Signature change in matrix model solutions

Various classical solutions to D(< 10)-dimensional IKKT-like Lorentzian matrix models are exam-
ined in the commutative limit. The solutions are associated with smooth d(< D)-dimensional manifolds
in this limit, and their associated induced metric (and Steinacker’s effective metric) are computed. The
signature of these metrics can vary when quadratic and cubic terms are included in the bosonic action.
Regions with Lorenzian signature can serve as toy models for cosmological space-times, complete with
cosmological singularities which are associated with the signature change. The singularities are resolved
away from the commutative limit. Toy models of open and closed cosmological space-times are given
for d = 2&4. Finally, we speculate on the application of the fuzzy d = 4 hyperboloid solution to a

noncommutative verison of the AdS/CF'T correspondence principal.



Signature change believed to be a feature of quantum gravity

Sarkharov Sov.Phys.JETP 60 (1984) 214-218
Gibbons, Hartle Phys.Rev. D42 (1990) 2458-2468

discussed in different contexts: loop quantum gravity, causal dynamical triangulation, string theory, ...
claim: also appears for classical matrix model solutions (with indefinite target metric)
disclaimers: won’t work with 10d maximally SUSY IKKT, rather lower dimensional toy models,

just bosonic sector

won’t consider fluctuations, stability issues

program:  look at various solutions to classical equation of motion in continuum
(commutative, semiclassical) limit - associated with emergence of smooth Poisson manifolds

compute induced and effective metrics
signature change common feature if additional terms included in matrix action
regions with Lorentzian signature serve as crude cosmological modles

- complete with cosmological singularities (at singularity change);
resolved away from commutative limit



Outline

2d solutions of 3d Lorentzian matrix models
(A)dS?, Euclidean (A)dS?, S'X R! (boring)

deformed (A)dS?, Euclidean (A)dS?, S?

4d solutions of 8d matrix models with indefinite metric
CPL1 , CP%? (boring)

deformed CP¥1 , CP%2 (P2

6d solution

CPL2 - projects down to H*

possible application to cosmology (Steinacker’s talk) and non-commutative AdS/CFT



3d IKKT-inspired” model — bosonic sector

infinite dimensional Hermitean matrices XH, n=20,1,2

Lorentzian background metric N =diag(—1.1,1)
1 1 i

action S(X) = —QTr(—i[Xp,. X)X, XY + %w AX#[X”.X*])
g : :

vary X* (X, X,]. XY +iae [ XV, X =0

symmetries:
2+1 Lorentz invariance XH 5 AF XY
unitary gauge transformations XH s XHT

translations XH = XH* + constant x 1l



solutions

 Non-commutative (A)dS?/ Euclidean (A)dS?

(X, X,] = —iae a X XrX, fixed P-M Ho & M Li hep-th/0004072, hep-th/0005268

D Jurman, H Steinacker arXiv:1309.1598
) UIR’s of su(1,1)

A. Chaney, L. Lu, A.S. arXiv:1511.06816
X"X, > 0 Non-commutative (A)dS? (principal, supplemental series)
< 0 Non-commutative Euclidean (A)dS? (discrete series)

 Non-commutative cyIinder Chaichan, Demichev, Presnajder, Tureanu
hep-th/0007156, Phys.Lett. B515 (2001) 426-430

. 5. Y ;v Balachandran, Govindarajan, Martins,
Xo. X4 = £2a X, X4+ X fixed Teotonio-Sobrinho hep-th/0410067
A.S. arXiv:1404.2549

X, X_] = 0. Xy=X;+Xo

:> UIR’s of 2d Euclidean algebra



Commutative (semi-classical) limit

XH* — commuting coordinates z*

[, ] —=R{, } a— —h

Non-commutative (A)dS? > (A)dS?

parametrization

2 (1,0), —c0o < 7 <00, 0< 0 <21

Y sinh 7
21 | =7 | coshTcoso
2 cosh T7sino

induced metric

ds* = r* (—dr? + cosh® 1 do?)

P —
' I,u—r

{zp, 20} = Eﬁv/\f\

- preserves SO(2,1) isometry




Non-commutative Euclidean (A)dS? —> Euclidean (A)dS?

parametrization
! cosh 7

71 | =7 | sinhTcoso

2 sinh 7sin o

induced metric

ds* = r? (dr? + sinh® 7 do?)

parametrization

;I?D

-
7 ]_ — 1

, = | pcoso
2 .3

T psin o

induced metric

ds? = —dr? + p*do?




previous examples don’t exhibit signature change

- now add quadratic term:

can result from IR regularization S-W Kim, J Nishimura, Tsuchiya arXiv:1108.1540, arXiv:1110.4803
v N 1 1 - - C TR Y % a . FUT VY VA b PR v T
&5(4X ) — y_ZT]_‘ _1[4X#‘_._Xvi||:4x .J_X_ i| —I_ ?{:ﬁv}‘_..x |:4X -...X ] —l_ E‘X#AX

X, X)), XY] + daen[ XY, XN +bX, =0

commutative limit

XH — ot [, ] —ih{, } a — ha b — K23

_{{I,Uﬂ- I'V}‘- IV} o QE,LLV)\{IU? '417)\} + _,3;1?# =0



New solutions

Deformed AdS?
! sinh 7 1
z! | =r | pcoshTcosa {T.0} =  cosh T
x? pcoshTsino
. . 1 9
solution provided: o = —3 B =p

induced metric
ds? = r? cosh’® 7 ((—1 + p? tanh? 7) d7? + p? daz)
Signature change when p? > 1

T =74 = +tanh ! |%|

Euclidean 7 > 74 and 7 < 7_

Lorentzian 7_ <7 < T4




Deformed Euclidean AdS?

! cosh 7
:I’l — r inl — 1
: = psinh Tcoso {r.0} =
x? psinh 7sino 7 sinh 7
. . 1 ,, 5
solution provided: o = —— B=p

induced metric

ds® = r?sinh® 7 ((p2 coth? 7 — 1) dr* + p? dor?)

Signature change when p? < 1

7 =71, = tanh™’ 1P|

Euclidean 7 < 7

Lorentzian 71 > T+




Fuzzy sphere solves Euclidean matrix model

- also Lorentzian matrix model! A.Chaney, L. Liu, A.S. arXiv:1506.03505
commutative limit (£9)2 + (D)% + (22)? = 2
%2t =a?  {aha?}=2® {222 = !
1

solution provided: o= —7 5 =—1
parametrization Y cos

2t | =7 | sinfcoso

x? sin @ sin ¢

induced metric ds* = r? (cos 260 df? 4 sin® ¢ a’.qbg)

) T 3T
signature change at 0=—, —
2 4
Euclidean (0 < g < z and 373 < fH <
Lorentzian E <0 ﬁ
4 4



Summary
examined matrix solutions which are UIRR’s of su(1,1), su(2), E2
last 2 examples crudely describe 2d quantum cosmologies

signature changes can occur in commutative limit when quadratic term is added -
cosmological singularities on 1-brane

resolved away from commutative limit
singularities occur at non-zero spatial scales (time not defined for smaller scales)

Next: generalizations to 4d space-times?



Try non-commutative version of VP Nair and S Randjbar-Daemi hep-th/9802187

. . G Alexanian, AP Balachandran, Immirizi, Ydri hep-th/0103023
Complex prOJectlve >Paces AP Balachandran, B Dolan, J-L Lee, X Martin, D O’Connor hep-th/0107099

T Azuma, S Bal, K Nagao, J Nishimura hep-th/0405277

D Karabali, VP Nair and S Randjbar-Daemi hep-th/0407007
commutator algebra C|OS€S H Grosse, H Steinacker hep-th/040789

AP Balachandran, S Kurkcuoglu, S Vaidya hep-th/0511114

3 candidates: CP?=CP%%, CP.! , CP%?

CPp’q - H('(})—F l q) f(,,-"r(p‘ {1) non-commutative versions in K. Hasabe arXiv:1207.1968
complex coordinates zi,i=1,...p+q+1
2.2+ 1 p+1 pt+qg+1
i q.<p _
constraint H Yoztni— Y =1

identification o~ ez



CPY = SU(2,1)/U(1,1)

zi 1=1.2.3 2'zf =1, metric = =diag(1,1.—1)
su(2,1) Gell-Mann matrices \,, a =1 — 8 A= = EN
tr :\a j\b — [j\ﬂ]Ij [j\b]jz — 2”&?3
[j\a‘ j\b] _ Qifabcj\c | n =diag(1,1.1,—-1,—-1,—1,—1,1)
. . . : - = = ~ ~ ~ 1
fi23 =1 f845=f857=—§ f14?:f165:f246:f257:f345:f376:_§

classical Schwinger construction r® = 27 [\ 27



semiclassical limit of noncommutative CP11

- just add compatible Poisson structure
[z, )= —2'.6;’- {2%, 27} = {zF. =0

Then z*2F — 1~ 0 is a first class constraint generating phase equivalence

su(2,1) Poisson algebra for 2 {Ta. 70} = 2faper®

examine 8d matrix - breaks SO(4,4) to SU(2,1)

. 1 1 i 20 = p
S(X) = g—zTr(—i[Xa.Xb][X XY+ T fape XXX )

X, Xol, Xb) 4+ iafape] X°, X = 0



semi-classical limit, X* — x*, a — ha [, ]| = iR{, }
=0

—{{xg, 2} 2%} — Ckfabc{;l.’b. ¢}

solved by su(2,1) Poisson algebra with a = 2
indefinite version of Fubini-Study metric

zfdzﬂg)

b2

induced metric from 8d
dr*dr, = 4(032:;" d=*

(1=

ds® =
23 # 0

or oo
w

1
(2 =

N|N
(W]

Lo |dG P+ [dG)? (Fd¢y + ¢5dal?
798" = 2 2 EITAE 2 _1)2
4 P+ C* =1 (|G]* + ¢ = 1)
0<A<m, 0<o<2m, 0< vy <4n
f

sin — .
2

local coordinates ((,(2)

or Euler-like angles 6. ¢, and 7 € R
0 (b—4)/2
(o ="\ P2 cothr

(1= e! WO /2 coth T cos 5



induced metric ds® = Jrr dr? + qoo (dﬁz + sin? 9(1’@2) + gy (d1) 4 cos 9(1@)2

Grr = —4 goo = cosh” T Juy = — cosh® 7 sinh? 7

2 space-like directions, 2 time-like directions
Repeat for CP%? = SU(2.1)/U(2)

'

semi-classical equations again solved by {z,, 7} = 2faper® With o =2

induced metric ds* = dzdz, = 4(—(1’3‘?(13’1 — |z7d=" 2)
r usin : i(Yv+)/2 0 ' i(P—9)/2 7
or using (1 ="/ “tanh 7 cos — (o =€ ?//<tanh 7 sin 5
, — 2 .12
Grr = —4 gpg = —sinh” 7 Gy = — cosh® 7sinh” 7

Euclidean signature

|

;  No signature change

!

Both solutions satisfy sourceless Einstein equations with A =

I




Steinacker: Relevant metric in the semi-classical limit may not be the induced metric q,,,
arxiv:1003.4134  Rather, it is the one that appears in the coupling to matter: "effective metric’ .

Non-commutative action for massless scalar field

- 1% Tr[X*#, ®]X,, P

semi-classical limit XKy ph b — o Tr— [ d"o L] —=iR{.} L —s Bk

\/ |detO|
h;_lz | \/% {zt oH{zy, O} <= h;_lg [ d"o +/|dety| v D, ¢0,, &

[(%)_1]ﬂ,, do* N do”

symplectic two-form () = %

1 i
= o7 9o

/| det O

| det v




1 2 ey
('pll “Qc:'le = -5 l (C()bh T (dvr + co:_wﬂd@))
0 | Kahler 2-forms
C' P2 “fop02 T ~3 1 (Sinh2 7 (d) + cos 6 dg‘b))

For both cases ¢, = Y

Next add quadratic term:

_ 1 1 ia -~ .
S(X) = {—QTI(—I[XG_. Xp][X2, X + gfachﬂ[Xb, X+ GE}XGX“)
g : ~
[Xa. Xp), XO] +iafape[X°, X+ 120X, = 0
semi-classical limit b — h23.

—{{za. 2} 2%} — afape{x?, 2} + 1282, = 0



New solutions
Deformations of C'PH!t and C'PY?

modify ansatz r1s = pzf[hoa]’;e
Ta-7 =z [5\4—7]1. j:-;j
ry = vz [5\8]""’3.,;-1 _

satisfies matrix equations for

B2_B—1—+~ 33 — 432 — 63 + By — 2
o =2/ _ [ = ~ -
20 +1 2(52 + 453 4 2)

where

y = \/ B4 — 12033 — 2232 — 125 — 2

reality in 3 disconnected regions

-

i) —3.414 < 3 < —0.746 ii") —0.603 < B < —0.586

v
2(1+ j3)
iii)

13.67

<

i~

i

3



induced metric ds* = grr dT* 4 goo (d6* + sin® 0do?) + gy (dib + cos Odp)?
deformed C P11 Grr = 4((;12 + 12— 2) cosh? 7 sinh® 7 — 1)

gog = cosh®7 (u?cosh® 7 — sinh® 7)

Jpop = — cosh? 7sinh? 7

gr» changes sign when (p? + 1% — 2)sinh” 7 cosh®7 = 1 (red curves)

gpo changes sion when tanh® 7 = ;12 (green curves)

sign(g-7, geg) = (—, +)
two space-like directions

two time-like directions

sign (9rr,900) = (+,+)
Lorentzian signature 0.40f

(+.4)

di) + cos Bdo time-like

0.5F

(-, +)

0351

sign(grr, 900) = (—, —)

—0.595 —0.590

Euclidean signature (a) region ") (b) region ii") (c) region iii)



deformed C'PY:2

Jrr = 4((;.;2 + 1% —2) cosh® 7 sinh® 7 — 1)
Jgoy = sinh? 7 (,u,2 sinh? 7 — cosh? T)
Gy = — cosh? 7sinh? 7 .

G- changes sign when (p?+ 1% —2)sinh® 7cosh?7 =1 (red curves)

gpo changes sign when coth? 7 = 1?  (green curves)
. 7| I7]
Slgn(g’r'r:gﬂé‘) — (_:_) L4 (+ ) ||'| ‘\
y / \
Euclidean signature 12 j 7
sign(grr. goo) = (+. +) e A (+,+)

Lorentzian signature

di) + cosfdo time-like

sign(gr+» g90) = (+,—)

Lorentzian signature

(_.'- _)

dt time-like ; ’
(a) region i) (b) region i)

-0.5% -0594 -0392 -0590 -0388 -0.586 ﬁ

(c) region iii)



effective metric dsZe = ~Yrr dt* + ve9 (d6* + sin® 0 do?) + vy (di) + cos 0 dp)?

deformed C'P1! QCPLI — —% d (cosh2 7 (d) + cos @ (Eo))
Yrr _
/| det || det ©|
~oo B 1
V| det || det O] ~ 4(p2 —tanh® 7)
T _ 1
V| det || det O] B 4(sech®T esch®t + 2 — 2 — v2)

Slgll Change n AU"# when (Ju_z -+ ,ug — 2) sjnhg T C(:)Shz T =1 (FEd CUFVES)

sign change in Y99 when tanhz T = #,2 (green curves)

sign(yyyp,v00) = (— +)

two space-like directions
two time-like directions

sign(’}-’tm- ".:"96) - (_.- _)
0.40:

Euclidean signature.
sign (Y, vo0) = (4, +)

0351

Lorentzian signature

d7 time-like 0505 0590 B

(a) region ") (b) region i) (c) region i)



1
deformed CPU=2 EICPD.-Q = 35 d (Sinh2 7 (d) + cos 6 dq-'}))

[T

/| det || det O -
Y00 B 1
V| det || det O] ~ 4(u2 — coth®7)
Y _ !
/| det || det O] A(p2 4+ 2 — 2 — 4esch®2r)

sign change in 7, when (p*+1?%—2) sinh® 7 cosh®7 =1 (red curves)

sign change in vgg when coth®s = 2 (green curves)

sign(Yye. ve0) = (—, —)

I7l I7l
Euclidean signature. \\\ o%if
1\{—

sign (Vg Y60) = (+, —) (+ +) °&\ (+.—)

Lorentzian signature il 043 \/ (+,+)

. L. : N

dir 4+ cos 0 do time-like (+.—) vl

sign(Vyys v00) = (+, +) |
. e (_ _) P .\q’&“\
Lorentzian signature B , , , , , . (= —)

dr time-like (a) region i) (b) region ii") (c) region iiz)



Lorentz phase (7 time-like ) describes expanding space-times
7—slice = S3 1G] +(C|? = f(7)

introduce spatial scale

time in co-moving frame

a vs tinregions of Lorentzian signature

5000

4000
3000
2000 f=-3
1000

(a) C P

1000 30 40 50

60

-~ f

'-’1(|’f'|)3 — / m dOdodr)

20000}
15000;
10000

5000;

T‘(T) — / \/_A.i""r'r(T’) dr’

(b) C'P°2

Signature changes are cosmological singularities
— resolved away from commutative limit



2 iz = 1 2~ Pz
T = 2X[A];;2; A\ = su(3) Gell-Mann matrices [A¥, NP] = 2i fePT\Y

solves {{z®, 27}, 25} +iaf* {zg, 2.} + Bx* = 0 with 8d Euclidean metric,

but also with 8d Lorentzian metric 7 = diag(1.1,1,1,1,1,1.—1) A. Chaney & A.S.
) arXiv:1511.06816
5= —6a°
: L(h+9) . o 0 - L(h—p) 0 T
choose local coordinates (1 = e2'"7° cos 5 tan T G2 = e2'¥7¢ sin - tan 7, 0<7< 5

induced metric from 8d Minkowski space

ds® = grrdT? + goe (dO? + sin 0dd?) + gy (di) + cos 0dd)?
9 ! Y1

3 , o .
Jrr = 4(1 -5 sin’ 27) gop = 4sin®T Gipopp = 4sin? Tcos? T

s



signature change at sin? 27 =

Euclidean signature for 0 < 7 < 7_ and 7 >

2 T_ &~ 478, 14 ~1.09

3

—

T+

Lorenzian signature for 7_ < 7 < 74

can be extended to deformed CP?

a vst
in regions of
Lorentzian signature

Signature changes are cosmological singularities
— resolved away from commutative limit

S

singularities occur at non-zero spatial scales
(time not defined for smaller scales)



conclusion: If additional terms included in bosonic action,

signature change not uncommon feature of matrix model solutions
open questions:
Stability; role of fermion sector; how to get more realistic cosmological models?
Previous 4d examples not fully homogeneous and isotropic

Maximally symmetric space: non-commutative (A)dS?, ie, fuzzy H*
(Steinacker&co) arXiv:1709.10480, arXiv:1710.11495, arXiv:1806.05907

Algebra respects isometries, but has to be extended for closure

indefinite version of fu y¥AY 54 H Grosse, C Klimcik, P Presnajder hep-th/9602115

S.Ramgoolam hep-th/0105006
D. O’Connor, J Medina hep-th/0212170
Y. Kimura hep-th/0204256



Besides cosmology, there may be another application:

non-commutative version of holography

AdS/CFT correspondence

Proposal for strong/weak duality:

exact equivalence ?

gquantum gravity l ' CFT4
in asymptotically AdSd: on boundary




Goal: make the bulk non-commutative to introduce possible quantum gravity effects

implications for dual theory on boundary?

Non-commutative AdS, /CFT, examinedin A.Pinzul, A.S. arXiv:1707.04816

found Killing vectors on non-commutative space reduced to commutative ones near
boundary

--> NC AdS, is asymptotically AdS, - correspondence principal should apply
constructed boundary correlators from on-shell bulk action
all results so far consistent with conformal symmetry

boundary 2-pt function agrees with commutative result (up to rescaling)



Idea: Repeat for non-commutative version of AdS, /CFT,
Here: Review non-commutative AdS, (semi-classical limit)
Examine boundary limit (where CFT,, if exists, lives)

Claim: boundary is commutative

Euclidean AdS* (H*)

embedding coordinates ", p=1-—15
', = (3 n =diag(+, +, +,+, —)
SO(4.1) isometry

Killing vectors KW (= —K"H)
[ KM I{‘OG} _ _n,u.p Kve _ _nv,r;' KHo _ _n,u.cr KvP & _UVU 1P
action on the embedding coordinates

KM b = phtPy? — Pt



Introduce Poisson structure

which preserve isometries (maps to conformal symmetries on the boundary?)

introduce 10 additional generators z* = (—z"*) to close algebra

w0d?2) ) = o
(" aP}y = glPa¥ — pPal
{;I»_H.v ? ;I‘-’OJ} — .-n;lf-p;rw o "T',‘UP;I’-‘“U o "T]*UU;I’-V’O 4+ _nvo';pu,p

action of the Killing vectors

IX’:U.I) — {érﬂll}f .} — _%{{”r‘u‘ ;rv}'- .}

secondary and tirciary constraints

L v 2 v
2t =0 — 42w P+ 2l + 5" =0



realization using C'P1+?

S2 bundle over Euclidean AdS*

Za-zz =1, a=1,2, 3_L _n(c) :dlag(—|—+ —. _)
7%~ ei'-ﬁz“'
Introduce 4 x 4 y—matrices for SO(4,1) v Ay = 2,
- 01-3 . —illy ills
o 3:( ) 1 ’7"'4:(. ) | ,}__.5:( | )

01-3 illo —illy
projection to Euclidean AdS4 o= izt [y, b

wha, = —(225)% = -1
additional constrants satistied using T = Z; [Eﬂ-f-’]ﬂ-b Zb S



add Poisson structure {z%, z,} = —idy {z“. Zb} ={z,.2;} =0

to recover so(4,2) Poisson bracket algebra for x#, x#

local coordinates (t=z'/z* i =1,2.3 z* £ 0
Q@(”* =14+ 1/‘24‘2’ and so CQ?* > 1 metric diag(+, +, —)
IS ¢+ PG+ PG f_
_. Cag:‘ 1 (-.)CPLQ
-k -1 -2 -3 ok
22 — S T6 6763 =676 boundary limit
¢ —1
T S e S w112 1212 132
T S S T S S CG=1CP I =1 =1
e o e m five-dimensional hyperboloid H~=
S B S S U i S
h GC: —1
lower hyperboloid H* h h k
s P L HICR I

TG -1



Poisson brackets on the six-dimensional phase space
ik ke ok -1k Sl
¢ G =G = D¢ = 97)
vanish in the boundary limit

Upon quantization, boundary of non-commutative C' P12 is commutative
Finally, project: 0 CPY? — 9 Euclidean AdS*

Future project:
quantize using a star product

o

asymptotically AdS? "
T ettt afitre KWillino vectore Y — 111, .
Non-commutative Killing vectors Ky™ = —Z[[x#, 27, - |,

. . -[L1* -
boundary limit K Kk 7

If true , can compute boundary correlators for the dual theory and check conformality

the end



