ARCS, CORDS AND FELTS

— SIX INSTANCES OF THE LINEARIZATION PRINCIPLE
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ABSTRACT. It is shown how a selection of prominent results in singularity

theory and differential geometry can be deduced from one theorem, the Rank
Theorem for maps between spaces of power series.
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1. INTRODUCTION

Consider maps f: C[[z]]P — C[[z]]? between Cartesian products of formal or con-
vergent power series rings in ¢ = (z1,...,2,). Such an f is called tactile if it is
given by substitution of power series a(z) = (a1(x),...,ap(z)) € C[[z]]P for the
variables y = (y1,...,¥p) in a power series vector g(z,y) € C[[z, y]]?,

[ a(x) = g(z, a(x)).
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Maps of this type — and their associated zerosets {a € C[[z]]?; g(x,a) = 0} which
are called felts in this paper — are ubiquitous in local analytic geometry: arc spaces,
local automorphism groups of varieties, K-equivalence, approximation theorems.

The main problem in these settings consists almost always in solving tactile equa-
tions in a space of power series. In the finite dimensional situation, i.e., for analytic
maps between affine spaces CP and C9, the first instance for solving is given by
the Implicit Function Theorem, or its more general companion, the Rank Theo-
rem. Both results are used locally at points where the zeroset is smooth. In the
infinite dimensional situation which we encounter with spaces of power series, the
corresponding theorems are much more subtle. At their best, they allow to solve
tactile equations from a certain degree on, meaning that if one knows an approx-
imate power series solution up to sufficiently high degree, then an exact solution
exists and its expansion can be determined.

The present paper utilizes and extends in a purely algebraic setting a Rank Theo-
rem for tactile maps as it has been established in [HM94]: By local automorphisms
of source and target, the tactile map can be linearized in the neighbourhood of a
chosen power series (cf. Theorem 1.2 below). The assumptions of the Theorem in-
volve a Rank Condition and an Order Condition, which both together are sufficient
to yield local linearization. The Rank Condition is also necessary, as it is trivially
satisfied by any linear map, and preserved by composition with automorphisms.
The Order Condition, formulated in terms of standard bases of ideals, ensures that
the higher order terms of f are suitably dominated by its linear terms. It turns out
that the linearizing local automorphisms lie beyond the class of tactile maps. They
are of a more general type, so called textile maps. These can be characterized by
saying that the coefficients of the output series are polynomials in the coefficients
of the input series. Actually it turns out that by allowing textile maps as auto-
morphisms, the Rank Theorem can be extended to this more general class of maps
between power series spaces (see Theorem 1.2 below).

Our emphasis in this paper lies on the universality of the Rank Theorem. We shall
show (see section 5) how six important results in singularity theory and differential
geometry are direct corollaries or special cases of this theorem. Below, we shall
briefly describe these applications. For the convergent case, similar reasoning can
be applied, invoking the (analogous) Rank Theorem of Hauser-Miiller for conver-
gent power series spaces [HM94].

Denef and Loeser use the following local triviality result as a main step to set up
motivic integration in the context of singular varieties [DL99] (see also Lemma
9.1 in [Loo02]). Let X C AY be an affine variety over a field k of characteristic 0.
Assume X is given by f1,..., fp € k[z1,...,2n]. An arc (or more precisely a k-arc)
of X is a k[[t]]-point of X, i.e., a solution to f; = --- = f, = 0 in k[[]]V. The set of
arcs of X is denoted by X,. Similarly, an m-jet is a solution of these equations in
(k[t]/(t)m+1)N. Write X, for the set of m-jets of X. There is a natural projection
Tm: Xoo — Xpm. Define A, = Xoo \ 7, 1((SingX),) as the space of arcs of X which
do not lie in the singular locus up to order e. Moreover assume that X is of pure
dimension d. Denef and Loeser then show that, for sufficiently large n € N, the
map

0, 7Tn+1(Xoo) - 7T7L(XOO)

is a piecewise trivial fibration over 7, (A.) with fibre A¢, [DL99] (2.5). Specializing
to the case of a hypersurface this means the following: Let v be an n-jet of X



ARCS, CORDS AND FELTS 3

such that not all partial derivatives vanish on v modulo (¢)¢*!. Then finding an
(n + 1)-jet n of X with 7 =+ mod (t)"*! for n > e sufficiently large can be done
by solving a linear system of rank 1. An extension of this result can be found in
[Reg06].

The triviality of the above fibration 6,, is one of the key technical results of the
paper [DL99]. Extending the result of Denef and Loeser we show that trivialization
can already be obtained on the level of arcs, i.e., the map

Koo = Tn(Xoo)

is a piecewise affine bundle over m,(A.) (therefore all the 6,, are simultaneously
trivialized). The trivializing map will be textile and can be explicitly described
(see section 5.1).

Grinberg, Kazhdan and Drinfeld show in [GKO00] (for ¥ = C) and [Dri02] (for
arbitrary k) a similar factorization result: Let X be a scheme over k and 7o €
X \ (SingX ). Then the formal neighbourhood X [y0] of X in 7y is a product
of the form Y[y] x D*°. Here Y[y] is the formal neighbourhood of a scheme of finite
type over k in a point y € Y and D is the product of countably many formal
schemes Spf k[[t]]. Section 5.2 shows that this local factorization theorem follows
from the Rank Theorem (for chark = 0).

Denef and Lipshitz in [DL84] and Winkel in [Win] study power series solutions in
one variable z with coefficients in k, char k = 0, of a system of algebraic differential
equations. Here an algebraic differential equation in variables x and y1, ..., ¥y, is
a differential equation which is polynomial in x,¥y,...,y, and the derivatives of
the y;’s. Algebraic differential operators in this sense naturally define a textile map
E[[x]]™ — Kk[[z]]™. Thus it might prove useful to study the techniques of this paper
in the framework of algebraic differential equations. A first instance can be found in
section 5.3. There systems of n explicit differential equations, that is systems of the
form y@ = P(z,y,y™, ...,y D), with a vector of polynomials P = (Py,...,P,)
and ¢ € N, are considered. Solving such a system in k[[z]]™ for given initial condi-
tions, i.e., the coefficients of the solutions are given up to order g — 1, is equivalent
to solving an equation of the form ¢(y) = b, where b € k[[z]]"™ and ¢ is a linear
textile map.

Tougeron’s Implicit Function Theorem can be seen as a special case of the Rank
Theorem. In fact, the proof of the theorem in [Tou68] is based on the following
assertion: Let F € Kk[[z,y]], k¥ a complete valued field of characteristic 0, and
F(0) = 0. Denote by § = (d1,...,06,) the Jacobian of F w.r.t. ¥y = (y1,---,Yp)
evaluated at (x,0), and for 1 < i < 7 set y* = (yi,...,4,). Then there are Y €
kllz,yh1 <1 <r,1<j<p|]’, 1 <i<r, such that

F(zx, iaiyi) = F(2,0)+§ (Z 5y> .

i=1

In section 5.4 this will be proven by linearization of the map
(yla s 7y7’) = F(:L'7Z§lyz) - F(JE,O)
i=1
using the Rank Theorem.

Wavrik’s Approximation Theorem, a variation of Artin’s Approximation Theorem,
is based on Tougeron’s Implicit Function Theorem, Thm. I, in [Wav75], and
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[Art68]. Let k be a complete valued field of characteristic 0 and let F € k[[x, y]][2]

be irreducible, * = (z1,...,2n), ¥ = (Y1,...,Yp) and z = (z1,...,2,). Wavrik
proves that for any integer ¢ > 0 there exists an N such that if (y,z) € k[[=]]P*"
satisfies F'(z,7,2) = 0 mod (z)V, then there exist series (2(x),y(x)) € k[[x]]P+"

with
F(z,y(z),2(x)) =0
and
(y(z),2(x)) = (y,2) mod (z)?.

A solution of F' = 0 can be obtained as follows: Set yi(z) = 3 penn ahx®, zi(x) =
> aenn Uz and substitute these expressions in F(z,y, z) for y respectively z. This
gives for each power of z a polynomial equation in the a? , b’,. The claim then is that
if these equations can be solved up to a sufficiently high degree, then the remain-
ing equations also have a solution. Indeed, it is shown in section 5.4 that solving
the remaining equations is equivalent to solving a system of linear equations. In
one single variable z, the equivalence follows directly from our Rank Theorem. In
several variables, one can use Tougeron’s Implicit Function Theorem.

Lamel and Mir investigate the following question [LMO7]: Let f: (C™,0) — C" be
a germ of a holomorphic map of generic rank n, i.e., its Jacobian determinant is a
nonzero power series. For germs u of biholomorphic maps (preserving the origin)
we consider the map defined by u — f owu. In local coordinates this map is given
by substitution of power series, hence a tactile map. Here naturally the question
for a left inverse to this map arises. Lamel and Mir prove that it is possible to find
one if the derivative v'(0) is known, see [LM07] Theorem 2.4 and section 5.6 for the
precise statement. This result provides information on the biholomorphic solutions
of the equation f(u) = b(z), where b is a holomorphic germ. The formal version
of this result is in fact a special instance of the Rank Theorem (for the convergent
case, apply the same proof to the result in [HM94]).

It should by now have become clear that the proofs of all the above results are
based on one common principle, linearization: The respective problems are ex-
pressed through certain maps between spaces of power series, and the solution of
the problem corresponds to locally linearizing the map at a given point. This pro-
cess is governed by the Rank Theorem. We now describe its precise statement.

Let k be a field of characteristic 0. A cord is a sequence ¢ = (¢q)aenn Of con-
stants ¢, in k. The local k-algebra of formal power series k[[z]] = E[[z1,...,Z4]]
in n variables and coefficients in k naturally identifies with the space C = C, (k) of
cords over k. The maximal ideal of k[[z]] of power series without constant term
is denoted by m. We define ord ¢ as the order of ¢ as a power series. The space
C comes equipped with the m-adic topology induced by the 0-neighborhoods m*
of series of order > k. Open sets in the m-adic topology will be referred to as
m-open, though we will drop the “m” if the topology is clear out of context. In
the case n = 1 we shall speak of arcs and write A for C, respectively k[[t]] for k[[z1]].

Elements of C are sequences of elements in k indexed by o = (aq,...,a,) € N
We will consider elements of a Cartesian product CP, p € N, as sequences in k
which are indexed by (a,an+1) € N® x N with 0 < ape1 < p— 1. A map
f:C™ = CPc— (fo(C))aenn+: is called textile if for all o the component f,(c) is
a polynomial in the coefficients of ¢. Let U be a subset of C"™. A map f: U — CP is
called textile if it is the restriction of a textile map C™ — CP to U. Denote by k[N,']
the polynomial ring k[zZ;1 < j < m,a € N"]. The felt defined by a textile map
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f:C™ — CP is the closed subscheme Spec k[N"']/(fa; o € N™"*1) of Spec k[N"']. For
most applications in section 5 the underlying set of k-points {¢ € C™; f(c) = 0} is
of primary interest. It is an “algebraic” subset of a countable Cartesian product of
copies of k, where the “equations” are infinitely many polynomials in a polynomial
ring of countably many variables. Sometimes we will use the term “felt” also for
Zariski-open subsets of some felt defined by a textile map.

Any vector of formal power series g € k[[y1, - - ., ym]]? induces a textile map f: m -
C™ — CP via substitution f(c) = g(c). Such maps are called tactile. Their zerosets
in case n = 1 are called arc spaces. The tangent map of f at 0 is given by the linear
terms of g.

Textile maps define by restriction morphisms between felts, thus allowing to speak
of the category of felts. A felt X is smooth at a cord c if there is an m-adic neigh-
bourhood U of ¢ in C™ such that X N U is isomorphic to an m-open subset of a
felt defined by a linear textile map. Tangent spaces and maps can be defined in a
natural way.

Examples. 1. As a special case of tactiles, let X be an affine algebraic variety
defined in A}* by polynomials fi,..., f, € k[z1,...,Zm]. Then

Xow ={a e A™, fi(a) = ... = fp(a) =0}

is the classical arc space associated to X (see [Nas95]). The point a(0) lies in X;
we say that the arc goes through or is centered at a(0). The image my(X) of X in
(A/m9T1)™ under the canonical projection is the space of g-jets which can be lifted
to arcs on X, whereas

X, ={ac (A/m™™)™ fi(a)=...= f,(a) =0 mod m?™'}
is the space of q-jets on X.

2. Let f € k[z1,...,2,] and identify A with k[[t]] via a = (a;)ien — Y a;t'.
Consider the felt Z defined by f. For an integer d > 0, decompose a € A™ into
a = a + a, where a denotes the expansion of a up to degree d — 1 (its truncation)
and & has order > d. We identify a@ as an element in m4_1(Z) (see example 1) and
consider f(a+ @) = 0 as an equation in a, say g(a) = 0. Of course, g induces a
tactile map G: m?- A™ — A. One of the main aspects of this paper will be to show
that for d sufficiently large, the map G can be linearized locally (w.r.t. the m-adic
topology) in a well defined way (see Theorem 4.2). Intuitively, this will signify
that the recursion equations resulting from f(a) = 0 for the coefficients of a will
become eventually as good as linear equations. In particular, if @ is an approximate
solution for some sufficiently high d, then the existence of the “remainder” & such
that @ + a is an exact solution is automatically ensured. Geometrically speaking,
this says that the fibre over @ under the truncation map b — b is trivial. For a more
general triviality result see Theorem 5.1.

3. Consider a polynomial recursion of order d indexed by the naturals:
a; = fi(ai—1,...,ai—q), i >d,
with f; € k[y1,...,y4]. It induces a textile map

F: A— A:a—(ag,...,04-1,a0q — fa(a),aq41 — fat1(a),...).

Prescribing any initial conditions ag, . .., aq—1 gives rise to a unique solution (a;);en
of the recursion. As a variation, let the polynomial recursion be of infinite order
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having now the form a; = f;(a;—1,...,ap) with polynomials f; € k[y1,...,v:].
Again we get a textile map F: A — A, given by a — (a; — fi(a))ien-

The article splits into two parts. In sections 2 to 4 we build up the algebraic ap-
paratus to study felts and textile maps; in section 5 we illustrate the impact of the
theory by proving directly the before mentioned results on arc spaces, local analytic
geometry and Cauchy-Riemann-manifolds.

We start with a textile version of the Inverse Mapping Theorem. In contrast to the
corresponding theorem in analysis, the result and its proof are mostly algebraic.
The basic assumption is that the non-linear terms of the map increase the order
of cords stronger than the linear terms do: Write f = ¢ + h with ¢ the (invertible)
tangent map of f at the cord ¢ in question, and h the higher order terms. The hy-
pothesis is then that the composition ¢h (with £ linear s.t. £¢ = id) is contractive,
i.e., increases the order of cords (see section 2):

The following theorem is a generalization of the inverse function theorem in [HM94]
to the setting of textile maps.

Theorem 1.1 (Inverse Function Theorem). Let U € C™ be an m-adic neighbour-
hood of 0 and f: U C C™ — C™ be textile with f(0) = 0. Assume that f =€+ h,
f(U) C W (neighbourhood of 0) , where £: U — W s linear, textile and invertible,

, there exists a linear map 0:W — U with Lol =idy and o0 =idy. If (h is
contmctwe on U, then f admits on U an inverse.

The above result will be further generalized to a parametric version (see 4.2) and a
version for cords with coefficients in a ring with nilpotent elements (see section 2).

Example. Consider f: m — m? given by a — t-a + a?. Here we set {(a) =t-a
and £(a) =t~'-a. For a € m, fh(a) = t~' - a2 is not contractive (the order remains
constant for @ € m\ m?), whereas it is contractive if we restrict to a € m?. It follows
from the theorem that the restriction f|y2: m? — m3 is locally invertible at 0.

In finite dimensional analysis, the Rank Theorem is a trivial consequence of the
Inverse Mapping Theorem. In the infinite dimensional context, say Banach spaces
or locally convex spaces, and also in the present situation of cord spaces, this is
no longer true. In many applications it is the Rank Theorem which is actually
needed (despite the numerous important applications of theorems like the Nash-
Moser Inverse Function Theorem, [Ham82]) to show the manifold structure of fibres
of smooth maps or to prove local triviality.

A first step in this respect is the correct definition of the hypothesis of constant
rank. We shall follow in this article the concept proposed by Hauser and Miiller
in [HM] for analytic maps between convergent power series spaces. Working with
formal instead of convergent series, the definition slightly simplifies, but is never-
theless somewhat unhandy to grasp. It goes as follows:

Let V be an m-adic neighbourhood of 0 in C. A textile map v: V C C — C™ is
called a curve (over V) in C™. If im(y) C U C C™ we say that v defines a curve
i U. Let f: U C C™ — CP be a textile map and let J be a closed linear direct
complement in C? of the image im(7Ty, f) of the tangent map of f at a cord ag. Then
f has constant rank at ag with respect to J if for all curves v in U with v(0) = ag
and all curves 7 in CP there exist unique curves p in C™ and 7 in J such that

n=1,f-p+r
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If f is tactile, say induced by a polynomial g € klyi, ..., ym], then T, f - p is given
by

Og(v) - pt -+ Ong(y) - P
Here, 0;g is the i-th partial derivative of g.

In the applications the occurring textile map f is often quasi-submersive, i.e., if
f=40¢+h with £ =T, f, then im(h) C im(¢). If £ is surjective, f is a submersion.

Let £: C™ — CP be textile linear; a textile linear map o: CP — C™ satisfying fol = /¢
is called a scission of £. Note that a scission provides a left inverse on the image of
£ and the kernel of o defines a closed direct complement of this image. We shall
construct scissions for the case of tactile maps using the Grauert-Hironaka-Galligo
Division Theorem for formal power series (see section 3.1). After that we give the
construction for arbitrary textile linear maps. This will be achieved by a suitable
generalization of the Gauss Algorithm to this context.

Here is the extension of the Rank Theorem in [HM94] which is needed to prove the
results in section 5:

Theorem 1.2 (Rank Theorem). Let f: U C C™ — CP be a textile map on a
neighbourhood U = m! - C™ of 0 with f(0) = 0. Write f in the form f = £+ h with
¢ =Tof the tangent map of f at 0. Assume that ¢ admits a scission o: CP — C™
for which oh is contractive on U, and that f has constant rank at 0 with respect to
ker(¢a). Then there exist locally invertible textile maps u: U — C™ and v: f(U) —
CP at 0 such that

vofout=1¢

This theorem will be extended in sections 4.2 and 4.3 to the relative case with pa-
rameters and a version for cords with coefficients in a ring with nilpotent elements.
In the case of quasi-submersions the order condition gives a sufficient criterion for
linearization (see section 4.1; and sections 5.2 and 5.4 for applications). We continue
with our list of examples:

Ezamples. 5. Consider the tactile map induced by an element f € klxy,...,Tpn].
Let a be an arc of X with a(0) a smooth point of X = V(f) C A}". Using the
classical Implicit Function Theorem for power series or Theorem 1.2 it’s easy to see
that a is a smooth cord of X,,. In section 5.1 we treat the more interesting case
when a is an arc through a point in the singular locus Sing(X), but does not lie
entirely in it, i.e., a(0) € Sing(X) but a ¢ Sing(X) .

6. Consider example 2 above in the special case f = x + zy € k[z,y]. The induced
textile map F': m- A% — A;a — f(a) has constant rank at 0 with respect to the
complement of (¢) - A. The composition oh is contractive, where h(a',a?) = a'a?
and o is a scission for the linear map ¢: (a',a®) — a'. Thus the Rank Theorem
applies and F' can be linearized at 0. The linearizing maps u, v of the Rank Theorem
are given by v = id and u(a) = (a*(1+a?),a?). Indeed, this u would be the natural
candidate for linearization when viewing f in the form f = x(1 + y). Note: It is
due to the very simple form of the linear part of f that we can write down u and
v so explicitly. Taking f = tz + ay € k[[t]][z, y] it is still possible to linearize the
induced map on m?, but it is not possible to give closed formulae for u,v. The
reason for this lies in the fact that the scission one has to construct is a textile map
which is not tactile!

7. In several variables it is in general difficult to prove that a textile map has
constant rank. The following example gives a simple tactile map which does not
have constant rank. By necessity of the rank condition this map is not locally
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linearizable: Let F' = 22 — 2 € k[z,y]. Set n = 129+ ...+ (z122), [ € N, and try
to lift the exact solution (n,n) € k[[z1,x2]]? of F(x,y) = 0. Consider the tactile
map

g: (x1,22)" - K[[21, 22]]2 — K[[21,22]]; 9(2,y) = F(n + 2,n+y).

To check whether g has constant rank we have to lift any relation (a,b) between
019(0) = n and 029(0) = —n to a relation (A, B) between 01g(y) and d2g(7) for
any v = (y1,72) € k[[s, 21, 22]] of sufficiently high order (in the z;) such that v =0
mod (s) and A = a mod (s), B = b mod (s). Specify (a,b) = (1,1); a short
computation shows that then one has to find A’, B’ € (s) C k[[s, x1, 22]] such that

(m+7)A = (+72)B" =7 —n.
But this will be impossible (independently of the order of ) if supp(y; )Nsupp(x122)
(). Therefore g does not have constant rank at 0. Note that the situation does not
improve by providing an approximative solution of higher degree, since the above
calculation is valid for arbitrary | € N. However, considering ¢ as a tactile map on
K[[t])?, it fulfills the rank condition on some m-adic neighbourhood of 0.

Remark. Theorem 1.1 and 1.2 may also be used to linearize linear maps, i.e., to
reduce a linear textile map to its dominating linear part. This is for example the
case when restricting the result of Theorem 5.3 to linear differential equations. The
linear textile map
d
k(] — Kt a = a+ —(a),
induced by the ordinary differential equation ' + z = 0, is “linearized” to f (a) =

d/dt(a).

Remark. The above presented technique of linearization may also be applied in the
situation of cords over a field of positive characteristics (or more general over a ring
as in section 5.2). One has to treat carefully, though, since for example the intuitive
characterization of contractiveness as in Lemma 2.1 is then not valid anymore.

The authors are indebted to an anonymous referee for pointing out ambiguities in
an earlier version of the manuscript, and for encouraging to prove the Grinberg-
Kazhdan-Drinfeld formal arc theorem by their methods. They wish to express their
gratitude to T. Beck, S. Ishii, B. Lamel, F. Loeser and J. Schicho for stimulating
conversations.

2. FELTS AND TEXTILE MAPS

In this section we will distinguish subsets of C", which are given as the vanishing
set of textile maps. For these maps we will provide an inverse mapping theorem
and the notion of tangent maps.

2.1. Textile Maps. Let k be a field of characteristic 0. A cord is a sequence
¢ = (Cq)aenn Of constants ¢, in k. Sometimes we will speak more precisely of an
n-cord over k. The entry c, is the coefficient of ¢ at index « or a-coefficient of
c. The space C = C,, = C(k) of cords over k naturally identifies with the local
k-algebra of formal power series k[[z1,...,x,]] in n variables and coefficients in k.
The maximal ideal of k[[x]] of power series without constant term is denoted by m.
Substitution of the variables by power series in m provides an additional algebraic
structure on C. We define ord ¢ as the order of ¢ as a power series. The space C
comes equipped with the m-adic topology induced by the 0-neighborhoods m! of
series of order > [. Vectors of cords ¢ = (c!,...,¢™) € C™ will be encoded in the
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following way: For the coefficients ¢!, « € N*, i = 1,...,m, we write C(ayi—1) and
understand these coefficients as a family indexed by N**!. Thus a vector of n-cords
c € C™ corresponds to an (n + 1)-cord (cg)genn+1 where cg = 0 for 3,41 > m and

cg = cj for fpyr =i—1, 8= (B1,...,0).

A textile map f: C™ — CP, m,p € N, maps cords ¢ = (¢ca)qenn+1 € C™ to cords
with coefficients consisting of polynomials in the ¢,. If the coefficient polynomials
are linear, such mappings are called linear. Precisely speaking: f is a textile map
if the image of ¢ € C™ is of the form

f(e) = (fa(€))aennn

with f, € klcg, 3 € N*1]. The f, is referred to as the a-component of f. Note:
Although the definition of textile maps involves infinitely many variables, in many
interesting examples they are given by finite data. See the examples in the intro-
duction. Let U be a subset of C™. A map f: U — CP is called textile if it is the
restriction of a textile map C™ — CP to U. Denote by k[N;'] the polynomial ring
klz;1 < j < m,a € N"|. The felt defined by a textile map f: C™ — CP is the
closed subscheme Spec k[N"|/(fao; @ € N*T1) of Spec k[N""]. For most applications
in section 5 the underlying set of k-points {c¢ € C™; f(c) = 0} is of primary interest.
It is an “algebraic” subset of a countable Cartesian product of copies of k, where
the “equations” are infinitely many polynomials in a polynomial ring of countably
many variables. Sometimes we will use the term “felt” also for Zariski-open subsets
of some felt defined by a textile map.

Let Y C C™ be a felt. A map f:Y — k is called reqular at p € Y if there are a
Zariski-open neighbourhood U of p and polynomials g, h € k[N;'] with h non-zero
on U such that

_9
fﬁh

on U. If f is regular at all points of Y we call it regular (on Y ). We write Oy for
the k-algebra of reqular functions on Y. A textile map f: Y — C is called regular
if its components f, are regular functions on Yi.e., f, € Oy for all a € N™.

The sum of textile maps f,g: Y — C is defined naturally by coefficientwise addition.
Moreover we introduce the product of these textile maps by Cauchy-multiplication:

f-g ::( Z fugu)a-
v+pu=a
The composition of textile maps f: C™ — CP and g: C? — C™ is defined as follows:
fa € klxg; 0 € By, then

(fog)a(c) = fa(g(c)) = fa(gﬁ(c);ﬂ S Ba)

for ¢ € C. In each coefficient one has a substitution of polynomials. Call f (right)
inwvertible, if there exists a textile map ¢ such that f o g =id.

Any vector of formal power series g € k[[y1, ..., ym]? induces a textile map f: m-
C™ — CP via substitution f(c) = g(c¢). Such maps are called tactile. The felts
defined by tactile maps in the case n = 1 are called arc spaces. Note that the
composition of tactile maps is the same as the tactile map defined by substitution
of the corresponding power series.
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Sometimes it will be convenient to represent textile linear maps by N2-matrices, i.e.,
2

elements in K : Let ¢: A — A be given by ¢;(a) = Z;io l;ja;. Then we identify

¢ with the N2-matrix £ := (¢;;); jen. In analogy to linear algebra the composition

of two textile linear maps ¢', £2 corresponds to the product of the matrices

0= lal)ig
1=0

Note that the last sum is well-defined, since f{l =0, j € {1,2}, except for a finite
number of [ € N.

Let L: RY; — Ry be a positive linear form. Moreover, let < be a monomial
ordering on k[[x1,...,z,]] induced by L, e.g., 2® <2 if L-a < L-Bor L -a=
L - and a < f lexicographically. Embed k[[z1,...,2,]]™ in k[[21,...,2Znt1]] by
% - e; — (@D For f € N*! define L - as L - 3. Then we get an ordering on
E[[z1,...,2p1]] by 2® < 2P if: () L-a< L-Bor (ii) L-a=L-Fand a < 8
lexicographically. This ordering defines a module ordering on k[[z1, ..., 2,]]™ and
thus on C™. Given a module ordering induced by L as above and an element
b € k[[z]]™ the order of b with respect to L is defined as

ordy, b = min{L - a; b, # 0}.

Analogously we define the order of a textile map f: C™ — CP with respect to L as

ordy, f = min {L-«;f, #0}.

aeNntl

Usually, if L has been specified, we simply write ord b respectively ord f. If no linear
form has been defined, we will assume L to be L: (a1,...,a,) — 1 a1 +...+1-a,
(as in the beginning of this section). The ideals of textile maps f: C™ — C of order
greater equal [, [ € N, define a natural topology on the ring of textile maps C"™ — C.
For obvious reasons we will denote them by m‘. It should be clear from context
what is meant by m!, an ideal of power series or an ideal of textile maps.

Consider a textile map h: U C C™ — CP, U an m-adic neighbourhood of 0.
Without loss of generality one may assume h(0) = 0. For I" € L(Z™) the textile
map h is called I'-shifting on U if

(1) ord (h(a) — h(b)) > ord(a —b) + T for all a,b € U.

Lemma 2.1. A textile map h: U C C™ — C is I'-shifting on U if and only if for all
a € N™ the coefficient hy(c) is a polynomial in those ¢, for which L-v < L-a—T.

For f # 0 on U the degree of contraction of f on U (with respect to L), denoted
by x(f), is defined as the maximal I" such that (1) is fulfilled. If f = 0 on U, then
we set k(f) = co. We also say f is contractive of degree T' (on U with respect to
L). In case I' > 0 the map h is simply called contractive. By the Lemma above it
is easy to see that the contraction degree is well-defined. Let f, g be textile maps
of contraction degree I" resp. © on their domains of definition U respectively V.
Then £(f + ¢g) > min{I',0} on U N V. Next assume that the composition f o g is
well-defined and that x(f[y1)) =T. Then k(fog)=T+© on V.

It turns out that tactile maps have nice contraction properties. This can be seen
in the following example:
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Ezample. Consider the “monomial” map f: U C C™ — C;c — ¢, a € N, with
U=mP x .- xmPm. Denote by ppi, the minimum of the p;’s. It is immediate
that H(f) = Z:il @;Pi — Pmin-

This example shows that one has some control over the degree of contraction of
tactiles. By shrinking the domain of definition U the contraction degree increases!

The notion of contractivity will be used in the following more general context (see
section 5.2). Let A be a local, commutative and unital k-algebra with nilpotent
maximal ideal n, i.e., there exists an integer N € N such that n®™ = 0. The set of
cords with coefficients in A will be denoted by C4. For a € A set

max{i;a €n'} a#0
pOW(“)_{N { } aio

where n® = A. For an element ¢ € C}' we define the refined order of a as the pair
oRD(c) = (ord(c), pow(corae)) € N?,

where N? is considered with the lexicographic ordering. If (¢;);en is a family of
cords in C} with increasing sequence of modified orders (ORD(¢;));, then the family
is summable. A map h: U C C} — C%, U an m-adic neighbourhood of 0, is called
contractive if for all cords @ and b in U

ORD(h(a) — h(b)) > ORD(a — b)

holds. If A = k the only nilpotent ideal in A is the zero-ideal and both notions of
contractivity coincide.

Remark. For other applications it might be reasonable to interchange the order of
ord and pow in the definition of the modified order.

Theorem 2.2 (Inverse Mapping Theorem). Let U € C}' be an m-adic neighbour-
hood of 0 and f: U CC{ — C} be textile with f(0) = 0. Assume that f = £+ h,
f(U) CW (neighbourhood of 0), where £: U — W is textile, linear and invertible,
i.e., there exists a linear map 0:W — U with lol =idy and {o ¢ = idy. If ’h
is contractive on U, then f admits on U an inverse, i.e., there is a textile map

g: f(U) = U with fog=1idyqy and go f = idy.

Proof. First simplify to the case f =id + h with h contractive on U by considering
£f = id 4 ¢h. Then recursively define a sequence (gj)j ey Of textile maps U — C!
by go = 0 and g;41 =id — hog; for j > 1. The sequence (g;); converges pointwise
on U. Indeed, g;4+1 can be written as
Jj+1
gj+1 = 9o + ZDm
i=1
with Dj = g; — gj—1. For any a € U the family (D]-(a))jeN is summable: For j > 2
we can write D; as
Dj=hogjo—hogj,
and thus by contractivity of h
ORD Dj(a) > ORD D;_1(a)

for any a € U. Therefore, g = limg; is a well-defined textile map U — C'. It
remains to show that g is a (right-) inverse for f. But for any j € N

fog—id=(9—gj)+(hog—hog;)+ (hog; —hog;_1),
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and each of the three summands on the right hand side tends to 0 for j — oo.
Therefore, g is a right-inverse for f.
It’s not hard to see that g is in fact also a left-inverse for f. It suffices to show that

(ORD(gm (f(a)) = @) e

is an increasing sequence (for all @ € U) which follows immediately from contrac-
tiveness of h. O

Remarks. (a) Note that there are textile invertible maps which are not of the special
form demanded in the theorem. An example would be

frA— A;(a;); — (ao—&—a?,al,ag +a§,a3,+...).

Nevertheless this textile map may be transformed into a form which allows the use
of Theorem 2.2.

(b) Theorem 2.2 implies as a special case the classical Inverse Mapping Theorem
for formal power series: Let f = (f1,...,fn) € k[[z1,...,2,]]" with f(0) = 0.
Denote by Of its Jacobian matrix (0f;/0z;), .. If det9f(0) # O then there exist

G1s--sgn €EMm-E[[z1, ..., 2,]] with
flgi(x),...,gn(x)) = (21,...,20).

Lemma 2.3. Assume that h: U C C} — Ca, U an m-adic neighbourhood of 0, is
textile with h(0) = 0. Moreover, let its a-coefficient hy be of the form ho = hl, + .
with b, € Alz];1 < j <m,0 <1< e and h!, € n[zi,1 < j < m,], where e = |al.
Then h is contractive.

4,3

Proof. For simplicity of notation we restrict to the case h: A} — A4. Let a,b e U
with ord(a — b) = i. Write a = b+ ¢ for some ¢ € U, (; # 0. By assumption on h
we have hj(a) — h;(b) =0 for 0 < j <1i—1. Using Taylor expansion we see for the
i-th coefficient

? (b +C) = i) = Y1) - G+ W) - .

where 0'h!/ (b) - ¢! abbreviates all order [ terms in the Taylor expansion. By assump-
tion on h all partial derivatives in (2) lie in n, thus

pow(h;(a) — h;(b)) > pow((;) + 1 > pow((a — b);),

so h is contractive. O

Denote by C(q) the set of g-cords, that is
C(q) = {(ca)aern € K"V ]a] < g+1} = C mod m?*+.

Analogously we introduce C™(q), and especially if X is the felt defined by a textile
map f: C™ — C the set of q-cords of X

X(q) = {(ca)aermsr € (KDY o] < g +1, f(¢) =0 mod mT*'}.

Clearly, X(q) has a natural structure as a subscheme of A™4+)™  The canonical
projections X — X(q), resp. X(q) — X(p) for ¢ > p, induced by truncation of
cords, resp. g-cords, will be denoted by 7y, resp. m}. We will identify C (¢) with
those cords ¢ € C such that ¢, = 0 for all @ € N™ with |a| > ¢q. Then a textile map
f:C™ — C" induces a map f;: C(q)™ — C(q)" with components (f;)o. It’s easy to
see that if f is 0-shifting, then f is compatible with the truncation maps m, in the
sense that the following diagram is commutative:
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cm(p)—" " (p)
Let f: C™ — CP be a textile map. The felt X = f=1(0) is called smooth at a cord
¢ € X if there is an m-open neighbourhood U of ¢ such that X NU is isomorphic to
the kernel of a linear textile map. Smoothness of a (k-)point in classical algebraic
geometry can be embedded into the theory of felts in the following way: Let X
be a subvariety of A} given by the ideal (fi,..., fp) € k[z1,...,x,]. Consider the
tactile map

Fx: A" — AP a— (fi(a),..., fp(a)).
The k-points of X, i.e., elements b = (b!,...,b") € k™ with fi(b) = 0 for all 4,
correspond to arcs a = (al,...,a") € X, with a’ = (b*,0,...). Using the classical
Implicit Function Theorem or the Rank Theorem from section 4 it is obvious that
X is smooth at a if b is a smooth point of X. With the same methods one shows
that all arcs a € X with a(0) a smooth point of X are smooth cords of X.

2.2. Differential calculus of textile maps. This section provides the basic def-
initions for the differential apparatus in the context of textile maps. Consider a
textile map f: C™ — C;c — (fa(c)),. For v € N"*! the partial derivative of f with
respect to v is defined by coefficientwise differentiation:

= (%57)

Obviously 0, is a k-derivation on C. We write 0f(a) for the vector (0, f(a)),enn+1.
The directional derivative of f in a € C™ in direction of v € C™, is given by

Tf o= < (fla+s0) — f(a)

s=0
Using the notation (0f)(a) ev := > cyni1 0o f(a)v, this yields for a textile map f:
Tof v =(0f)(a)ev.
In the case of tactile maps the directional derivative can be calculated as usually.
Let F': C™ — C be given by ¢+ f(c), with f € k[z1,...,z], then
T.F-v=01f(a) - vi+ -+ 0nfla) vnm.
It’s easy to see that each f has a Taylor expansion around a given by
1 14
fw= > @)y -a)".
veNn+1

Consider textile maps f : C™ — CP and g : C' — C™ with well-defined composition
f og. The chain-rule for partial derivatives is given by: 9, (f o g) (a) = 9f(g(a)) ®
0,9(a). More generally one deduces the following properties of the derivative:

Proposition 2.4. With the above assumptions the following holds:

1. 9(f o g)(a) = (0f(g(a)) ® Drg(a))y
2. Let ¢ be a textile linear map, then

To(po f)-v=¢(Tuf - v).
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3. Let ¢ be of the form ¢ = id + g, and f o g well-defined, then

Ta(fog)-v = 0f(¢(a)) ev+f(p(a)) e (Ig(a)ev)
= Tya)f v+ Tp@f (Tagla) -v) .
Proof. For the easy calculations see [Bru05]. O

3. SCISSIONS OF LINEAR MAPS

We recall the notion of scissions of linear maps (cf. [HM94], p. 99). In Theorem 2.2
the inverse of a map is constructed using the inverse of its tangent map. For the
proof of the Rank Theorem (see section 4) a similar construction is needed. There
the linearizing automorphisms rely on inverting the tangent map on its image (and
going back to a direct complement of its kernel).

Let £: V — W be a linear map of k-vector spaces V and W. A scission of £ is a
linear map o : W — V with fof = ¢. Scissions provide projections mye, := id — o/
onto ker(¢) and 7y, := o onto im(¢). Thus, o induces direct sum decompositions

V =ker(¢) @ im(cf) and W =im(¢) ® ker(lo).
On the other hand each direct sum decomposition of the form
V=ker({)®L, W=im{)®J

induces a scission o of ¢ by
-1
oc:=|p)  om,
where 7 is the projection from W onto im(¥¢) with kernel J. In the following sec-
tions we will explicitly construct scissions for textile linear maps. This is necessary
to obtain precise information on the degree of contraction of the scission used to
linearize a map of constant rank. For the case of k[[x]]-linear maps ¢, the degree of
contraction will be given by the maximal order of a standard basis of the module

im(?).

3.1. Scissions of k[[z]]-linear maps. We start with a short reminder on standard
bases. Most of the notation has already been introduced in section 2.1. Write £,
a € N", j e {1,...,m}, for the vector (0,...,2%,0,...,0)" in k[[z]]™, where x*
is at the j-th component. For o € N™ we use the usual multiindex notation, i.e.,
x® =t -+ a8, Thus, each element a € k[[x]]™ can be uniquely written as

a= E Qo ;T
a,j

Fix a monomial order < on N". We assume that it is induced by a positive linear
form L on RZ,. Extend this order to a module ordering on k[[z]]", again denoted
by “<”. The support of an element a € k[[z]]"™ is defined as

supp(a) == {(a, j) € N"";aq,; # 0}.
By in(a) we denote the initial monomial vector %7 of a, i.e., (o, 7) = min. supp(a).
An element a € k[[z]]™ is called L-monic or just monic, if the coefficient of in(a) is
1. Let M be a submodule of k[[z]]?. Then in(M) denotes the initial module of M:
in(M) := (in(a);a € M). A subset F = {f1,..., fi} of M is called a standard basis
of M (w.rt. <) if

in((f1,..., /1)) = (in(f1),...,in(f1)).
Consider a k[[z]]-linear map ¢ : k[[z]]™ — k[[z]]P;a = (a',...,a™) — Yi°, fia".
Assume that fi,..., f;, form a standard basis for im(¢). Choose a partition of
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S = supp(in(im(¢))) € N x {1,...,p} by disjoint sets Si,...,Sm, such that
S; C supp(k[[x]]-in(f;)). For a subset A of N x {1,...,p} we will consider the pro-
jection p;(A) onto the first factor p1(A4) := {a € N*; 35 € {1,...,p} : (o, j) € A}.
Moreover, set

A(¢) := {b € k[[z]]"; supp(b) N supp(in(im(¢))) = 0}
and

V() :={a € k[[x]]"™;supp(a; f;) C S;, forall i}.
With 0 : k[[z]]™ — k[[z]]P;a — >, in(f;)a® this means

E[z]]™ = ker({°) @ V(¢) and k[[z]]? = im(¢°) @ A(¢).

As the next theorem shows even more is true: This decomposition still holds with
0 replaced by /.

Theorem 3.1. Let f1,..., fm € k[[z]]? be a monic standard basis. Denote in(f;)
by 7. Let S = Wi, S; be a partition of the support of the initial module gener-
ated by fi1,..., fm. Then for all f € k[[z]]P there exist unique quotients g; € k[[z]],
1<j<m, and a unique remainder h € k[[x]]? such that

1. f=aqgfi+ ...+ gmfm + h with supp(g;) C pi(S;) — a* and supp(h) C
N* x {1, ph\ .

2. The linear map € : k[[z]]™ — k[[z]]P;a = (a',...,a™) — Y, f:a® induces a direct
sum decomposition

E[[z]]™ = ker(¢) @ V(¢) and k[[z]]? = im(¢) & A(L).
For a proof of this theorem we refer to [Gra72], [Hir77], [Gal74], [Gal79], [Sch80] or

[HM94]. Using the notation of the theorem, a scission ¢ of ¢ can be constructed as
follows: Denote by Dz the map
Dz :im(0) — V(0); f = (g1, -, gm)-
A projection onto the image of £ is given by
7 k[[z]]P — im(f); f — f—h.

Then ¢ := D o is a scission of £.

If F doesn’t form a standard basis, we may choose a (monic) standard basis F =
{F,...,F}}, inducing a k[[x]]-linear map p : k[[z]]! — Kk[[z]]™ with
l
pila) = pid’
i=1
where Fl =3, Bifj. Thus Lop= 0, where ¢ : k[[2]]" — k[[z]]P;a = A(al, N
> ; Fia'. By the preceding remarks 7 := Dz o Tim(d) is a scission of ¢ and thus

(3) 0 = PTTim(¢)

is a scission of £. We will refer to this scission of £ as the scission of £ corresponding
to the standard basis F.

Proposition 3.2. Let ¢ be a k[[z]]-linear map. Then the scission o of £ corre-
sponding to a standard basis F of im(£) has degree of contraction k(o) bounded
by

k(o) 2 —max{ord(f)}.
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Proof. Consider a linear map ¢ : k[[z]]™ — k[[z]]P;a — YI°, fia® with F =
{fi,..-, fm} forming a standard basis of im(¢). Define o as the scission D o 7
of ¢ corresponding to F. Further, set for 1 <¢<m

A; = {a € k[[z]);supp(a) C p1(Si) — '}
and
A = {a € K{la]lP; supp(a) € N" x {1,...,p} \ 5}.
The division map D is given by (see [Sch80])

Dr=Y & 0 (Br08")".
k=0

Here, ®; and ®, are defined as

Oy (BT A) B A — K[[2]]P; (91, - Gm, h) = glxal’jl 4o g™ Im
and
Do 1 (O1A:) ® A — E[[2]]P; (g1, - - g, B) = gru’ + ..+ gpu?,

with u' given by ¢ = 2" —yi. After a change of the linear form L (see [Sch80]) we

i , k
may assume that ord z¢ *7* < ord u*. Thus, m(((I)g o <I>f1) ) > 0: &7 operates on a

power series a € k[[z]]? by singling out the 2" 7. Hence, supp(®7*(a)); Np1(S;) C
p1(S;) —a’, i =1,...,m. The maximal shift is given by the maximal order of the
standard basis F. The second map ®, multiplies each component of ®;*(a) by a
u?, which has higher order than z® J¢ — the order of a has increased after applying
P50 <I>1_1, which means positive contraction degree! By section 2.1

k(Dg) > mkin{/{(@fl o (Pyo0 @fl)k)}.

So k(Dy,) = k(®') = —maxser{ord f}. If F is not a standard basis, a scission o
is constructed as in equation (3). Then k(o) > k(p) + x(7) > k(7). For 7 the claim
was just proven. O

We finish this section with a special k[[z]]-linear mapping:

Construction 1. Let £ : k[[x]]™ — k[[z]]™ be given by a matrix A € k[[z]]"*" with
det A # 0 € k[[z]]. In this case it is sufficient to use the Weierstrass division theorem
instead of Theorem 3.1. A scission ¢ for ¢ will be defined by multiplication with
A% the adjoint matrix of A, and then taking the quotient by Weierstrass division.
For the last step, recall the Weierstrass division theorem: Let h € k[[z]], then there
exists a linear change of coordinates ¢ so that hy is z,-regular of order ord h. The
theorem asserts that for any g € k[[x]] there exist unique power series B, R € k[[z]]
such that

hp=B-g+ R,
with deg, R < ordh. The series By~ is called the quotient of h by g using
Weierstrass division, and will henceforth be denoted by Q(h; ¢, g). Note that @ is
textile.
Lety = (y1,...,yn) ' bedefined by y = A%¥ .~ for given z = (z1,...,2,) " € k[[x]]".
In addition assume that ; are linear coordinate changes such that y;; is x,-regular
of order ord y;. Then we define

U(Z) = (Q(yla P1, det A)7 LR} Q(yn7 @n,det A))
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Proposition 3.3. The map o as defined above is textile and a scission for L.
Moreover, its degree of contraction is

k(o) > —orddet A + Kk(AY . (-)).

Proof. That o is textile follows from a proof of the Weierstrass Division theorem.
An easy calculation shows that it is indeed a scission and the contraction degree
follows from the results in section 2. O

Note that the last construction differs from the one obtained earlier by means of
standard basis. It’s advantage lies in the relative easy computation of its degree of
contraction — no estimates on the order of a standard basis of its column module
are necessary!

3.2. Scissions of arbitrary linear textile maps. For simplicity of notation we
restrict our considerations in this section to textile linear maps on A. All results
have generalizations to the multivariate case. An arc a € A is a vector of infinite
(countable) length. In 2.1 textile linear maps A — A were identified with matrices
of countable many rows and columns, called N2-matrices. By definition of textile
maps, each row contains just finitely many nonzero entries. We say a matrix S is
a scission of a matrix A, if ASA = A holds. First consider the case of linear maps
between finite dimensional k-vectorspaces. There, linear algebra provides a simple
way of constructing scissions: For example let ¢ : k3 — k2 be the k-linear map

given by the matrix
111
A= ( 111 ) ’

According to the Gauss Algorithm there are matrices P € Gla(k) and Q € Glz(k)
such that A is equivalent to

- 1 0 0

A= ( 00 0 ) :

ie, PAQ = A. P operates on A by elementary row operations, () by elementary
column operations. A scission of A is given by the matrix

) 1 0
S = 0 0
0 0

Indeed, ASA = A. Thus, the matrix S := QSP is a scission of ¢. The same
reasoning applies for textile linear maps ¢ : A — A. Two textile linear maps
l1,05 : A — A are called equivalent if there exist linear automorphisms P, Q of A
such that

P6Q = 0.
Let £ : A — A be a textile linear map. We represent ¢ by an N%-matrix (&j)ij
denoted by £. Since the maps are textile for all i € N there exists an N; € N such
that ¢;; = 0 for j > N;. The submatrix of £ obtained by fixing the first index
i € N is called the i-th row of £. Analogously, the j-th column of £ is defined as the
submatrix where the second index is fixed to j. The N?-matrix £ is said to be in
canonical form if all rows and columns contain at most one nonzero entry. Denote
by € the matrix (0ik015) k1 With gy the Kronecker symbol.
Let (s,)1en be a sequence of N2-matrices. An N?-matrix s is the limit of (s;); if s
is the limit of (s;); as textile linear maps (see section 2.1). This means that for all
N € N there exists an No such that for all [ > Ny the j-th row of (s — s;) is zero
for 0 < 5 < N. In analogy to the notation for power series, we write for the last
condition ord(s — s;) > N.
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Theorem 3.4. Every textile linear map £ : A — A is equivalent to a textile linear
map in canonical form. The transformation maps P,Q and the canonical form /¢
are obtained by the algorithm described below.

Algorithm.
(i) i:=0,0:=( P:=id, Q:=id;
(ii) Set N, :=max{j;¢;; # 0}, w.l.o.g. the pivot element ¢;n, equals 1;
(iii) Eliminate the (I, V;) entries of £ for [ > i by applying

o0
P, =id — E Cign, €0
=1

from the left;
(iv) Eliminate the (i, k) entries of £ for k < N; by applying
Ni—1

RS L Nayg
;i=1id lij-e

()

<.
Il
=)

from the right; 3
(v) Set P:=P; 0P, Q:=QoQ ,L:=PoloQandi=1i+ 1. Return to (ii).

—1

Remark. Note that the constructed N2-matrices P (resp. Q,) are lower diagonal
N2-matrices. Hence the corresponding linear maps P (resp. Q) are invertible.

Example. Consider the difference operator A = s% + hg_154 1 + ... + hg € k[s],
so(ag,a1,...) = (ay,...,as,...), with induced map ¢: A — A,

a+— E(Cl) = (hoao 4+ -+ hg_1aq-1 + aq,hpar + -+ - + hg_1aq + Ad+41,-- .),

for a € A. The algorithm yields as the canonical form of ¢

a v 0(a) = (ad, Gdi1, Qdy2, - - - Qdgiy- - -)-

This implies the well known fact that the set of solutions to the equation Aoa =b
is isomorphic to k.

Proof. The finite composition P;o---o P is denoted by P7 and analogously Qj =
Qo0 Qj. The sequence (P7);cn converges to an N2-matrix P, since

ord(P; —id) > j.

Thus, ord(P? ! — Bj) > j+ 1. All P; are lower diagonal, hence, the same is true
for P. For (Q’); it is sufficient to show that for all I € N there exists an n; such
that for all m,n > ny

ord(Q™ — Q") > L.

Fix an | € N and define n; as a natural number such that all j <[ appear as the
column element of a pivot element £,;,r < n;. This gives convergence of (Q7);.
The algorithm obviously transforms £ into its canonical form. O
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Construction 2. A scission ¢ of a k-linear map £ : A — A can be constructed as
follows: First one reduces to the case of linear maps in canonical form. Assume a
scission o is constructed for the canonical form ¢ of £. A scission of £ is obtained
by o := Qo;P, where P, Q) are automorphisms of A with P{Q = ‘.

Thus, without loss of generality ¢ has matrix representation £ in canonical form.
Denote by I; the set of indices i € N s.t. the i-th row of £ is nonzero and by I the
set of indices j € N such that the j-th column is nonzero. Then

im(f) ={ye€ kN7, =0 forall ke N\1I1}

and

ker() = {y € kN;y, =0 forall k€ I}
Then (¢|z)~! o7 is a scission of £, where 7 : kY — im(¥) is the natural projection
and £ :={y € A,y =0 for k€ N\ I} is a direct complement of ker(¢) as a
k-vector space.

4. THE RANK THEOREM

Consider a textile map f: C™ — CP with tangent map ¢ =T, f at ap. Our purpose
is to linearize f locally at ag by applying local automorphisms of source and target.
This is obtained by generalizing the Rank Theorem in [HM94] (proven there for
tactile maps) in three directions: We allow textile maps, we give a version with
parameters, and also a statement with nilpotent coefficients. The main argument
of the proof from [HM94] is recalled and extended to textile maps in section 4.1. We
introduce textile maps depending on parameters in 4.2 and prove the corresponding
theorem. The nilpotent case is treated in section 4.3.

4.1. The Rank Theorem for textile maps. We start with some technical pre-
liminaries. The notation used here is abutted to the analytic case treated in [HM94].
A textile map v : U C C — C™ is called a curve (over U) in C™. The argument of
v is called the parameter of the curve and is mostly denoted by s. For an arbitrary
subvector space J C C™ a textile map v: U C C — C™ is called a curve in J if
im() C J. The set of all curves in J is denoted by I'(J). The tangent space T,.J
of J at a € J is defined as the k-vector space with elements

07(0),

for a curve v in J with (0) = a. Obviously T,C™ can be identified with C™ for
any a € C™. Thus, a curve in the tangent bundle of C™ is given by a pair of curves
(7,0) € T(C™)%.

A textile map f: C™ — CP induces an appropriate tangent map 7' f : TC™ — TCP
and further by composition a map
L(TC™) — T(TCP); (v,b) = (f7,Ty.f - b).

In the case of tactiles 7', f - b is given by

n

T f b= (8:f) ((s)) - b'(s).

i=1
Let U C C™ be an m-adic neighbourhood of ag € C™. Assume that the image
im(Ty, f) has (as a topological vector space) a direct complement J, i.e.

im (T, f) ® J = CP.
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Moreover let v be a curve in U with v(0) = ag; then we say f has constant rank at
ap with respect to J if for all curves of the form (f~,7n) in TCP there exist unique
curves p and 7 such that (v, p) defines a curve in TU and 7 € I'(TJ) with the

property

(4) n="T,f-p+T.

A textile map f : U C C™ — CP is called flat at ag if for all curves v in U with
~v(0) = ag the evaluation at s = 0 defines a surjective map

ker(Tyf : T,U — Ty, CP) — ker(Toy f : TagU — T(40)CP).

Similar to [HM] one proves the following proposition (see [Bru05]):

Proposition 4.1. Let f : U C C™ — CP be a textile map of type f = L+h. Assume
there exists a scission of £, such that oh is contractive. Then f has constant rank
at 0 if and only if f is flat at 0.

Remark. The contractivity condition on ¢ and h is necessary to conclude that
flatness means constant rank. The other direction doesn’t need the construction of
a scission of £. A typical class of flat maps is given by maps with injective tangent
map.

Theorem 4.2 (Rank Theorem). Let f : U C C™ — CP be a textile map on an
m-adic neighbourhood U of 0 with f(0) = 0. Write f in the form f = {+ h with
£ ="Tyf the tangent map of f at 0. Assume that ¢ admits a scission o for which
oh is contractive on U, and that f has constant rank at 0 with respect to ker({o).
Then there exist locally invertible textile maps u:U — C™ and v : f(U) — CP at 0
such that

vfu~t = 4.

Proof. The proof naturally falls into two parts. First construct two invertible textile
maps u, v; second show that these maps indeed linearize f. This will be ensured
by the rank condition. Set u = id¢m + oh. Obviously u(0) = 0 and Tyu = id. By
contractiveness of oh on U this u is invertible on U. Note:

bof =lo(+h) =L+ Loh =£(id+ oh) = lu.

Thus, fu~! fulfills fo fu~! = £. Without loss of generality one can assume for the
rest of the proof that ¢of = £. The second map v is defined by v = id¢r — (ider —
lo)folo. Again: v(0) = 0 and v is invertible with inverse v=! = ider + (ider —
lo) folo. For later use we write

v = id— folo + lofolo
= id— folo + lo
= id — ho,
with k(ho) > 0. Note: The diffeomorphisms v and v are constructed without using

the rank condition at all. Assume f fulfills the equation (%): f = fof. This would
imply that
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vf = f—(Gd—{to)folof
f—(@Gd—"Lo)fat
= - (d—to)f
= Vlof
L.

Equation (*) is a consequence of the Rank Condition. The composition o/ is
a projection onto the complement of ker(¢) in C™. Tt is sufficient to show that
Toflxer(ey = 0 for all @ € C™ near 0. From fo f = { follows f = £+ (id¢r — £o) f and
subsequently

Tof = €+ (ider — (o), f.
Let a be fixed in U. Define a curve ¥(s) := s - a. For b € ker(¢)
T,Y(S)f -b= (idcp - fo‘)T.y(S)f -b

holds. By uniqueness of the decomposition in equation (4)

Lo f-b=0
and thus T, f|ker(ey = 0. The assertion follows. O

A textile map f = £+ h is called a quasi-submersion if
im(h) C im(¥).

Especially, if ¢ is surjective, f is a submersion. A quasi-submersive map f is lineariz-
able if the order condition (i.e., there exists a scission ¢ for ¢ such that k(ch) > 0) is
fulfilled. Indeed, by construction of v in the proof of Theorem 4.2 we see that in the
case of quasi-submersive f this map v equals the identity. Therefore, checking the
Rank Condition becomes obsolete. Quasi-submersions play an important role in
the applications in section 5. In fact, the only application in section 5 where quasi-
submersions do not appear can be found in section 5.6 (in that case the tangent
map is injective).

Ezample. We give an example of a textile map which is neither a quasi-submersion
nor has injective tangent map (but fulfills the order condition):
m - k[, o] — m? C klfo, olJs (a,b) — wya + y?b + 2%ab.

Some simplification: The Rank Condition is technical and may be hard to check. In
some applications the following simpler condition is sufficient. Let f : U C C™ — CP
be a textile map. Denote by J a direct complement of im(7pf). Then f is said to
have pointwise constant rank at 0 with respect to J if for all a € U

im (T, f) @ J = CP.

Proposition 4.3. Let f: U C C™ — CP be a tactile, U an m-adic neighbourhood
of 0. If for alla € U

in(im(7y, f)) = in(im(7p f))
then f has pointwise constant rank at 0 with respect to

A(Tof) = {b € CP;supp(b) Nin(im(Tp f)) = 0}.
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4.2. The Parametric Rank Theorem. The Rank Theorem ensures linearization
of textile maps f : U C C™ — CP of constant rank near a fixed cord ¢ € U. The
Parametric Rank Theorem will deal with families of textile maps, thus providing a
tool to trivialize vector bundles (see section 5.1).

Let S C AZ be constructible and Y C C™ a subfelt. A map

fs: 8 XY = ki(s,c) = [fs(s,c)
is called a regular k-valued family of functions over S if there is a function g :
U xY — k, where U C A{ containing S is a subvariety and g locally looks like a
quotient % of h,l € k[s1,...,sq] ®r k[N, ], | locally non-zero, such that g|sxy = fs.
More generally we define a regular family of textile maps over S on Y as a map

fS :SxY — Cp; (S,C) = (fS,a(Sac))aeN”+1

where each fs o is a regular k-valued family over S. Thus for fixed s = (s1,...,54) €
S the restricted map

fsi=fs(s,—):Y =P

is a (regular) textile map. The s; will be referred to as parameters and S as the
parameter space. If fs is a family such that all f, are linear maps, we call it a linear
family over S. As a special case the family ids : S X Y — Y, where id; = id for all
s € §, appears.

If fs:SxC™ — CP and gs : S x C? — C™ are two regular families we define their
composition as the family S x C9 — CP given by

fsogs:= fso(proji,gs),

where proj; : § x C? — § is the projection onto the first factor. Thus (fs o gs)s =
fs 0 gs. A regular family fs : & x C"™ — CP is called invertible if there exists a
regular family gs : S x CP — C™ over § with fs o gs =id.

Ezxample. Consider

ly, A x A— A; (s,¢) — (0, sco, scq, .. .).
Obviously £, is a regular family. The family os, S = Ay, \ {0}, defined by

1
os:Sxm-A— Ajc— —-(c1,¢9,...)
s
is regular with (right) inverse £|s. Thus os is an invertible family.

The defining property for contractive textile maps naturally generalizes to families
of textile maps over S. Let U = m!-C™ be an m-adic neighbourhood of 0. A family
fs: 8 x U — CP is called contractive on U if it fulfills condition (1) independently
of S, or equivalently, it fulfills (1) pointwise: fs is contractive on U for all s € S.

Theorem 4.4. Let fs : Sx U — C™, U = m! - C™, an m-adic neighbourhood
of 0, be a regular family over S with fs(—,0) = 0. Assume fs = ls + hs with
bs : S x U — W linear with inverse bs : S x W — U. If £s o hs is contractive

on U, then fs admits on U an (right) inverse, i.e., there is a reqular family gs :
S x f(U) — C™ with fsogs =1ids.
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Proof. The same reasoning as in the proof of Theorem 2.2 can be applied in the
present situation. The inverse for fs is constructed as the limit of the sequence
defined by the recursion g2 = 0,
g5t =ids — hs o gk.

By induction one shows that g& is a regular family, the case i = 0 being trivial.
For i > 0: The map hs is a regular family on U = m! - C™. Therefore — using the
induction hypotheses — we see that hs o gfg_l is regular and so is g%. Moreover,
(ord(gs™
a-coefficient of gs, o € N**1  is the same as the a-coefficient of gg for some i, € N,
for which we have just shown that it is a regular family. O

— g%)); is an increasing sequence. Thus the limit of (g%); exists and the

Consider a regular family fs on U C C™. The tangent map with respect to C™ of
the family fs (see section 2.2) is the regular family T'fs given by linear maps T f
which are the tangent maps to the fs, s € S.

Let s : S x U — CP, U C C™, be a regular linear family. A scission for {g is a
regular linear family os : & X C? — C™ such that {sosls = ls.

Assume that J is a direct complement of im(Ty, fs) in CP, for all s € S, where
ap € U. The family fs is of constant rank at ag with respect to J (or fulfills the
parametric rank condition at ag w.r.t. J) if for all s € S the restricted maps f, are
of constant rank at ap with respect to J (see section 4).

Theorem 4.5 (Parametric Rank Theorem). Let fs : S x U — CP be a regular
family, U = ml - C™; write fs = ls + hs with {s := Ty fs. Assume fs(—,0) =0
and that the following conditions hold: (i) the linear family {s admits a scission
os s.t. oshs is contractive; (ii) the family fs fulfills the parametric rank condition
w.r.t. a direct complement of im(Tyfs). Then there exist reqular (locally) invertible
families us and vs with

’Usfgugl =Vs.

Proof. The arguments used in the proof of Theorem 4.2 may be applied here. By
the assumptions and Theorem 4.4 the families us = ids + oshs respectively vs =
ids — (ids — ¢sos) fsoslsos are regular and invertible. By condition (ii) and
Theorem 4.2 these families linearize fs pointwise, thus

’Ugfgugl =Vs.
[l

4.3. The Rank Theorem for test-rings. Let A be test-ring, i.e., a local, com-
mutative, and unital k-algebra with nilpotent maximal ideal n. Denote by C4 the
space of n-cords with coefficients in A. By Theorem 2.2 it follows that for a textile
map h: U C C}' — C} which is contractive with respect to the refined order ORD,
the map id + h is invertible. Again U denotes an m-adic neighbourhood of 0. The
proof of Theorem 4.2 can be adopted to this setting, thus giving the analogous
assertion:

Theorem 4.6 (Rank Theorem for test-rings). Let A be a test-ring and f : U C
Cy — CY be a teatile map on an m-adic neighbourhood U of 0 with f(0) = 0. Write
f in the form f = £+ h with £ = Tyf the tangent map of f at 0. Assume that
¢ admits a scission o for which oh is contractive on U, and that f has constant

rank at 0 with respect to ker(¢o). Then there exist locally invertible textile maps
w:U—CY andv: f(U) — CY at 0 such that

vfu~t = 4.
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5. SIX INSTANCES OF THE LINEARIZATION PRINCIPLE

We are now ready to prove by one argument the results in singularity theory men-
tioned in the introduction. Recall that C and A denote the k-algebras of n respec-
tively 1 cords. In the latter case we speak of arcs. They naturally identify with
elements of k[[x1, ..., z,]] respectively k[[t]].

5.1. On a fibration theorem by Denef and Loeser. Let X C A} be an
affine variety over a field k of characteristic 0 defined by elements fi,..., f, of
k[z1,...,7,]. These polynomials define by substitution of power series a* € kl[t]]
for the z; a tactile map F': A™ — AP with coefficients (F};);cn. The felt defined by
F is called the arc space of X and denoted by X,. In terms of power series

Xoo ={a=(a',...;a") € K[[Y]]"; fila) = ... = fp(a) = 0}
For ¢ € N we write m, for the natural projection Xoo — (A/ma+1)" = (pat1)n
sending an arc a to the vector of its first ¢ + 1 coefficient-vectors (ao, . . .,aq). The
image of X, under 7, is contained in

X, ={a=(ag,...,ay) € (k™)1 Fy(a) = ... = F,(a) = 0},

the set of “approximate solutions” called the g-th jet-space of X. Note: my(Xoo)
consists of those approximate solutions which can be lifted to (exact) solutions in
A™. For an element g € k[xy,...,x,] and an arc a € A™ we define the order of a
with respect to g as

ordg(a) := ord(g(a)).
Here g(a) is obtained by substituting a’ for x; in g. Let I C k[z1,...,2,] be an
ideal. The order of a with respect to I is defined as

ords(a) := min{ordg a; g € I}.

Especially if I denotes the ideal of Sing(X), we will write A.(X), e € N, for the set
of arcs on X lying in Sing(X) with order at most e, i.e.,

A (X) ={a € Xoo;0rdr(a) < e}.

Theorem 5.1. ([DL99], Lemma 4.1) Let X be an affine algebraic variety over k
of pure dimension d; let e € N. The map

Tt Xoo — Te(Xoo) C (E™)eH

is a piecewise trivial fibration over m.(A.(X)) with fibre m*tt . AL, This means:
Te(Ae(X)) can be covered by finitely many locally (Zariski-) closed subsets S such
that there exist textile invertible maps ¢ with commutative diagram

me—i—l . Ad

TH(S) ————= S x ( )

This result implies Lemma 4.1 in [DL99]: the trivializing textile map ¢ is by con-
struction (see below) compatible with the truncation maps m,, respectively T,
q > p, as described in section 2.1, thus inducing a trivial fibration mg41(Xs) —
7q(Xoo), ¢ > e, over my(A(X)) (with respective affine bundle structure) in the
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sense of [DL99]. The proof of Theorem 5.1 will be given in the next two sections.

The proof of the trivialization of 7, in [DL99] and [Loo02] makes use of Hensel’s
Lemma (see e.g. Corollary 1 in III, §4.5 of [Bou98]), which in turn follows from
Thm. 2, ITI, §4.5 there. Notice that the statement of this Thm. 2 is analogous
to the Rank Theorem in the respective setting. Our proof of Thm. 5.1 gives in
addition an explicit description of the trivializing map ¢.

The Hypersurface Case. Let X =V (f) C A} with f € k[z1,...,z,] be a (reduced)
hypersurface. The singular locus Sing(X) is given by the Jacobian ideal

Jf:<faalfvvanf>

Each a € A.(X) can be decomposed as a = @ + & where @ denotes the arc
(agy.--,a¢,0,...) and & = a — a. Thus, ord(a) > e + 1. We identify a with
the element 7.(a). The polynomial f induces a tactile A" — A. We view f as
a regular family over the parameter set S = m.(A.(X)), which is constructible,
see e.g. [Reg95], §1, or section (4.4) in [DL99]. The parameter set admits a par-
tition into locally closed subsets S; . (w.r.t. the Zariski-topology on AZ(SH)),
(i,ey e A:={1,...,n} x{0,...,e}, defined as

Sier i={a € me(Ae(X)); min{ord(d; f(a))} = ord(9; f(a)) = €'}.
J
Consider for a € A the family
fsutSa xmeTh A" — Ai(a,n) = fla+mn).

For simplicity of notation we will denote this family again by f. Taylor expansion
yields

fa+n) = f@)+ fan),
where f(&, n) =>.0,f(a)-n; +h(a,n) defines a regular family on S. The map h is
of order at least 2 in 7.

The map ffulﬁlls all assumptions of the Parametric Rank Theorem. Its linear part
¢ =Ty f has image
im(£(a, -)) = (9if (@) = m* e+

for all @ € §. The image has direct complement J = GB?;Bekti.

Moreover,

T,f -n="_(0;f(@)+ 9;h(a,0)) - n;

J
and ord(9; f(a) + 9;h(a, 0)) = ord(9; f(a)) for all p € me*!. A" Hence, by Propo-
sition 4.3, ffulﬁlls the Rank Condition for all @ € S on m®*! . A" (with respect to
J). By Construction 2, the linear part £ admits a scission o with contraction degree
k(o) = —€’ (and complement ker fo = J). Indeed, o is constructed by taking the
quotient when dividing through 9;f(a) (cf. section 3). Since the division theorem
(theorem 3.1) requires monic divisors, the coefficients of the family o = og will be
rational in the coefficients of a but regular on the chosen S. It is easy to see that

k(h) >2(e+1)—(e+1)=e+1>¢.

Hence, oh is contractive. The Parametric Rank Theorem gives regular invertible
families us and vs such that

.1
’Ugfsus 263.



26 CLEMENS BRUSCHEK AND HERWIG HAUSER

The map met! . A" — metl . A" 5 — uz'(n) defines an isomorphism between
solutions = of
fl@a+x)=0

and solutions y of

Uy) = v(~f(@)).
By linear algebra the set of solutions to the last equation is isomorphic to m¢+1. 47 ~1
via a linear map v : m¢tt . A" — me+l. A"~ This results in the commutative
diagram

S % me+1 3 An—l

proj;

S
where ¢ is the invertible textile map defined by ¢(a + @) = (a,vu; *(a)).

Consider now the general situation S = U,ecpS,. Then for each o € A there exists a
trivializing map . It is a simple matter to check that the transition maps @agpgl
are linear isomorphisms for «, 8 € A. This completes the proof in the hypersurface
case.

The General Case. Let X be an algebraic variety over k of pure dimension d defined
by the ideal (f1,..., fn) in k[x1,...,x,]. Its singular locus is given by the ideal

(f1,..., fn,0) where € is running through all (N — d)-minors of 9f = (%) . In
ij

this case A.(X) is the set of arcs a € X, for which ord 8(a) < e for at least one
(N — d)-minor 6.

We proceed analogously to section 5.1 and first show that pointwise linearization
is possible. Let a again be the truncation of an arc a € A.(X) to order e and
consider df(a) € k[[t]]V*". Since k[[t]] is a principal ideal domain, we can find
linear automorphisms P, Q of k[[t]]"V respectively k[[t]]” such that PJf(a)Q is in
Smith-form, i.e.,

1B 0 0 --- 0

0 . .
tEN-dEn_yg

0 0 0

0o ... e .0

with E; € k[[t]]* and e; < ... < ey_q. Endow k[[t]]V with the module ordering
defined in section 3. Then it is clear that the first N — d columns form a standard
basis. Its maximal order is given by eny_4. The greatest common divisor of all
(N — d)-minors of df(a), which is invariant under equivalence of matrices, is equal
to [[; Eit*". Therefore ex_4 < e. Constructing a scission o for £(z) = 0f(a)z as
in section 3 thus shows that oh is contractive. By Proposition 4.3 we see that the
Rank Condition is fulfilled. This gives pointwise linearization of @ — f(a+a) where

f:(flv"'afN)'
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We leave it to the reader to verify that one can carry out the same procedure as in
section 5.1 to prove the local triviality of 7. : Xoo — 7e(Xoo) C (K™)HL.

5.2. On a local factorization theorem of Grinberg-Kazhdan and Drinfeld.
Let X be a scheme of finite type over k and denote by X [yo] the formal neigh-
bourhood of the arc space X in a k-arc vy which does not lie in (SingX ). If
Z is a scheme with structure sheaf Oz and I is an ideal sheaf of a point p € Z,
then the formal neighbourhood of Z in p, denoted by Z|[p], is the topological space
{p} equipped with the structure sheaf lim Oz /I (given by @) z,p); see for example
[Har77], Chap. I1.9. For our purpose we will use the characterization of a formal
neighbourhood by its functor of points (see below). The following theorem is proved
for k = C by Grinberg-Kazhdan in [GK00] and for arbitrary fields & in [Dri02] (for
the notion of formal scheme we refer to [Har77], Chap. I1.9.):

Theorem 5.2. Under the above assumptions we have
Xoo[vo] = Y[yl x D>,

where Y[y is the formal neighbourhood of a (possibly singular) scheme Y of finite
type over k in a suitable point y € Y and D> is a countable product of formal
discs, i.e., the formal spectrum of k[[t]].

Remark. Denote the structure sheaf of X, by O. The assertion can be reformu-
lated (see [Reg06]) as

600,70 & Blz;i € N[
Here B denotes a complete local Noetherian ring (corresponding to Y[y]) and
Blz;;i € NJ" is the completion of B[z;;i € N] w.r.t. the ideal (z;;4 € N).

We will show that in the case of hypersurfaces this local factorization theorem can
be seen as a consequence of the Rank Theorem (over a field of characteristic 0).
The restriction to hypersurfaces is not essential but keeps notation simple. The
relation between these two results is as follows: As in [Dri02] we use the character-
ization of the formal neighbourhood by its functor of points from test-rings to sets.
A test-ring A is a local, commutative, and unital k-algebra with nilpotent maximal
ideal n and residue field k. The A-points of X[v0] are A[[t]]-points of X whose
reduction modulo n coincides with ~g.

Consider a hypersurface X given by f € k[z1,...,2,,y] where k is a field of char-
acteristic 0. Let vo = (z0,y0) € k[[t]]" ™! be a k-arc of X, i.e., f(79) = 0. Moreover,
we assume that vg ¢ (SingX ), thus, w.l.o.g. ord; 9, f(xo,y0) = d > 0 (the case
d = 0 is trivial and will henceforth be excluded). In this setting finding A-points
for Xoo[70] translates into finding v = (x,y) € A[[t]]™ x A[[t]] with v = 79 mod n
and

fz,y) = 0.
By the Weierstrass Preparation Theorem there are a unit u € A[[t]]* and a distin-
guished polynomial ¢ € A[t], both unique, such that

Oyf(x,y) =u-q.
Taking this modulo n shows that deg, ¢ = d (d depends on 7y but not on v). For
any integer r > 1 we define the textile isomorphism

bg: A" — A[Z (h1ya X Altl<ra x Al x A[lE]); (2, y) = (2,9, &,n)
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induced by Weierstrass division z = z + ¢"*'¢, y = § + ¢"n. Now work with
fo ¢q_1. This will have the advantage that after fixing  and § the induced map is
a quasi-submersion. Note: 1), is not textile for general A — we are strongly using
the nilpotency of n in A. By Taylor expansion of 9, f(Z + ¢"T1&, 5 + ¢"n) it is easy
to see that

(5) Oyf(z,y) =1u-q
for some 4 € A[[t]]*. Fixing Z and § consider
o A" < A[lt]] — Allt]): (€,m) = @+ 65+ d™n) - f(2,9),

which has Taylor expansion

90(57 77) = azf(j7 y)qr+1 : f + ayf(ja g)qT i + H(qTJrlga QTTI),

where H is at least of order two in its entries. Denote the linear part of ¢ by
¢. From equation (5) we deduce that im(¢) = (¢)"*' and by construction for
h(¢,m) = H(q""&, q™n) the relation im(h) C im(¢) holds, i.e., ¢ is quasi-submersive.
Therefore we don’t have to check the rank condition. Set e = ord;(q) and define
o to be the scission for ¢ constructed via division by ig"t!. It is obvious that the
contraction degrees satisfy x(¢) = —(r+ 1)e and x(h) > 2re. In the case that e > 0
the order condition is fulfilled: x(h) = 2re > (r+1)e = k(o). If e = 0 the situation
is more complicated. The composition oh is still contractive with respect to the
refined order ORD by Lemma 2.3. Therefore, the linearizing automorphism « in
Thm. 4.2 can be constructed. This allows linearization of ¢. Solvability of the
linearized equation

(6) &) = f(z,7)
is given, since by assumption f(Z,%) € (¢)"*!. In fact, the solution space to (6) is
a free A[[t]]-module of rank n.

Conversely, given (q,Z,7) € A[t] x Alt]<q(r+1) X Alt]<,q fulfilling conditions (C)
and equations (E) below, the induced map ¢ is linearizable and the corresponding
linear equation (6) has a solution. The conditions and equations are as follows:

Cyg: q= t¢ mod n, ¢ monic
(©) Cz: mod n =z, mod (¢)4r+D)
ng . mod n = Yo mod (t)dr

Q8

and

® (B EDS0 il

Es: f(Z,97)=0 mod (¢"*!).
Indeed, by (E1) we see that 0, f(Z,y) = B - ¢ for some B € A[[t]] (here we naturally
identify z, § with elements in A[t]). From (C) it follows that B € A[[t]]*. Therefore,
im(¢) = (¢)"*!; ¢ fulfills rank and order condition as follows analogously to the
presentation above, and the equation

(7) e(&n) = f(2,9)
has a solution by (E3). In fact the set of solutions to equation (7) is isomorphic to
some A’}.

To sum up, any A-deformation of the arc 7o is determined by (gq,z,q) fulfilling
conditions (C) and (E) and by (&,n), which have to fulfill a linear equation. The
first data defines a scheme Y of finite type over k. As in [Dri02] for any k-algebra
R the set Y(R) consists of triples (¢, Z, ) fulfilling (C) and (E) (with A replaced by
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R); the distinguished element y € Y appearing in the Grinberg-Kazhdan-Drinfeld
formal arc theorem corresponds then to (¢, 2o mod (t)"+14 yo mod (¢)"%).

5.3. On the solutions of polynomial differential equations. Textile maps
appear naturally in the context of differential and difference equations. For ¢,n €
N and polynomials P; in gn indeterminates we consider the following system of
ordinary differential equations (with constant coefficients):

xi‘” = Pi(xy,... ,xn,xgl), e 33511), e ,xgq_l), e ,x%q_l))
(%) :
- P, (xy,... ,xn,xgl), ey x%l), . ,a:gq_l), .. ,x%q_l))
We are searching for solutions = = (z1,...,x,) € k[[t]]"™ where :cgl) denotes the [-th

derivative (with respect to ¢) of a power series z; € k[[t]]. The problem of finding
solutions to this system can be formulated via cords and textile maps as follows:
Identify again k[[t]] with A and denote by D the differential operator

D:A— Asa=(ai)ien — ((i + 1)aig1);ey -

For j € N its j-th power is written as D7, DY := id. We denote by p; the tactile map
induced by P;. Solutions to the system (x) are zeros of the textile map f : A" — A™;

DY (z1) — pi(x1,.. %, .., DI ey, D)
flxy, ... xn) =
Di(x,) — pp(r1,...,20,..., D9 2y, ... DI 12,
Taking into account initial conditions D’z;(0) = xé’i, i=1,...,m,j=0,...,¢—1

yields a regular family

fo B x (ml-A") — A",
where B = (k7)". Denote by f,, the restricted map fg(zo,—). Zeros of f,, are
solutions of the differential equation with initial condition zg € B.

Theorem 5.3. Solutions of the polynomial differential equation (x) with initial
vector xg are isomorphic to solutions y € m? - A" of a linear system of the form

U(y) = bo,
where £ : A" — A"™ is textile linear and by € A™.
The proof is mostly a consequence of the following lemmas:
Lemma 5.4. (a) Let v1,...,v, € NU{0} and p1,. .., pp € N; the map
g: A— Az — (DM x)!" - (DY ax)tr

has contraction degree r(g) > —max{v1,...,Vp}.
(b) Let U be a neighbourhood of 0 and let h: U C A — A be a textile map. Then

k(Toh) > k(h).
Proof. (Lemma) (a) is obvious. For (b): write h; for the i-th coefficient of h. Then

Toh-y=ohey = S (@,)0)-y,

vEN

Y (@,h:)(0)y,

y<i+r(h) ieN

Hence, k(Toh) > k(h).
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O

To prove the theorem we proceed as follows: Using Taylor expansion gives f;, as
fao(y) = f(x0)+f(xo; y) with f(xog 0) = 0. This f(xo, —) :m?. A" — A™ fulfills the
assumptions of the Rank Theorem: According to (a) in Lemma 5.4, k(p) > —(¢—1),
and further by (b) x(Tpp) > —(¢q — 1) follows. Since Tyf = D9 — Typ, we deduce
n(Tof) = —q. By Construction 2 there is a scission o for TQJ/C\ with k(o) = +q.
Hence, ¢ composed with h := f — Tof is contractive. The Rank Condition is

fulfilled since Toj?is injective and, thus, flat (see Proposition 4.1).

By the Rank Theorem there exist linearizing automorphisms w, v such that vjfufl
¢ with ¢ := Tpf. Similar to section 5.1 we conclude that solutions of £(zq;n)
v(—f(x0)) are isomorphic to solutions of f(zg +u~1(n)) = 0.

5.4. On Tougeron’s Implicit Function Theorem. Using Theorem 4.2 we prove
the following result, known as Tougeron’s Implicit Function Theorem (see Propo-
sition 1, p. 206 ff. in [Tou68]):

Theorem 5.5. Consider variables x = (x1,...,2,) and y = (y1,...,Yp); let
F € K[[z,y]] with F(0,0) = 0 and k a complete valued field of characteristic 0.
Denote by ¢ the Jacobian of F w.r.t. y evaluated at (x,0), by A the Jacobian
ideal of F', i.e. A = (01,...,0p) with §; = 0y, F(x,0), and by B any proper ideal
in k[[z]]. If F(z,0) € BA?, then there exist yi(z),...,yp(x) € BA such that
F(z,y1(x),...,yp(x)) =0.

The proof of the theorem reduces to a proof of the following lemma (see [Tou68]):

Lemma 5.6. With the notation of the theorem and new indeterminates y° =
(yzl,...,y;), i = 1,...,7, the following assertion holds: For any r < p there are
power series Y € k[[z,yé»;l <I<r1<j<plP,1<i<r, so that

F(x, Z 5;Y") = F(x,0) + 6(2 Sy').

i=1

The lemma obviously asserts that the tactile map
-
9: 'y = Fla, Y 6y
i=1

can be linearized. As we know from the introduction, linearizing tactile maps in
several variables is not always possible. In the situation of the lemma, however, we
work with a quasi-submersion. Indeed, the textile map f at hand is induced by a
rather arbitrary F € k[[z,y]], in which for y a linear combination of §; is substi-
tuted. Thus, the image of f is contained in the image of the tangent map given
by §: f is a quasi-submersion, the Rank Condition is obsolete and linearization
is possible as soon as the order condition is fulfilled. Note: the Rank Theorem
ensures linearization by textile maps. Thus we will have to check that the lineariz-
ing automorphisms obtained from the Rank Theorem in this case are indeed tactile!

Proof of Lemma 5.6: Write F(x,y) = F(z,0) + 0y + H(z,y) where H is at least
quadratic in y; set z = (21,...,27,..., z;, .+, 2zp). Without loss of generality
F(z,0) = 0; otherwise consider F(z,y) — F(z,0). Define the matrix D as the
p X p block matrix diag(d_,...,d.), where 6_ = (d1,...,0,). Then consider the

tactile map

g kl[=]]"" — k[[z]]; 2 — F(z, D - 2).
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The tangent map of g with respect to z at 0 is given by dg(0)= 9F (z,0) - D and
thus I = im (9g(0)) = (6;9;;1 < i < p,1 < j < r). We first check the Rank
Condition. The non-linear part of g is H(z, D - z). Its image is obviously contained
in I. So im(g) C I. The automorphism v of Theorem 4.2 is in this case defined
as v =1id — (id — 9¢(0)c)godg(0)o for a scission o of dg(0). But since id — dg(0)o
is a projection onto the complement of I we see that v = id on im(g), i.e., g has
constant rank. In particular v is a tactile map.

It remains to prove that oh is contractive. Here we use a scission o as constructed
in section 3. For this write h(z,2) = > ,, ;. 6:6;hij(z, z) for appropriate h;; €
E[[z, z]]. Note that in the definition of h;; we keep track of the order of 4, j; this
is just a technical convention. The scission o is given by division through the 4;4;,
1 <,7 <r. Since h(zx, z) has this special form there is a natural way how to divide:
oh(z, z) has on position (i — 1) - r + j the term h;; and 0 else. It’s easy to see that

k(oh) > 0, since the h;;j(x,z) are at least of order 2 in z € (z1,...,2,) C k[z]].
Moreover, id 4+ oh is tactile, since the h; ;(x, z) are power series in z, z. Thus the
lemma follows from Theorem 4.2. O

5.5. On Wavrik’s Approximation Theorem. Let F € k[[x,y]][z] with inde-
terminates ¢ = (21,...,%n), ¥ = (Y1,--.,Yp) and z = (z1,...,2,). We are now
interested in solutions (y(z), z(x)) € k[[x]]P™ to F(xz,y,2) = 0. The solution is
called an N-order solution if ord F'(z,y(x), z(x)) > N + 1. The following assertion
has been proved for F' polynomial in [Art69] and for F' a power series in [Wav75):
Given a positive integer g, there is an Ny = Ny(F,q) such that any N-order solu-
tion, N > Ny, can be approximated to order ¢ by an exact solution. Let us review
this theorem in the special case n = p = m = 1, F an irreducible polynomial as is
proven in Theorem I of [Wav78]:

Theorem 5.7. Given g > 0 and F(z,y) € k[z,y] irreducible there exists an N
such that if § € k[[z]] satisfies F(z,3) = 0 mod (z)V, then there exists a series
y(x) € k[[x]] with F(x,y(z)) =0 and y(x) =7y mod (x)7.

Proof. Using the following argument (see [Wav78], proof of Theorem I) we can fur-
ther assume that ord, 0,F(z,y) < r € N: Consider the discriminant A € k[z] of F'
and 0y F and polynomials A(z,y) and B(z,y) such that A = AF + BJyF. Denote
by d the order of A. If ord F'(z,%) > d then ord 0, F(z,7) < d.

Take an element yo € k[[z]], degyo < d, such that ord F(z,y9) > d + 1 and
ord 9, F(z,y0) = e < d. The textile map g : ()1 C k[[z]] — k[[=]], g(z) =
F(x,yo + z) has constant rank, since im(F) C im(9yF(z,y0)) = (z)°. It is easy
to see that k(ch) > 0, where o is a scission of JyF(x,y0) as in section 3 and
h(z) = g(2) — Oyg(yo)z. Thus we may linearize g at 0 and lift any such yy to a
solution y(z) of f(x,y) = 0. This linearization is possible as soon as yo is known
up to order d. O

Remark. One should note that the index N obtained in the proof by using the
Rank Theorem is much lower than the one provided in [Wav78], p. 411. The proof
provided there needed N = 2d + ¢q. This follows from the fact that Tougeron’s
Implicit Function Theorem is used, which is not as efficient as the Rank Theorem.
In a subsequent section of [Wav78] a minimal N is computed by means of resolution
of singularities. It is not clear whether this optimal N is the same as the one
obtained in the proof above.
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5.6. On an inversion theorem by Lamel and Mir. In their paper [LMO07],
Lamel and Mir investigate the group of local holomorphic automorphisms of C™ pre-
serving a real analytic submanifold M (Cauchy-Riemann automorphisms). Their
key result to describe this group is as follows. Denote by O, the space of holo-
morphic germs (C™,0) — C, and by Aut(C™,0) C O the group of biholomorphic
germs of (C™,0). A map f € OF is said to have generic rank n if its Jacobian
determinant det(9f) is nonzero as an element in O,. Any f € O induces a map
F : Aut(C",0) — O} given by the composition u — f o u.

Theorem 5.8. (Thm. 2.4 in [LMO07]) Let f € O be a germ of a holomorphic
map of generic rank n. There exists a holomorphic map ¥ : O x GL,(C) —
Aut(C™,0) inverting F in the sense that ¥(F(u),0u(0)) = u for all uw € Aut(C™,0).
Furthermore U can be chosen such that (¥ (b,A))(0) = X for all b € O and
A € GL,(C).

Proof. We shall show how the Rank Theorem allows to construct a suitable W in the
formal context taking the space C,, = C[[z1,...,x,]] of formal power series (cords)
instead of O,,. In order to treat convergent power series one has to refer to the
Rank Theorem from [HM94], with the same reasoning as in the formal case. The
argument in [LMO7] is much more involved, their computations invoking tacitly
various instances of the proof of the Rank Theorem.

The map F : C! — C is tactile with Jacobian determinant det(0f) # 0 € C,.
Our goal is to linearize it locally at the linear part Az of a given u. Decompose
u € Aut(C™,0) as u(z) = A -z + v(z) with A € GL,(C) and v € C of order 2.
Consider the Taylor expansion (with the obvious abbreviation)

G(z) = f(u(z)) — f(Az) = of(\z) - v+ D> fF(Az) - v° + ...,

with linear part £(v) = df(Ax)-v. Since f is of generic rank n and A € GL,,(C), the
map £ is injective. Thus G has constant rank at 0, by the remark after Proposition
4.1. Next we show that G fulfills the order condition of the Rank Theorem (Thm.
4.2). In order to keep notation short we assume that A is the identity matrix.
Denote the initial form of lowest degree of f by f! and write e; for the order of
fi. By the same triangularization argument as in Lemma 4.5 of [LM07] we may
assume that f. = (fl,..., f") has generic rank n. This gives

orddet(0fs) =e1+ ...+ e, —n.

Moreover for 8 € N, |3 =m, and [ € {1,...,n} we have
ord(dgfl) > e —m

for e, > m and ord(dsf!) = oo else. As the map f has generic rank n a scission
o for £ can be obtained as in Proposition 3.3 by the adjoint matrix of f. The
nonlinear part h = G — ¢ consists of all terms of G which are of order at least 2 in

V1,...,V,. We write
h(v) = Z he - v,

aeNT

la]>2
with h, € C. For |a| = m > 2, the coefficient vector h, has i-th component A’
involving the m-th order partial derivatives of f*. Multiplication with the adjoint
matrix of df yields in the i-th component



ARCS, CORDS AND FELTS 33

n

(O™ - ha), = Y (05" bl
=1
= zn:(—mi“ det(af)D - pl .

j=1

Here, A®J) denotes the (n — 1) x (n — 1) matrix obtained from an n x n matrix
A by deleting the i-th row and the j-th column. From the last equation it follows
that each term in the sum is of type

T = ( H 0i, 17) - (95f"),

31
where i; € {1,...,n} and 8 € N*, |3| = m. Obviously

ordTEZeifnfmle.
i=1

This allows to compute the contraction degree k of the map

1 .
o (8 adj | ha L yQ
if v varies in (z1,...,2,)% - C*. We get

vV

K(¢a) —(Zei—n)+(Zei—n—m+l)+(2m—2)
i=1 i=1

= m-—1.

So k(pa) > 0 for all o with || =m > 2. Now

(@h)(z)= Y ¢alz)

aeN™ |a|>2

yields

k(oh) > mink(ps) = 1 > 0.

The order condition is fulfilled. Therefore G can be linearized to ¢ by local auto-
morphisms of source and target. Once this is done, it suffices to solve the linear
equations in order to construct the required map W of the theorem. O

6. OUTLOOK AND UNSOLVED PROBLEMS

We conclude the article by a collection of questions related to the linearization
principle and its applications.

(a) The Grinberg-Kazhdan-Drinfeld formal arc theorem: Theorem 5.2 describes a
factorization of the formal neighbourhood of an arc (not lying completely in the
singular locus of the base variety) into an infinite dimensional smooth part and a
formal neighbourhood Y[y] of a possibly singular scheme of finite type Y in a point
y € Y. Unfortunately, the proofs presented in [GKO00], [Dri02] and section 5.2 rely
on a non-constructive functorial description of the formal neighbourhood. In simple
examples it is possible to compute the decomposition explicitly:
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Ezample. (cf. [Dri02]) Let X be the hypersurface

g=yTp+1+ f(x1,...,2,) =0,
f(0) = 0, and take 9 = (0,...,0,¢,0) € X where the first n + 1 components
correspond to the variables x;, 1 < ¢ < n 4 1. Note that 9,9(y) = t, thus
Y0 & (Xsing)oo- In this example we can identify Y with Speck[z1,...,z,]/(f) and
y with 0. To see this, let A be a test-ring with maximal ideal m. We are interested
in the A-deformations of 7g, i.e., in

v = (@1(t), . zara (t), y(2)) € A[[t]]"
with v mod m = vg. By the Weierstrass Preparation Theorem any A-deformation
Znt1(t) of t can be written as

Tni1(t) = u(t — @),

with @ € m and v € A[[t]]*. It’s easy to show the following: Given «,u and
x1(t),...,zn(t) € m[[t]] there is at most one y(t) € m[[t]] such that

y()xnt1(t) + fla1(t), ..., za(t)) = 0.
Moreover, y(t) exists if and only if f(zi(a),...,z,(a)) = 0 holds. Thus, any A-
deformation of g is determined by o € m, (z1(%),...,2,(t)) € m[[t]]” with the
property

flz1(a),...,zn(a)) =0
and u € A[[t]]* (note: (x1(e),...,z,(®)) is nothing but an A-point of Spec k[z]/(f)
equal to 0 modulo m). Conversely, any A-deformation 8 of 0 in Y gives rise to an
A-deformation of 7y in the following way: choose (z1(t),...,z,(¢t)) € m[[t]]™ such
that
f@1(t), . an(t) € (E = B) - m[t]].

This involves free choice of infinitely many coefficients of the x;(¢) which contributes
to the D> part in Theorem 5.2. Next we take an arbitrary u € A[[t]]*, once more
the coefficients of u contribute to D*°. Finally, we determine y(¢) uniquely by

y(t) = uil(t - 5)71‘73(1'1(”’ LR xn(t))

It would be desirable to be able to compute explicitly the decomposition of the
formal neighbourhood for the general case. Moreover, we would like to identify the
finite type part Y[y]. What is its geometric significance (for the arc scheme and
the base scheme)?

(b) Power series solutions to differential equations: Describe the geometry of power
series solutions to non-linear (ordinary and partial) differential equations by means
of the rank theorem. A first step has been carried out in section 5.3, where we con-
sidered explicit ordinary differential equations with constant coefficients. Examples
of more complicated cases are:
tr' + 2% =0

or

t(z')? + 22 = 0.
In addition one could try to regain and extend the results in [DL84]. There Denef
and Lipshitz prove among other results a version of Artin’s approximation theo-
rem (see section 5.5) for algebraic differential equations: any formal power series
solution to an algebraic differential equation can be approximated (in the m-adic)
topology by a differentially algebraic power series.

(¢) Implicit/Inverse function theorem for textile maps: textile maps are a natural
generalization of maps given by substitution of power series. Theorem 2.2 shows
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invertibility of textile maps which are (up to a linear coordinate change) of the
form id + h, where h is contractive (see section 2.1). Several lines of further inves-
tigation lie at hand: first, one could try to weaken the contractivity assumption,
probably adding some additional structure to the coefficient ring k. In the case
of the formal arc theorem (section 5.2) we could weaken the assumptions on h to
having contraction degree x(h) > 0 as soon as k was replaced by a test-ring (which
especially implied completeness w.r.t. to the topology defined by the powers of its
maximal ideal). Second, if we assume that k is a complete valued field, we might
ask for properties of h ensuring convergence of the image of a convergent cord: we
call a cord convergent if its coefficients are the coefficients of a convergent power
series. Under which conditions is h(c) convergent if ¢ is? In the special case of
tactile maps over C a positive answer can be found in [HM94], Thm. 6.2. As
a variation, one could rise the same question for “algebraic cords” ¢. A cord is
called algebraic if its coefficients match with the coefficients of an algebraic power
series. These last generalizations constitute an important step towards an approx-
imation theorem for textile maps (see below). In view of this, an adapted version
of Tougeron’s implicit function theorem for textile maps is another goal to strive for.

(d) Artin Approximation: the approximation theorem (Thm. 5.7) shows that any
sufficiently good approximate power series solution to a formally analytic system
of equations can be approximated (in the m-adic topology) by an actual solution.
Moreover, in case of polynomial systems of equations, any power series solution
can be approximated by algebraic solutions (see [Art69]). Both results are local in
nature, since they focus on the structure of the solution set locally (in the m-adic
topology) at an approximate/formal solution. How does the geometry of the set of
power series solutions look like in general? The Denef-Loser local triviality result
(Theorem 5.1) can be seen as an answer for the case of power series solutions in
one variable to a polynomial system with constant coefficients.

Furthermore, viewing power series as cords, it is natural to ask for an approxi-
mation result for textile maps: Let ¢ be an approximative solution to the textile
equation f = 0. Is it possible to approximate ¢ by an actual solution? Or, under
which conditions can solutions of a textile map be approximated by convergent (or
algebraic) ones? In contrast to the case of tactile equations (as they appear in
Artin’s result), the answer will be negative in general. So the question is, under
which conditions do such approximation results hold?
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