �� is ob-
tained by realizing an order o and then determining the rejection probability based

on ��o: Hence, P
�
�� = 1jx; y; o

�
= P

�
��o = 1jx; y

�
= q (x; y; o) and P

�
�� = 1jx; y

�
=

Eq (x; y; Ojx; y) : Moreover, by de�nition, �� (x; y) = 1 if and only if E�� (x; y) � �:
Above we showed that ��o has level �� for each ordering o: Hence, �� also has level

��. In other words, P
�
�� = 1jx

�
= Eq (x; Y;Ojx) � ��:

The rest of the proof follows directly from Lemma 1.

A.3 Proof of Proposition 3

Let �1 be the randomized test that results after applying step 5, so �1 (x; y) =

Eq (x; y; Ojx; y) : We wish to bound the type II error probability of �1: It is as if
we are doing the following. We are facing an independent sample of N1 matched

pairs Q 2 f0; 1g2. For each pair (r; s) we identify Q = (1; 0) ; (0; 0) and (0; 1) with
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Yo(r+ls;s) > Yo(r;s); Yo(r+ls;s) = Yo(r;s) and Yo(r+ls;s) < Yo(r;s) respectively. We are testing

H0 : EQ1 � EQ2 using the randomized version of McNemar�s test. We are computing
the type II error probability where

EQ1 � EQ2 = P (Q = (1; 0))� P (Q = (0; 1)) = N�=N1:

Lemma 2 states that the type II error probability is attained when P (Q1 = Q2) = 0:

The rest of the proof follows from Lemma 1.

A.4 Proof of Proposition 4

The proof is a simple exercise. Following (5) we are comparing success probabilities

above and below the median. We do this using Proposition 8, constructing a ran-

domized test �Dr to avoid integer problems. Finally we derandomize using Lemma

1.

A.5 Proof of Proposition 5

To derive a bound on the type II error probability of the randomized test �Dr we

will apply Gleser (1975), and hence need to ensure that the true e¤ect is su¢ ciently

above the cuto¤ used on the null hypothesis. We wish to derive an upper bound on

the probability of not rejecting the null hypothesis. To not reject the null hypothesis

means, given the de�nition of �k; means that the di¤erence between the two samples

is at most �k: Thus we can act as if both samples are i.i.d. if �ajN � �k + 2: The rest
of the proof then follows with Lemma 1.

A.6 Proof of Propositions 6 and 7

Note that f(1 + �zr;s) =2g is a sequence of Bernoulli variables with average mean un-
der the null hypothesis bounded above by

�
1 + ��j

�
=2: So we use Hoe¤ding (1956)

inequalities to design the randomized test. The constraint "c � np+1" in the de�ni-
tion of �Qr ensures that the test only rejects if the number of successes is su¢ ciently

high so that that according to Hoe¤ding (1956) the tail probability is maximal when

the data is i.i.d.. We then derandomize using Lemma 1.

The proof of Proposition 7 is analogous.


