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Abstract. Let G/Q be the simple algebraic group Sp(n, 1) and Γ = Γ(N) a
principal congruence subgroup of level N ≥ 3. Denote by K a maximal com-
pact subgroup of the real Lie group G(R). Then a double quotient Γ\G(R)/K
is called an arithmetically de�ned, quaternionic hyperbolic n-manifold. In this
paper we give an explicit growth condition for the dimension of cuspidal coho-
mology H2n

cusp(Γ\G(R)/K,E) in terms of the underlying arithmetic structure
of G and certain values of zeta-functions. These results rely on the work of T.
Arakawa, [2].

1. Introduction and Generalities

1.1. Let G be a semisimple algebraic group over Q, K a maximal compact subgroup
of the real Lie group G(R) and g = Lie(G(R)). Then for each irreducible, �nite-
dimensional, complex representation E of G(R) and for each torsionfree arithmetic
subgroup Γ ⊂ G(Q) the space of cuspidal cohomology of S(Γ) = Γ\G(R)/K is
de�ned as the (g,K)-cohomology of the space of (smooth and K-�nite) cuspidal
L2-functions on Γ\G(R):

Hq
cusp(S(Γ), E) := Hq(g,K, L2

cusp(Γ\G(R))∞ ⊗ E).

Recall that a square-integrable function f : Γ\G(R) → C is called cuspidal, if all
of its constant Fourier coe�cients along proper parabolic Q-subgroups vanish. Let
Z(g) be the centre of the universal enveloping algebra U(gC) of the complexi�cation
gC = g⊗R C. It acts naturally on the (g,K)-module V (Γ) = L2

cusp(Γ\G(R))∞(K) of

smooth and K-�nite functions inside L2
cusp(Γ\G(R)). The subspace determined by

the Z(g)-�nite functions in V (Γ) equals the space of cuspidal automorphic forms
Acusp(Γ\G(R)) for the arithmetic group Γ.

It is well-known that one can construct each automorphic form on G out of cus-
pidal automorphic forms on smaller groups L ⊆ G. On the other hand, the the-
ory of unitary representations shows that the natural inclusion Acusp(Γ\G(R)) ↪→
L2
cusp(Γ\G(R)) gives rise to an isomorphism

Hq
cusp(S(Γ), E) ∼= Hq(g,K,Acusp(Γ\G(R))⊗ E),

pointing out deep arithmetic connections between cuspidal cohomology and auto-
morphic forms in general. In particular, a solid and comprehensive understanding
of cohomological automorphic forms should be preceded by a thorough analysis of
cuspidal cohomology.
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1.2. One can show that

Hq
cusp(S(Γ), E) =

⊕
π∈Ĝcoh

Hq(g,K, π(K) ⊗ E)m(π,Γ),

the sum ranging over the set Ĝcoh of all equivalence classes of irreducible, unitary,
cohomological representations π of G(R), all of which having �nite multiplicity

m(π,Γ) inside L2
cusp(Γ\G(R)). As Ĝcoh is known by Vogan and Zuckerman, [13], the

real problem in analyzing cuspidal cohomology consists in an e�ective description
of the multiplicities m(π,Γ). This question is far from being answered in this
generality, though, e.g., for discrete series representations π, non-vanishing results
have already been established by a wide range of people. See, e.g., [12]. Recall
that (g,K)-cohomology of a (cohomological) discrete series representation is one-
dimensional in the middle degree q = 1

2 (dimR G(R) − dimR K) and vanishes in
all other degrees. In this paper we deal with the multiplicities of such discrete
series representations in the setup of arithmetically de�ned quaternionic hyperbolic
n-manifolds.

2. Quaternionic hyperbolic space

2.1. Let G be the simple algebraic group Sp(n, 1) to be de�ned as the group
of isometries of a non-degenerate Hermitian form of signature (n, 1) on a de�-
nite quaternion algebra B over Q. It is a connected, non-quasisplit inner form of
Sp2(n+1) (the Q-split group of Cartan-type Cn+1) of ranks rkQ(G) = rkR(G) = 1.
The associate real Lie group G(R) has discrete series. A maximal compact sub-
group K of G(R) is isomorphic to K = Sp(1)×Sp(n). The Riemannian symmetric
quotient

Hn := G(R)/K
is called the quaternionic hyperbolic n-space, which is of dimension dimR Hn = 4n.
Fix a maximal order O of B. Then the principal congruence subgroup of G of level
N ≥ 3 is given explicitly as Γ = Γ(N) = {g = (gij) ∈ G(Q)|gij − δij ∈ NO},
where δij is the Kronecker delta-function. The condition N ≥ 3 ensures that it
is �nice�, meaning that for each γ ∈ Γ for which there is a positive integer ℓ such
that γℓ is unipotent, γ itself must be unipotent. This particularly implies that Γ
is torsionfree. We call the locally symmetric space S(Γ) = Γ\Hn an arithmetically
de�ned quaternionic hyperbolic n-manifold.

2.2. The aim of this paper is to give a concrete formula which expresses the mul-
tiplicity m(π,Γ) of certain cohomological discrete series representations π of G(R)
in terms of the arithmetic of the underlying quaternion algebra B and values of
the classical Riemannian ζ-function. In particular this will give rise to a growth
condition of the dimension of the space of cuspidal cohomology of Γ in the middle
degree q = 1

2 dimR Hn = 2n, cf. 1.2. Similar results have already been obtained
for arithmetically de�ned, real and complex hyperbolic manifolds, see, e.g., [10] for
SO(n, 1).

We will achieve this using Selberg's Trace Formula for groups of R-rank one to-
gether with T. Arakawa's explicit calculations for certain integrable discrete series
of G = Sp(n, 1). To be more precise, let λ be the highest weight of our �nite-
dimensional representation E of G(R). Suppose that λ = (ν−2n)ϖ1, where ν > 4n
is an integer and ϖ1 is the �rst fundamental weight of gC. Then Arakawa showed
in [2], Lemma 2.10.(ii), that the discrete series representation A(λ) which is of
Harish-Chandra parameter λ + ρ (ρ being the sum of all fundamental weights) is
integrable. Whence, by [8], p. 305, we can compute the multiplicity m(A(λ),Γ)
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as a sum of terms showing up in the Selberg Trace Formula. The fact that Γ is
�nice� simpli�es this sum ([2], Lemma 5.5). Observing Harish-Chandra's �Selberg
principle� ([6], Thm. 11)) we end up in calculating the contribution of the central
and of the unipotent elements of Γ to the Selberg Trace Formula. If n ≥ 2, this
last contribution was shown to vanish by Arakawa in [2], Prop. 5.4. Therefore we
arrive at the following formula

m(A(λ),Γ) = dλvol(Γ\G(R)).

Here, dλ is the formal degree of A(λ) and vol(Γ\G(R)) the covolume of Γ in G(R).
Both numbers are de�ned with respect to a re-scaled version of the standard Haar
measure on G(R), given as follows: We assume that a minimal parabolic subgroup
P has been �xed. Assume that L is a Levi subgroup of P with maximal, central
Q-split torus A and N is an unipotent radical of P . As usual we write ρP for the
half sum of positive restricted roots of G(R) with respect to A(R), counted with
multiplicity. Fix the Lebesgue measures on the Lie algebras a and n, which are
normalized relative to the Euclidean structure associated with the Killing form.
Exponentiating it, we get a Haar measure da on A(R)◦ and dn on N(R). Let us
also denote by dk the unique Haar measure on K, which gives it total volume one.
Then our Haar measure on G(R) is de�ned as

dg(g) = 1√
2
eρP log(a)dk(k)da(a)dn(n),

where g = kan according to the Iwasawa decomposition G(R) = KA(R)◦N(R).

3. The central contribution

3.1. The covolume. In order to calculate vol(Γ\G(R)) we use the following
notation: If R = Z (resp. Zp) and K = Q (resp. Qp) we write for short
G(R) := G(K) ∩ GLn+1(O ⊗Z R). Further, we denote by S(B) the set of �nite
primes p, where B rami�es. Now we observe that Γ = Γ(N) has �nite index
hN = |Γ\G(Z)| in G(Z). Hence, vol(Γ\G(R)) = hNvol(G(Z)\G(R)) and we can
concentrate on calculating the covolume of G(Z) in G(R). This is done in the next
proposition.

Proposition 3.1. We have

vol(G(Z)\G(R)) =
24nπ2n

(2n+ 1)!

n+1∏
j=1

 (2j − 1)!

(2π)2j
ζ(2j)

∏
p∈S(B)

(pj + (−1)j)

 .

Proof. Let Gp (resp. Gp) be the smooth a�ne Zp-group scheme associated with

Sp2(n+1)(Zp) (resp. G(Zp)) and denote by G p (resp. Gp) the group Gp ×Zp Fp

(resp. Gp×Zp Fp). Then both G p and Gp admit a Levi decomposition over Fp with

Levi Fp-subgroups L p and Lp, say. Using Prasad's volume formula, cf. [9], Thm.
3.7, the volume for G(Z)\G(R) with respect to the Euler-Poincaré-measure equals

volEP (G(Z)\G(R)) = χEP (U/K) ·
n+1∏
j=1

mj !

(2π)mj+1
Tam(G)

∏
p

p
1
2 (dimFp Lp+dimFp L p)

|Lp(Fp)|
,

where U = Sp(n+ 1) is the compact dual of G and χEP (U/K) denotes the Euler-
Poincaré-characteristic of the compact symmetric space U/K (which is nothing but
the quaternionic projective space P(Hn)). Also, Tam(G) denotes the Tamagawa
measure of G, which equals Tam(G) = 1, G being simply connected.
The integers mj can be found, e.g., in [9], 1.5: mj = 2j − 1.
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For a prime p /∈ S(B), G splits over Qp. Thus, dimFp Lp = 2(n+ 1)2 + n+ 1 and

|L(Fp)| = |Sp2(n+1)(Fp)| = p(n+1)2
n+1∏
i=1

(p2i − 1).

The last equation is proved in [7], 1.2. Having collected this information, we can
rewrite the covolume with respect to the Euler-Poincaré-measure as

volEP (G(Z)\G(R)) = χEP (U/K)

n+1∏
j=1

 (2j − 1)!

(2π)2j
ζ(2j)

∏
p∈S(B)

λp

 ,

if we set for p ∈ S(B)

λp = p
1
2 (dimFp Lp−dimFp L p)

|Sp2(n+1)(Fp)|
|Lp(Fp)|

.

The exact values for λp can be found in [4], 8, (8.10): λp =
∏n+1

j=1 (p
j + (−1)j). It

is well-know (cf. [11], the proof of Prop. 4.5) that

vol =
volg0(U/K)

χEP (U/K)
volEP ,

where volg0 denotes the volume uniquely determined by the canonical Riemannian
metric g0 on U/K = P(Hn) which gives it geodesic diameter π. For details, see [3].
Ibidem, (3.10), we can �nd the volume-formula

vol 1
2 g0

(P(Hn)) =
π2n

(2n+ 1)!
.

Since stretching the metric 1
2g0 to its double g0 multiplies the corresponding volume

by 2dimR P(Hn) = 24n, the proposition is proved. �

3.2. The formal degree. We need to calculate the formal degree dλ of A(λ).
One can do this by inserting in the general formula mentioned in [8] or one uses
the concrete calculations in [2], Proposition 2.9, to get

Proposition 3.2. The formal degree dλ of A(λ), λ = (ν−2n)ϖ1, ν > 4n, is given
as

dλ =
(ν + 1)!

24nπ2n(ν − 2n)!
.

4. The main result

4.1. We summarize the results of the previous section in the following

Theorem 4.1. Let G be the simple algebraic group Sp(n, 1), n ≥ 2, de�ned via a
quaternion algebra B (as in 2.2) and Γ = Γ(N) a principal congruence subgroup of
level N ≥ 3. Let E = Eλ be a �nite-dimensional, irreducible, complex representa-
tion of the Lie group G(R) of highest weight λ = (ν − 2n)ϖ1 and suppose ν > 4n.
Then the multiplicity of the discrete series representation A(λ) of Harish-Chandra
parameter λ+ ρ within the space L2

cusp(Γ\G(R)) of classical cusp forms is given by

m(A(λ),Γ) =
hN (ν + 1)!

(2n+ 1)!(ν − 2n)!

n+1∏
j=1

 (2j − 1)!

(2π)2j
ζ(2j)

∏
p∈S(B)

(pj + (−1)j)

 .

In particular, this establishes a growth condition for the dimension of the space of
cuspidal cohomology H2n

cusp(Γ\Hn, E).
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The (in fact more di�cult) case n = 1 was already treated by Arakawa in details
in [1], Thm. 2 and transferred to the cohomological setting by us in [5], Prop. 7.1.
The resulting growth condition of dimC H2

cusp(Γ\H1, E) is in fact identical to the
one given in our above theorem (for n = 1), except that now the contribution of
the unipotent elements of Γ does not vanish.
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