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Motivation

expect quantum structure of space-time at Planck scale

due to Gravity↔ Quantum Mechanics

fine-tuning problems (cosm. const. etc.)
”dark matter, dark energy” ... ??

⇒ perhaps gravity is modified ?

pre-geometric theory of gravity:
Matrix Models → noncommutative space-time & gravity

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Outline:

geometry from matrix models:

NC branes
effective geometry
dynamics
examples

gauge theory point of view

quantization

curvature, etc.

review: H.S., arXiv:1003.4134
D. Blaschke, H. S. arXiv:1003.4132, arXiv:1005.0499

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Matrix Models

candidate for quantum theory of fundamental interactions

S = −Tr
(

[X a,X b][X a′ ,X b′ ]ηaa′ηbb′ + Ψ̄Γa[Xa,Ψ]
)

X a ∈ Mat(∞,C) , a = 1, ...,10
(IKKT Model 1996 )

no geometrical pre-requisites, extremely simple{
NC space-time
metric (=gravity)

}
emerge{

nonabelian gauge fields
gravitons

}
... fluctuations of NC space

well-behaved under quantization
new perspectives for dark energy / dark matter

Ishibashi, Kawai, Kitazawa and Tsuchiya 1996, ff

Rivelles 2002, Yang 2006, H.S. 2007 ff, ...
H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Space-time & geometry from matrix models:

e.o.m.: δS = 0 ⇒ [X a, [X a′ ,X b′ ]]ηaa′ = 0
solutions:

1 [X a,X b] = iθab 1l, rank θab = 2n
separate X a = (Xµ,Φi), µ = 1, ...,2n

[Xµ,X ν ] = iθµν 1l ...“quantum plane” R2n
θ

Φi = 0

2 [X a,X b] = iθab(X ) ∼ iθab(x) ...generic quantum space

→ space-time as 3+1-dimensional brane solution M4 ⊂ R10

X a = (Xµ,Φi), µ = 1, ...,4; Xµ ∼ xµ

Φi = Φi(Xµ)

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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1) Moyal-Weyl quantum plane R4
θ

[Xµ,X ν ] = iθµν 1l, µ, ν = 1, ...,4
φi = 0

... Heisenberg algebra, interpreted as space of functions on R4
θ

uncertainty relations ∆xµ∆xν ≥ |θµν |

relation with classical R4:

C(R4) 3 φ(x) =

∫
d4k eikµxµ ↔

∫
d4k eikµXµ

=: Φ(X ) ∈ Mat(∞,C)

note:

Xµ ∈ Mat(∞,C) ... quantized coordinate functions on R4
θ

Φ(Xµ) ∈ Mat(∞,C) ... general function on R4
θ

[Xµ,Φ] =: iθµν∂νΦ ∼ iθµν∂νφ(x) → NC field theory
H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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2) Noncommutative spaces and Poisson structure

(M, θµν(x)) ... 2n-dimensional manifold with Poisson structure

Its quantizationMθ is NC algebra such that

I : C(M) → A ∼= Mat(∞,C)

f (x) 7→ f̂ (X )

x i 7→ X i , eikx 7→ eikX

such that [f̂ (X ), ĝ(X )] = I(i{f (x),g(x)}) + O(θ2)

(“nice“) Φ ∈ Mat(∞,C) ↔ quantized function onM

furthermore:

(2π)2 Tr(φ(X )) ∼
∫

d4x ρ(x)φ(x)

ρ(x) = Pfaff (θ−1
µν ) ... symplectic volume

(cf. Bohr-Sommerfeld quantization)
H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Interpretation of X a in matrix model:

X a = (Xµ, φi(Xµ)) : M4 ↪→ RD ...(quantized) embedding function

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Effective geometry of NC brane:
consider scalar field coupled to Matrix Model (“test particle”)
use [Xµ, ϕ] ∼ iθµν(x)∂νϕ ⇒ θµν = {xµ, xν}

S[ϕ] = Tr [X a, ϕ][X b, ϕ] ηab (U(H) gauge inv.!)

∼
∫

d4x
√
|Gµν |Gµν(x) ∂µϕ∂νϕ

Gµν(x) = e−σθµµ
′
(x)θνν

′
(x) gµ′ν′(x) effective metric (cf. open string m.)

gµν(x) = ∂µxa∂νxbηab induced metric on M4
θ (cf. closed string m.)

e−2σ =
|θ−1
µν |
|gµν |

, |Gµν | = |gµν | for dim(M) = 4

ϕ couples to metric Gµν(x), determined by θµν(x) & embedding φi (x)

same for gauge fields, fermions

... quantized Poisson manifold with metric (M, θµν(x),Gµν(x))

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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so: all matter couples to dynamical metric Gµν ⇒ effective gravity

however: metric is not fundamental d.o.f.
rather: matrices X a resp. (φi , θµν) resp. (φi ,Fµν)

⇒ dynamics of gravity NOT given by Einstein equations

turns out to be different from GR (long distances!)
may be close enough to observation (?)

note: D = 10 just enough to describe most general gµν(x) (locally)

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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result:

(M, ω) symplectic manifold, ω = 1
2θ
−1
µν dxµ ∧ dxν

xa :M ↪→ RD ... embedding in RD

induced metric gµν and Gµν as above. Then:

{xa, {xb, ϕ}}ηab = eσ�Gϕ
∇µG(eσθ−1

µν ) = Gνρ θ
ρµ
(
e−σ∂µη + ∂µxa �Gxbηab

)
for ϕ ∈ C∞(M), ∇G ... Levi-Civita, �G ... Laplace- Op. w.r.t. Gµν ,

and
η(x) :=

1
4

eσ Gµνgµν .

(H.S., 2008)

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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in particular:
matrix e.o.m: [X a, [X b,X a′

]]ηaa′ = 0 ⇐⇒

∆GΦi = 0, ∆Gxµ = 0

∇µ(eσθ−1
µν ) = e−σ Gρνθ

ρµ∂µη

η = 1
4 eσ Gµνgµν

... covariant formulation in semi-classical limit

in particular:

M4 ↪→ RD is harmonic embedding (w.r.t. Gµν)
minimal surface

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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dynamics of NC structure θµν :

SYM = −Tr [X a,X b][X a,X b] ∼
∫

d4x
√

ge−ση

Euclidean case: at p ∈M, diagonalize gµν = (1,1,1,1)
using SO(4) → standard form

θµν = θ

 0 −α 0 0
α 0 0 0
0 0 ±α−1

0 0 ∓α−1 0

 .

effective metric Gµν = (α2, α2, α−2, α−2).
Note

1
4 Gµνgµν = e−ση = 1

2 (α2 + α−2) ≥ 1
?ω = ±ω ⇔ e−ση = 1 ⇔ Gµν = gµν ⇔ SYM minimal

minimum of SYM ⇔ θµν (A)SD ⇔ Gµν = gµν .

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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special class of solutions:

gµν = Gµν ,
∆Gφ

i = 0
∇µθ−1

µν = 0

holds for (anti)self-dual symplectic structure θ−1
µν ,

?(θ−1) = ±θ−1 Euclidean
?(θ−1) = ±iθ−1 Minkowski (Wick rotation X 0 → it )

then
SMM ∼ Tr [X a,X b][X a′

,Xβ′
] =

∫
d4x

√
|gµν |

... same structure as vacuum energy, “brane tension”.

H. Steinacker Emergent Geometry and Gravity , from Matrix Models



university-logo

Introduction Matrix Models Dynamics of gravity Gauge theory Quantization

Dynamics of emergent NC gravity

effective action

S =

∫
d4x

√
|g| (−2Λ4 + Λ2

4R) + Smatter

leads to

δS =
∫

d4x
√
|g| δgµν(−Λ4gµν + 8πTµν − Λ2

4Gµν)

= −2
∫
δφi∂µ(

√
|g| (−Λ4gµν + 8πTµν − Λ2

4Gµν))∂νφ
i

since gµν = ηµν + ∂µφ
i∂νφ

i

1 “Einstein branch”

Λ4gµν + Λ2
4Gµν = 8πTµν

2 “harmonic branch”

Λ4�gφ = (8πTµν − Λ2
4Gµν)∇µ∂νφ

prototype: flat space R4
θ ⊂ R10, even for Λ� 0!

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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1) harmonic branch

... (NC) minimal surfacesM⊂ RD, deformed by matter

prototype: flat space R4
θ ⊂ R10

insensitive to vacuum energy (minimal surface) !

interesting “near-realistic “ cosmological solution
(FRW, big bounce) D. Klammer, H.S. arXiv:0903.0986, PRL 102

compatible with type Ia supernovae without fine-tuning

matter → deformed ”gravity bags“, Newtonian gravity
H.S:, arXiv:0909.4621

(but post-newtonian corrections probably not acceptable)

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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2) Einstein branch

example: Schwarzschild geometry (Blaschke, H.S. arXiv:1005:0499)

embeddingM⊂ R7, asymptotically flat (harmonic), eσ → const

xa =



t
r cos sin
r sin sin

r cos

ω
√

rc
r cos (ω(t + r))

ω
√

rc
r sin (ω(t + r))

ω
√

rc
r


,

with ηab = (−,+,+,+,+,+,−).

central singularity: embedding ↪→∞
(presumably modified e.g. via fuzzy sphere ...)

with complexified SD symplectic form
?θ−1 = iθ−1, θ−1 → const for r →∞

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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alternative interpretation of M.M: NC gauge theory

parametrize matrices as fluctuations around R4
θ:

Xµ = X̄µ + θ̄µν Aν , X̄µ...Moyal-Weyl

[Xµ,X ν ] = i θ̄µµ
′
θ̄νν

′
(∂µ′Aν′ − ∂ν′Aµ′ + [Aµ′ ,Aν′ ]) + i θ̄µν

= i θ̄µµ
′
θ̄νν

′
Fµ′ν′ + i θ̄µν

Fµν(x) ... u(1) field strength
action:

SYM ∼
∫

d4x(Fµν + i θ̄−1
µν )(Fµ′ν′ + i θ̄−1

µ′ν′)Ḡµµ′
Ḡνν′

... NC U(1) gauge theory on R4
θ

however:

U(1) sector does not decouple from SU(n) sector, ...

one-loop: UV/IR mixing, except in N = 4 SUSY case: finite (!?)

.... understood in interpretation in terms of emergent gravity.
H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Quantization

Quantization of matrix model:

Z =

∫
dX adΨ e−S[X ]−S[Ψ] = e−Seff

2 interpretations:

1 NC SYM on R4
θ: UV/IR mixing (U(1) sector only!)

except for IKKT model (N = 4 SUSY, D = 10): perturb. finite !(?)
2 U(1) absorbed in θµν(x) → gravity, induced E-H. action

Seff ∼
∫

d4x
√
|G|

(
Λ4 + cΛ2

4 R[G] + ...
)

(R[G] due to UV/IR mixing in NC gauge theory)

explanation for UV/IR mixing & U(1) entanglement

D = 10 required for quantization (maximal SUSY)

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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su(n) gauge fields: same model, new vacuum

Y a =

(
Yµ

Y i

)
=

(
Xµ⊗1ln
φi ⊗1ln

)
include fluctuations:

Y a = (1 +Aρ∂ρ)

(
Xµ ⊗ 1ln
φi ⊗ 1ln + Φi

)
where

Aµ = −θµνAν,α ⊗ λα, λα ∈ su(n)
Φi = Φi

α ⊗ λα

⇒ effective action:

SYM =
∫

d4x
√

G eσ Gµµ′
Gνν′

tr Fµν Fµ′ν′ + 2
∫
η(x) tr F ∧ F

(H.S., JHEP 0712:049 (2007), JHEP 0902:044,(2009) )
... su(n) Yang-Mills coupled to metric Gµν(x)

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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higher-order terms, curvature

Hab := 1
2 [[X a,X c ], [X b,Xc ]]+

T ab := Hab − 1
4η

abH, H := Habηab = [X c ,X d ][Xc ,Xd ] ,

�X := [X b, [Xb,X ]]

result:

for 4-dim. M⊂ RD with gµν = Gµν :

Tr
(
2T ab�Xa�Xb − T ab�Hab

)
∼ 2

(2π)2

∫
d4x
√

g e2σR

Tr([[X a,X c ], [Xc ,X b]][Xa,Xb]− 2�X a�X a)

∼ 1
(2π)2

∫
d4x
√

g eσ
( 1

2 e−σθµηθραRµηρα − 2R + ∂µσ∂µσ
)

(Blaschke, H.S. arXiv:1003.4132 )

(cf. Arnlind, Hoppe, Huisken arXiv:1001.2223)
⇒ Einstein-Hilbert- type action for gravity as matrix model
pre-geometric version of (quantum?) gravity, background indep.!

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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proof: (assume g = G)

Hab = 1
2 [[X a,X c ], [X b,Xc ]]+ ∼ −eσGµν∂µxa∂νxb g=G

= eσ Pab
T ,

T ab = Hab − 1
4η

abH ∼ eσ Pab
N

PN ,PT ... projector on normal / tangential bundle vofM⊂ RD. note

Rνµλκ = Pab
N (−∂κ∂νxa∂λ∂µxb + ∂κ∂µxa∂ν∂λxb)

= −∇κ∇νxa∇λ∇µxa +∇κ∇µxa∇ν∇λxa

(i.e. Gauss-Codazzi theorem) and

T bc [X a, [Xa,Tbc ]] ∼ e2σPbc
N ∇µ∇µ(eσηbc − eσ∂νxb∂νxc))

= e2σ
(

(D − 4)�eσ − 2Pbc
N (eσ∇µ∂νxb∇µ∂νxc)

)
= e2σ

(
(D − 4)�eσ − 2eσ∇µ∂νxa∇µ∂νxa

)

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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further comments:

generalization for g 6= G:
still find M.M. terms with purely tensorial meaning (M,Gµν , θ

µν)

obtain
S10 =

∫ √
ge2σR[G] +∇Gg∇Gg + ...

≈
∫ √

ge2σ(R[g] + 3Rµνhµν),

hµν = −eσ̄(θ̄−1gF )µν − eσ̄(Fgθ̄−1)µν − 1
2 gµν(θ̄F )

S4 = SYM =
∫

(
√

g + (F − ?gF ) ?g (F − ?gF ))

θ−1
µν = θ̄−1

µν + Fµν , ?θ̄−1 = ±θ̄−1

... work in progress (with D. Blaschke)

probably (!?!) Fµν resp. θ−1
µν should be integrated out

∃ “extrinsic“ terms Tr�xa�xa, depend on embeddingM⊂ RD

(minimal surfaces preferred ... )

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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fermions

natural (only?) action

S[Ψ] = Tr Ψγa[X a,Ψ]

∼
∫

d4x ρ(x) Ψiγµθµν(x)∂νΨ, {γµ, γν} = 2Gµν

note:

naturally SUSY → IKKT model

couple to Gµν , but non-standard spin connection (submanifold!)

quantization induces E-H action plus additional terms

ΓΨ = 1
4π2

∫
d4x

√
|g|
(

2Λ4 + Λ2
(
− 1

3 R[g] + 1
4∂µσ∂

µσ

+ 1
8 e−σR[g]µνρσθ

µνθρσ + 1
4 (�gxa)(�gxb)ηab

)
+O(log Λ)

)
.

precise matching with UV/IR mixing (checked in D = 4)

(D. Klammer, H.S., arXiv:0901.2322, arXiv:0909.5298)
H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Summary and Conclusion

matrix-model Tr [X a,X b][X a′
,X b′

] ηaa′ηbb′

dynamical NC spaces ↔ emergent gravity & gauge thy

not same as G.R., long-distance corrections (extrinsic geometry)

intriguing cosmological solutions,
physics of vacuum energy different from GR

suitable for quantizing gravity !
(IKKT model, N = 4 SUSY in D = 4)

... more work is needed !

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Deformations of Moyal-Weyl plane: gravitons

dynamical Xµ ⇒ dynamical (θµν(x), Gµν(x))

parametrize fluctuations

Xµ = X̄µ + θ̄µν Aν

iθµν(x) ∼ [Xµ,X ν ]

= i θ̄µµ
′
θ̄νν

′
(∂µ′Aν′ − ∂ν′Aµ′ + [Aµ′ ,Aν′ ]) + i θ̄µν

= i θ̄µµ
′
θ̄νν

′
Fµ′ν′ + i θ̄µν

Gµν(x) = ηµν − hµν (+O(F 2))

Fµν(x) ... u(1) field strength
therefore

hµν = η̄νν′ θ̄ν
′ρ Fρµ + η̄µµ′ θ̄µ

′η Fην − 1
2 η̄µν (θ̄ρηFρη)

... linearized metric fluctuation (cf. Rivelles [hep-th/0212262])

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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e.o.m for fluctuations of Moyal-Weyl plane (linearized):

[Xµ, [X ν ,Xµ′
]]ηµµ′ = 0

⇒ ∂µFµν = 0
⇒ Rµν [G] = 0 (∂µhµν = 0...harm. gauge)

cf. Rivelles [hep-th/0212262]
while Rµνρη 6= 0 ... nonvanishing curvature

⇒ on-shell d.o.f. of gravitational waves on Minkowski space

i.e.: trace-U(1) photons on R4
θ are actually gravitons

NC U(1) does not decouple, couples like graviton

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Relation with string theory: branes in background B field

braneM⊂ R10 in B-field background:
DBI action: SDBI ∼

∫
d4x

√
det(gµν + (Bµν + Fµν))

where gµν ... closed-string metric (pull-back from bulk)
Gµν ∼ Bµµ

′
Bνν

′
gµ′ν′ ... open-string metric onM

(∂F neglected...)

here:

NO 10-D bulk ! fields only live on brane

U(1) field strength F absorbed in

θ−1
µν (x) = Bµν + Fµν

(splitting is unphysical)
eff. metric for nonabelian gauge fields etc. onM:

Gµν ∼ θµµ
′
(x)θνν

′
(x)gµ′ν′

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Cosmological solution

D. Klammer, H. S., PRL 102 (2009)

assume: vacuum energy Λ4 � energy density ρ

⇒ look for harmonic embedding ∆xa = 0 of FRW metric

ds2 = −dt2 + a(t)2(dχ2 + sinh2(χ)dΩ2),

Ansatz

xa(t , χ, θ, ϕ) =

 a(t)
(

cosψ(t)
sinψ(t)

)
⊗


sinh(χ) sin θ cosϕ
sinh(χ) sin θ sinϕ
sinh(χ) cos θ
cosh(χ)


0

xc(t)

 ∈ R10

(cf. B. Nielsen, JGP 4, (1987) )

Evolution a(t),Ψ(t), xc(t) determined by ∆xa = 0

solution of M.M + leading term
∫

d4x
√

GΛ4 in Γ1−loop

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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harmonic embedding ∆gxa = 0 leads to

analog of Friedmann equations

H2 = ȧ2

a2 = −b2a−10 + d2a−8 − k
a2 .

ä
a = −3d2a−8 + 4b2a−10.

largely independent of detailed matter/energy content
as long as Λ4 � ρ

k = −1 (negative spatial curvature) most interesting

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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Implications:

1) early universe:

big bounce: ȧ = 0 for a = amin ∼ b1/4

(∃ bound for energy density ρ vs. vacuum energy Λ4)

inflation-like phase a(t) ∼ t2, ends at a(texit) =
√

4
3

b
d

geometric mechanism (no scalar field required),
no fine-tuning

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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2) late evolution (now): ȧ→ 1

approaches Milne-like universe (k = −1, spatial curvature),

in remarkably good agreement with observation
(age 13.8 · 109 yr , type Ia supernovae)
different physics for early universe (recombination etc.)

A. Benoit-Levy and G. Chardin, [arXiv:0903.2446]
CMB acoustic peak argued to be at correct scale (?)

no fine-tuning of cosm. const., no need for dark energy !

H. Steinacker Emergent Geometry and Gravity , from Matrix Models
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