
RELATIONS OF RATIONALITY FOR SPECIAL VALUES OF
RANKIN–SELBERG L-FUNCTIONS OF GLn ×GLm OVER CM-FIELDS

HARALD GROBNER AND GUNJA SACHDEVA

Abstract. In this article we establish an “automorphic version” of Deligne’s conjecture for
motivic L-functions in the case of Rankin–Selberg L-functions L(s,Π × Π′) of GLn × GLm
over arbitrary CM-fields F . Our main results are of two different kinds: Firstly, for arbitrary
integers 1 ≤ m < n, and suitable pairs (Π,Π′) of cohomological automorphic representations, we
relate critical values of L(s,Π×Π′) with a product of Whittaker periods attached to Π and Π′,
Blasius’s CM-periods of Hecke-characters and certain non-zero values of standard L-functions.
Secondly, these relations lead to quite broad generalizations of fundamental rationality-results
of Waldspurger, Harder–Raghuram and others.

Introduction

Motivated by conjectures of Deligne, Bellinson and Bloch-Kato, significant progress has been
made in the study of special values of automorphic L-functions within the last decades. In this
paper we continue this series of results on by treating the case of Rankin–Selberg L-functions
over arbitrary CM-fields F . More precisely, let 1 ≤ m < n be arbitrary integers and let Π and Π′

be cohomological cuspidal automorphic representations of GLn(AF ) and GLm(AF ), respectively.
If the infinity types of Π and Π′ are compatible (in a sense to be made precise below) we will
prove relations of rationality for a certain string of special values of the attached Rankin-Selberg
L-function L(s,Π×Π′), which turn out to fit Deligne’s prediction: As a particular example, the
contributions of the archimedean components Π∞ and Π′∞ to our rationality-relations will be
expressed by explicit powers of (2πi), matching the ones conjectured by Deligne.

As compared to the extensive literature for the case GLn × GLn−1 – for F a CM-field we re-
fer in particular to [Kur78, Kur79], [GHar83], [Hid94], [Lin15], [Rag16], [Gro-MHar16], [Gro18],
[Gro-Lin19], [Jan19] – the rank m of our second GL-factor GLm being in principle any integer
1 ≤ m < n (for suitable pairs (Π,Π′)) is arguably one of the most notable features of this article.
In this regard, the results of this paper should not only be seen as an extension of the series of
results mentioned above, but also of the approach taken in [Lin15] and by the second named
author in her thesis [Sac19]. We also refer to the very recent [Rag19], where an application of
our main result in the special case of the standard L-function (i.e., m = 1) has been proven by
a different approach.

Main results and applications. The main outcome of the present article is Thm. 3.1 (reviewed
as Main Result below) and its two applications (reviewed as Application I & II). However, the
aforementioned main result reads somewhat technical and moreover turns out to be quite involved
in its assumptions and assertions; on the other hand, the two aforementioned applications are
much lighter statements, providing wide generalizations of important results of Waldspurger
(Application I) and Harder–Raghuram (Application II), as well as of other people, but certainly
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these applications are just corollaries of our technical main result. We frankly admit that this
makes it hard for the authors to really say which is more important. We leave it to the reader
to decide.

The main result. From now on F denotes an arbitrary CM-field with maximal totally real sub-
field F+. The quadratic Hecke character associated with F/F+ admits a unitary extension to
A×F which is denoted η. Then by construction η ‖ · ‖−1/2 is algebraic. See §1.1 for details.
For an integer n ≥ 2 we let Π be an (irreducible) subrepresentation of the subspace of cuspidal
functions in L2(GLn(F )R+\GLn(AF )). As above, we shall assume that Π is cohomological, i.e.,
there exists a finite-dimensional, irreducible algebraic representation Eµ of the real Lie group
Gn,∞ := GLn(F ⊗Q R) such that Π∞ has non-trivial relative Lie algebra cohomology with re-
spect to Eµ. Here, µ stands for the highest weight of Eµ (depending on a choice of a Borel
subgroup Bn ⊂ Gn). Choosing coordinates one may indeed identify it with µ = (µv)v∈S∞ where
µv = (µv,1, ..., µv,n) ∈ Zn and µv,1 ≥ ... ≥ µv,n.

Consider now another integer m, such that 1 ≤ m < n. We define Π′ in analogy to Π above as an
(irreducible) subrepresentation of the subspace of cuspidal functions in L2(GLm(F )R+\GLm(AF ))
but which is now assumed to be conjugate self-dual with respect to the non-trivial Galois au-
tomorphisms of F/F+ and with the property that Π′alg := Π′ ⊗ ηe is cohomological. Here,
e ∈ {0, 1} and e = 0 if and only if n 6≡ m mod 2.

The reason for introducing the twist Π′alg = Π′ ⊗ ηe, i.e., for assuming different conditions
on cohomology for n and m is explained by the following construction: In order to be able to use
the main result of [Gro18] (which is the starting-point of our proof), we choose any conjugate self-
dual Hecke characters χ1,...,χn−m−1 of A×F such that the isobaric sum Σ := Π′�χ1� ...�χn−m−1

is cohomological with respect to algebraic coefficients Eµ′ : It turns out that such a choice can
be made if and only if Π′alg, rather than Π′ itself, is cohomological. We will say that the in-
finity types of Π and Π′ are compatible (or, more metaphorically, satisfy the “piano-condition”,
see (1.8) and below), if a choice of Σ can be made such that HomGn−1,∞ [Eµ⊗Eµ′ ,C] is non-trivial.

With these assumptions non-zero Whittaker periods p(Π), p(Π′alg), respectively CM-periods
p(χiχ

−1
j ,Ψχiχ

−1
j

), have been defined in [Rag-Sha08], [Gro18], respectively [Bla86]. By their very
construction their product is well-defined up to multiplication by non-zero elements in a certain
number field Q(Π)Q(Π′alg)Ecm, where Ecm is an abbreviation for a number field, which depends
on the chosen characters χi and contains a Galois closure FGal ⊂ Q̄ of the extension F/Q. We
refer to §1.6 and in particular 2.4 below for details.

We are now in the position to state our

Main Result. Assume that HomGn−1,∞ [Eµ ⊗ Eµ′ ,C] is non-trivial and let s0 = 1
2 + k be any

critical point of L(s,Π× Σ). If k 6= 0, then

LS(1
2 + k,Π×Π′) ∼ (2πi)[F+:Q]((n−1)((k−1

2 )n−1))+
1
2 (n−m−1)(n−m−2)) p(Π) p(Π′alg)

·
∏

1≤i<j≤n−m−1

p(χiχ
−1
j ,Ψχiχ

−1
j

)
n−m−1∏
j=1

LS(1,Π′ ⊗ χ−1
j )

LS(1
2 + k,Π⊗ χj)

,(0.1)

the relation “∼” being over the number field Q(Π)Q(Σ)Q(η‖ · ‖−1/2)Ecm.
If k = 0, i.e., if s0 = 1

2 denotes the central critical point, then the same relation holds under
certain conditions of regularity on Π∞ and Σ∞ as well as a global non-vanishing hypothesis, see
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Thm. 3.1. Moreover, if n is even and m is odd, then all L-values LS(1
2 +k,Π×Π′), LS(1,Π′⊗χ−1

j )

and LS(1
2 + k,Π⊗ χj) in (0.1) are critical.

The reader should observe that this result is “best possible” in as such that the individual quan-
tities on the right hand side are only well-defined up to multiplication by an element in the
number field Q(Π)Q(Σ)Q(η‖ · ‖−1/2)Ecm. We also remark that if k 6= 0, then the denominators
LS(1

2 + k,Π ⊗ χj) in (0.1) are non-zero, which is in turn part of the global non-vanishing hy-
pothesis for the central case k = 0 mentioned in our Main Result.

If m = n−1, then our Main Result becomes Thm. 5.2 from [Gro-Lin19] for cuspidal automorphic
representations, which refined the main result of [Rag16] over CM-fields by giving an explicit
power of (2πi) instead of an abstract archimedean period. It is worth noting that this power is
precisely what is predicted by Deligne’s conjecture on critical values of motivic L-functions, cf.
[Del79], generalizing Euler’s classical result on the nature of ζ(k) at even, positive integers. We
refer to [Gro-Lin19], Rem. 5.8, for a more detailed exposition.

On the other extreme, if m = 1, i.e., if we look at the twisted standard L-function of Π, then we
retrieve at once Thm. 3.9, Cor. 5.7 and Thm. 6.11 of [Gro-MHar16], as well as a variant of the
main result of [Rag19] over CM-fields. For general m our Main Result should hence be viewed
as a theorem relating special values of L(s,Π×Π′) with periods and quotients of special values
of (other) standard L-functions. As already mentioned above, we refer to Thm. 3.1 for a proof.

Main applications. Our Main Result has the following two implications, which generalize im-
portant results of Waldspurger (see Application I) and Harder–Raghuram (see Application II).
Indeed, in [Wal85b] Waldspurger has established a rationality result for the quotient L(1

2 , π ⊗
α)/L(1

2 , π ⊗ β) of the standard L-functions attached to the twisted cohomological cuspidal au-
tomorphic representations π ⊗ α and π ⊗ β of GL2 over any number field at their joint critical
value s0 = 1

2 . More precisely, here α and β are assumed to be quadratic Hecke characters hav-
ing the same archimedean component α∞ = β∞, π denotes a cohomological unitary cuspidal
automorphic representation of GL2 and L(1

2 , π ⊗ β) is supposed to be non-zero. Under these
assumptions, Waldspurger’s rationality-relation is of the form

L(1
2 , π ⊗ α)

L(1
2 , π ⊗ β)

∼Q(π)
p(α)

p(β)
,

the two period-invariants p(α), p(β) only depending on α respectively β and the archimedean
component of the cuspidal representations π. See [Wal85b], p. 174.

In this paper we generalize Waldspurger’s result to the case of quotients of standard L-functions
of GLn/F where n ≥ 2 is arbitrary, s0 = 1

2 + k a more general special value while F is any
CM-field. More precisely, we let α and β be any conjugate self-dual Hecke characters of A×F such
that α∞ = β∞ and such that, writing αv(z) = βv(z) = zav z̄−av at v ∈ S∞, the following two
conditions are satisfied: av ∈ n

2 + Z and µv,1 ≥ av ≥ µv,n. This ensures that there is always a
choice of conjugate self-dual Hecke characters χ1, ..., χn−2, such that the isobaric automorphic
sums Σα = α�χ1 � ...�χn−2 and Σβ = β�χ1 � ...�χn−2 are cohomological with respect to an
algebraic coefficient module Eµ′ and such that HomGn−1,∞ [Eµ ⊗ Eµ′ ,C] is non-trivial. We obtain

Application I. Choose any conjugate self-dual Hecke characters χ1, ..., χn−2, such that the
isobaric automorphic sums Σα and Σβ are cohomological and such that HomGn−1,∞ [Eµ ⊗ Eµ′ ,C]

is non-trivial. Let s0 = 1
2 + k be any critical point of L(s,Π × Σα). If n is even, then all the

s0 = 1
2 + k are indeed critical for L(s,Π⊗ α) and L(s,Π⊗ β) and
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LS(1
2 + k,Π⊗ α)

LS(1
2 + k,Π⊗ β)

∼Q(Π)Q(Σα)Q(Σβ)Q(η‖·‖−1/2)Ecm(α;β;χ1;...;χn−2)

n−2∏
i=1

p(α,Ψαχ−1
i

)

p(β,Ψβχ−1
i

)
.

If k = 0, then we assume certain conditions of regularity on Π∞ and Σ∞ as well as a global
non-vanishing hypothesis, see Thm. 4.1.

We point out that Application I should furthermore be viewed as a generalization as well as a
certain refinement of a consequence of the main result of [Gro-Rag14b], Thm. 7.1.2, and [Jan16],
Thm. 8.2, established there for totally real fields F+ and achieved here for general CM-fields F .

Our final application deals with an extension of the main result of [GHar-Rag20]. There,
Harder–Raghuram achieved a fine relation of rationality between the quotients of consecutive
critical values of Rankin-Selberg L-functions over totally real fields F+ and so-called relative
periods denoted Ωε′(πf ): Let π and π′ be cohomological cuspidal automorphic representations
of GLn(AF+), resp. GLm(AF+), and let S be any finite set of non-archimedean places, where π
or π′ are ramified. Suppose that both −n+m

2 and 1− n+m
2 are critical for L(s, π × π′v) and that

L(1− n+m
2 , π× π′v) is non-zero. If n is even and m is odd [GHar-Rag20], Thm. 7.40, shows that

LS(−n+m
2 , π ⊗ π′v)

LS(1− n+m
2 , π ⊗ π′v)

∼Q(π)Q(π′) Ωε′(πf ).

In [Gro-Lin19] this result has recently been given a generalization and refinement for cohomo-
logical cusp forms of GLn(AF )×GLn−1(AF ), again F denoting any CM-field.

Here we take up the CM-case for general even n and odd m. We obtain

Application II. Suppose that 1 ≤ m < n are integers, m odd and n even. We assume that Π is
obtained by weak base change from a unitary tempered cuspidal automorphic representation π of
some rational similitude group GU(V )/Q. Its infinite component π∞ is supposed to belong to the
antiholomorphic discrete series and to be cohomological with respect to an algebraic coefficient
module of GU(V )(R) which is defined over Q. Let Π′ be a conjugate self-dual cuspidal automor-
phic representation of GLm(AF ), satisfying the conditions of our Main Result and let S be any
finite set of places of F , containing the archimedean ones, such that Π and Π′ are unramified
outside S.
Let 1

2 + k and 1
2 + ` be two critical points of L(s,Π×Σ) with k, ` > n

2 , then
1
2 + k and 1

2 + ` are
indeed critical for L(s,Π×Π′) and the ratio of partial critical values satisfies

LS(1
2 + k,Π×Π′)

LS(1
2 + `,Π×Π′)

∼Q(Π)Q(Π′)FGal (2πi)[F+:Q](k−`)nm.

See Cor. 4.4 for all details and a proof. Here we only remark that the appearance of base
change is due to the fact that our proof uses the results of [Gue16], which in turn proved a
conjecture of Lin [Lin15]. As this already indicates, our Application II is hence a generalization of
a consequence of Thm. 10.8.1 from [Lin15], however, obtained by somewhat different techniques.

Acknowledgements. We are very grateful to Jie Lin for numerous inspiring suggestions and remarks. We
would also like to thank A. Raghuram for his helpful comments, which improved the exposition of the
results of this paper. We are indebted to the anonymous referee for her/his careful reading and various
very useful suggestions.
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1. Notation

1.1. Number fields and some particular Hecke characters. We let F be a CM-field, i.e.,
a totally imaginary quadratic extension of a totally real field F+. Consequently, the degree of
F over the rational numbers Q is even and we let 2d = [F : Q]. Abusing notation we identify
the set of archimedean places S∞ of F and F+: More precisely, we fix a so-called CM-type of
F first, i.e., we fix a choice of pairs of complex embeddings (ιv, ῑv), and then we identify the so
represented places v = (ιv, ῑv) of F , with the places of F+ through the first component ιv. We
will also fix a Galois closure FGal of F/Q in Q̄.

We denote by ‖ · ‖ the normalized absolute value on the ring of adèles AF . Let

ε : (F+)×\A×
F+ → C×

be the quadratic Hecke character associated to F/F+ via class field theory. As it is well-known,
(for what follows see, for instance [Bel-Che09, §6.9.2]) it is possible to extend ε to a conjugate
self-dual unitary Hecke character

η : F×\A×F → C×,
so that at v ∈ S∞ we have ηv(z) = (z/|z|)2t for z ∈ Fv ∼= C and t = tv ∈ 1

2 + Z. As
in [Bel-Che09, §6.9.2] we will abbreviate this by writing ηv(z) = ztz̄−t, keeping in mind the
possible sign ambiguities throughout. Furthermore, we may (and hence will) assume from now
on that t = 1

2 , i.e., ηv(z) = z1/2z̄−1/2, cf. [Bel-Che09, Lem. 6.9.2].
Finally, we may define a non-unitary, but algebraic Hecke character φ : F×\A×F → C×, by

letting
φ := η ‖ · ‖−1/2.

1.2. Algebraic groups and real Lie groups. Let n ≥ 1 be an integer. We will denote by
Gn := GLn/F the linear algebraic, general linear group over F . Let RF/Q be Weil’s restriction
of scalars. We will abbreviate Gn,∞ := RF/Q(Gn)(R): It is important to notice that the group

Gn,∞ =
∏
v∈S∞

GLn(Fv) ∼=
∏
v∈S∞

GLn(C)

– although in principle carrying a complex structure – is thought of as a real Lie group, namely
as the archimedean factor of Gn(AF ). Furthermore, we let Kn,∞ be the product of the center
Zn,∞ of Gn,∞ and a fixed maximal compact subgroup, i.e.,

K∞ ∼=
∏
v∈S∞

C∗U(n) ∼=
∏
v∈S∞

R+U(n).

From this it is clear of how to embed R+ as a subgroup of Zn,∞ (and hence of Kn,∞ and of Gn,∞):
An x ∈ R+ is sent onto the d-tuple of diagonal matrices (diag(x, x, ..., x))v∈S∞ ∈ Gn,∞. By gn,∞
we denote the real Lie algebra of Gn,∞ and use the analogous notation for the Lie algebras of
other Lie groups.

1.3. Equivalence relations and Galois equivariance.

Definition 1.1 (i). Let L ⊆ C a subfield and let x, y ∈ C. We write

x ∼L y,

if there is an ` ∈ L such that x = `y or `x = y.
(ii) Let K,L ⊂ C be subfields. Let x = {x(σ)}σ∈Aut(C) and y = {y(σ)}σ∈Aut(C) be two families
of complex numbers. We write

x ∼L y
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and say that this relation is equivariant under Aut(C/K), if either y(σ) = 0 for all σ ∈ Aut(C),
or if y(σ) 6= 0 for all σ ∈ Aut(C) and the following two conditions are verified:

(1) x(σ) ∼σ(L) y(σ) for all σ.

(2) σ
(
x(τ)

y(τ)

)
=
x(στ)

y(στ)
for all σ ∈ Aut(C/K) and all τ ∈ Aut(C).

Obviously, one may replace the first condition by requiring it only for all σ running through
representatives of Aut(C)/Aut(C/K). In particular, if K = Q, one only needs to verify it for
the identity id ∈ Aut(C).

The following lemma is well-known, see, e.g., [Gro-Lin19], Lem. 1.29:

Lemma 1.2. Let L ⊂ C be a number field, containing FGal. Let x = {x(σ)}σ∈Aut(C) and
y = {y(σ)}σ∈Aut(C) be as in Def. 1.1 and suppose that y(σ) 6= 0 for all σ ∈ Aut(C). If the complex
numbers x(σ) and y(σ) depend only on the restriction of σ to L, then the second condition of
Def. 1.1 implies the first.

Proof. Fix σ0 ∈ Aut(C). For any σ ∈ Aut(C) fixing σ0(L), one has σσ0 |L= σ0 |L. Hence
x(σσ0) = x(σ0) and y(σσ0) = y(σ0) by our assumptions. Moreover, since L ⊃ FGal, we know
σ ∈ Aut(C/F ). By the second condition, we have:

σ

(
x(σ0)

y(σ0)

)
=
x(σσ0)

y(σσ0)
=
x(σ0)

y(σ0)
.

Therefore,
x(σ0)

y(σ0)
∈ σ0(L) for all σ0 as claimed.

�

1.4. Cohomological automorphic representations. Let 1 ≤ m < n be any integers. Through-
out the paper, we will let Π be a unitary cuspidal automorphic representation of Gn(AF ) =
GLn(AF ) and let Π′ be a unitary cuspidal automorphic representation of Gm(AF ) = GLm(AF ),
in the sense of [Bor-Jac79, §4.6]. However, for convenience, we will not distinguish between a
cuspidal automorphic representation, its smooth automorphic LF-space completion or its (non-
smooth) Hilbert space completion in the L2-spectrum, cf. [Gro20] or [Gro-Žun20] for a detailed
account. In this regard, we will now specify our standing assumptions on their archimedean
components Π∞ and Π′∞.

1.4.1. The representation Π∞. Unless otherwise stated, throughout the paper we always assume
that Π∞ is cohomological, i.e., there exists an irreducible finite-dimensional algebraic repre-
sentation Eµ of Gn,∞ on a complex vector space, with respect to which Π∞ has non-trivial
(gn,∞,Kn,∞)-cohomology, cf. [Bor-Wal00]. As Π∞ is assumed to be unitary, Eµ must be conju-
gate self-dual and hence breaks as Eµ = Eµ ⊗ Eµ∨ , where Eµ = ⊗v∈S∞Eµv and we view again
each irreducible GLn(Fv) = GLn(C)-factor Eµv as being given by its highest weight µv. In terms
of the standard choice of a maximal split torus in GLn, positivity on the attached set of roots
and standard coordinates, this highest weight is an n-tuple of integers µv = (µv,1, ..., µv,n) ∈ Zn
with µv,1 ≥ ... ≥ µv,n. Let

ρn =
(
n−1

2 , n−3
2 , · · · ,−n−3

2 ,−n−1
2

)
,

be the half-sum of positive roots of GLn with respect to the same conventions. As a consequence
of classical results of Delorme–Enright, cf. [Enr79, Thm. 6.1 & 7.1], we see that the condition
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that Π∞ is cohomological with respect to Eµ is equivalent to the much more explicit condition
that

Πv
∼= IndGLn(C)

Bn(C) [z
`v,1
1 z̄

−`v,1
1 ⊗ · · · ⊗ z`v,nn z̄

−`v,n
n ]

with

(1.3) `v,i = −µv,n−i+1 + ρn,i

at each v ∈ S∞. Here, Bn is the standard Borel subgroup of Gn (determined by our choice of
positivity on the set of roots) and induction is normalized to preserve unitarity.

We will call a set of n real numbers {lv,i}1≤i≤n an infinity type at v ∈ S∞, if

lv,1 > lv,2 > ... > lv,n

i.e., if its members form a strictly decreasing string. As it is obvious from (1.3), {`v,i}1≤i≤n
from above is such a set, called the infinity type of Π at v ∈ S∞. Recalling the well-known
classification of irreducible unitary cohomological representations of Gn(C) from [Enr79] (see
also [Gro-Rag14a], §5.5, for a presentation tailor-made for our purposes here), the following
lemma is obvious:

Lemma 1.4. There is a bijection, defined by (1.3), between the equivalence classes of irre-
ducible unitary cohomological tempered representations of Gn(Fv) ∼= Gn(C) and the infinity types
{lv,i}1≤i≤n, for which lv,i ∈ n+1

2 + Z for all 1 ≤ i ≤ n.

As a last ingredient we will call a highest weight µ as above sufficiently regular, if µv,i−µv,i+1 ≥
2 for all v ∈ S∞ and 1 ≤ i ≤ n− 1.

1.4.2. The representation Π′∞. Similar to our assumptions on Π we will suppose that the twisted
representation Π′∞‖det‖(n−m−1)/2 is cohomological, or, equivalently, that

(1.5) Π′alg :=

{
Π′ if n− 1 ≡ m mod 2,
Π′ ⊗ η otherwise.

is cohomological. In terms of infinity types, this means that for each v ∈ S∞ and 1 ≤ i ≤ m,
there are av,i ∈ n

2 + Z with av,i > av,i+1, such that

Π′v
∼= IndGLm(C)

Bm(C) [z
av,1
1 z̄1

−av,1 ⊗ · · · ⊗ zav,mm z̄m
−av,m ].

1.4.3. An auxiliary representation Σ in piano-position. We extend the infinity type {av,i}1≤i≤m
of Π′v, at each place v ∈ S∞ to an infinity type of length n− 1, simply by choosing any distinct
bj,v ∈ n

2 + Z for 1 ≤ j ≤ n−m− 1, such that

(1.6) {av,i}1≤i≤m ∩ {bj,v}1≤j≤n−m−1 = ∅.
Denote this new infinity type by {`′v,i}1≤i≤n−1. As by construction `′v,i ∈ n

2 + Z for all 1 ≤ i ≤
n− 1, this is the infinity type of a unique cohomological irreducible unitary tempered represen-
tation of Gn−1(C) by Lemma 1.4.

Turning back to global representations, let χ1, ..., χn−m−1 be unitary Hecke characters with
χj,v(z) = zbj,v z̄−bj,v for all v ∈ S∞, i.e., such that χj‖ · ‖n/2 – or, specifying m = 1 in (1.5) that
χalg
j – is algebraic. We note that such characters exist, as it follows from [Wei56]. By its very

construction the isobaric automorphic sum

Σ := Π′ � χ1 � ...� χn−m−1

has our infinity type {`′v,i}1≤i≤n−1 from above and is therefore cohomological.
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Let Eµ′ be the unique irreducible algebraic coefficients module of Gn−1,∞ with respect to which
Σ∞ has non-trivial (gn−1,∞,Kn−1,∞)-cohomology. By the same reasoning as above, Eµ′ =
Eµ′ ⊗ E∨µ′ and writing µ′v = (µ′v,1, ..., µ

′
v,n−1) ∈ Zn−1 at v ∈ S∞ one has µ′v,1 ≥ ... ≥ µ′v,n−1

and

(1.7) `′v,i = −µ′v,n−i + ρn−1,i.

Henceforth we will assume that Π∞ and Σ∞ satisfy the piano-condition, by which we mean that

(1.8) µv,1 ≥ −µ′v,n−1 ≥ µv,2 ≥ −µ′v,n−2 ≥ ... ≥ −µ′v,1 ≥ µv,n.

Equivalently, HomGn−1,∞(Eµ⊗Eµ′ ,C) is non-zero (and hence one-dimensional), see [Goo-Wal09],
Thm. 8.1.1.

According to out previous definition, we call µ′ sufficiently regular, if µ′v,i − µ′v,i+1 ≥ 2 for
all v ∈ S∞ and 1 ≤ i ≤ n− 2.

1.5. Critical points of L-functions. For a moment let N,M ≥ 1 be any integers and let
π be an irreducible admissible representation of GLN (AF ) × GLM (AF ) for which a completed
standard L-function L(s, π) =

∏
v L(s, πv) is defined satisfying a global functional equation

L(s, π) = ε(s, π) ·L(1−s, πv), cf. [Bor79, §IV]. The following definition is modelled after [Del79],
Prop.-Def. 2.3:

Definition 1.9. A complex number s0 ∈ N−M
2 +Z is called critical for L(s, π) if both L(s, π∞)

and L(1 − s, πv∞) are holomorphic at s = s0. We write Crit(π) for the set of critical points of
L(s, π).

We proceed with the following simple observation

Observation 1.10. Recalling that Γ(s) does not vanish, the set of holomorphic points of
L(s, π∞) coincides with the intersection of the sets of holomorphic points of the archimedean
L-functions attached to the characters in the Langlands datum of π∞, cf. [Kna94], §4.

As a consequence we obtain the following lemma, which relates the critical points of L(s,Π×Σ)
to the critical points of the isobaric summands of Σ.

Lemma 1.11. The following hold
(i) If n 6≡ m mod 2, then Crit(Π× Σ) ⊆ Crit(Π×Π′).
(ii) If n is even and m is odd, then Crit(Π× Σ) = Crit(Π×Π′) ∩

⋂n−m−1
j=1 Crit(Π⊗ χj).

(iii) If m is odd, then s0 = 1 ∈ Crit(Π′ ⊗ χ−1
j ) for all 1 ≤ j ≤ n − m − 1. In any case

s0 = 1
2 ∈ Crit(Π× Σ).

Proof. After our Observation 1.10 only (iii) needs a short argument. Writing down L(s,Π′∞χ
−1
j,∞)

and L(1 − s,Π′v∞χj,∞), cf. [Kna94], §4, we see that the behaviour of holomorphy of these two
L-factors is the same as the one of∏

v∈S∞

m∏
i=1

Γ(s+ |ai,v − bv,j |) and
∏
v∈S∞

m∏
i=1

Γ(1− s+ | − ai,v + bv,j |).

By (1.6), ai,v − bv,j 6= 0 for all v ∈ S∞, 1 ≤ i ≤ m and 1 ≤ j ≤ n − m − 1. Whence,
|ai,v− bv,j | = |−ai,v + bv,j | ≥ 1, and so all the above Γ-factors are holomorphic at s0 = 1. Hence,
s0 = 1 ∈ Crit(Π′⊗χ−1

j ), if m is odd. The last assertion finally follows from the piano-hypothesis
(1.8) and [Gro18], §1.6.1.(4) or [Rag16], Thm. 2.21. �
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1.6. Whittaker periods, σ-twists and fields of rationality. Let Σ be as above. Unitarity
of all isobaric summands implies that

Σ ∼= IndGLn−1(AF )
P (AF ) [Π′ ⊗ χ1 ⊗ ...⊗ χn−1−m]

is fully induced from the standard parabolic F -subgroup P ⊆ GLn−1 with Levi component
LP ∼= GLm ×

∏n−m−1
j=1 GL1. Hence, a Whittaker period p(Σ) ∈ C× has been constructed in

[Gro-Lin19], Prop. 1.11 and Cor. 1.20. It recovers the original construction of Raghuram–Shahidi
for cuspidal representations. Hence, also p(Π), p(Π′alg) and p(χalg

j ) are all defined. We recall that
in [Gro-Lin19] the period p(χ) is normalized to p(χ) ∼Q(χ) 1 for all algebraic Hecke characters,
which we also may and do assume here.

We remark that it is intrinsic to the construction of these Whittaker periods, that they are
uniquely defined only up to multiplication by non-zero numbers in the respective field of ratio-
nality, i.e., if ν is any of the above representations, then p(ν) may be replaced by q · p(ν) for any
q ∈ Q(ν)× := CS(ν) where S(ν) := {σ ∈ Aut(C)|νf ∼= σνf} and σνf := νf ⊗σ−1 C. For cohomo-
logical automorphic representations ν as above, the rationality fields Q(ν) are number fields and
σνf is the finite component of a uniquely determined, cohomological automorphic representation
– denoted σν – justifying the notation Q(ν).

As a last ingredient, for each critical point s0 = 1
2 + k of L(s,Π × Σ), an archimedean period

p(k,Π∞,Σ∞) ∈ C× has been defined in [Gro18] 1.6.1.(6) as the weighted sum of archimedean
zeta-integrals. We do not repeat its precise definition here and rather refer to [Gro18], because
p(k,Π∞,Σ∞) will not show up in the final results of this paper, but plays the role of an auxiliary
quantity on the way there. Here we only point out that the normalization p(χ) ∼Q(χ) 1 for
all algebraic Hecke characters, together with two conditions of compatibility in the construction
of p(Σ) (cf. [Gro-Lin19], §1.5.3 for all details and further discussion) pin down p(k,Π∞,Σ∞)
uniquely.

2. Revisiting four results on period-relations

2.1. Our starting point: The main result of [Gro18]. We now recall the following algebraic-
ity result for the critical points of the L-function attached to a pair (Π,Σ):

Proposition 2.1 ([Gro18], Thm. 1.8). Let Π and Σ be cohomological automorphic representa-
tions as in §1.4. In particular, Π is a unitary cuspidal automorphic representation of Gn(AF ),
Σ = Π′�χ1 � ...�χn−m−1 the isobaric sum of a unitary cuspidal automorphic representation Π′

of Gm(AF ) and unitary Hecke characters χj, such that Π∞ and Σ∞ satisfy the piano-condition.
Then, for every critical point s0 = 1

2 + k of L(s,Π× Σ),

(2.2) LS(1
2 + k,Π× Σ) ∼Q(Π)Q(Σ) p(k,Π∞,Σ∞) p(Π) p(Σ),

which is equivariant under Aut(C).

In this result, we interpreted the left and the right hand side in relation (2.2) as families
x = {x(σ)}σ∈Aut(C) and y = {y(σ)}σ∈Aut(C) in the obvious way and we will continue to do
so henceforth in analogous situations. In the next three subsection we collect three additional
results from the theory of special values – one of them achieved by Blasius in [Bla86], whereas
the other two have only been quite recently established in joint work of the first-named author
in [Gro-Lin19]. These three results shall then be used afterwards in order to rewrite the above
statement (2.2) in a much more refined way, being the key-step in the proof of our first main,
new result.
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2.2. Step I: The archimedean period as a power of 2πi. Under certain conditions, J. Lin
and first-named author have computed the archimedean period-factor p(k,Π∞,Σ∞) from (2.2)
as a power of (2πi), see [Gro-Lin19], Cor. 4.30.

In order to recall this result also for the archimedean period p(0,Π∞,Σ∞) attached to the central
critical point s0 = 1

2 of L(s,Π× Σ), cf. Lemma 1.11, consider two cyclic extensions L and L′ of
F , of degree n resp. n − 1, which are still CM-fields. For an algebraic Hecke character χ of A×L
(resp. χ′ of A×L′), let Π(χ) (resp. Π(χ′)) be the automorphic induction from χ to Gn(AF ) (resp.
χ′ to Gn−1(AF )), cf. [Art-Clo89], Chp. 3, Thm. 6.2 (as completed in [Hen12], Thm. 3 (see also
[Clo17])). We denote

(2.3) Πχ :=

{
Π(χ) if n is odd,
Π(χ)⊗ η if n is even. and Πχ′ :=

{
Π(χ′) if n is even,
Π(χ′)⊗ η if n is odd.

It is argued in [Gro-Lin19], §4.5, that, given Π and Σ as in §1.4, one may always choose conjugate
self-dual algebraic Hecke characters χ and χ′ such that Πχ and Πχ′ are cuspidal automorphic
representations for which Πχ,∞ ∼= Π∞ and Πχ′,∞ ∼= Σ∞. Whenever we use the symbols Πχ and
Πχ′ it is from now on silently assumed that such a choice has been made. Our definition now
allows us to state

Proposition 2.4 ([Gro-Lin19], Cor. 4.30). Let Π and Σ be cohomological automorphic represen-
tation as in §1.4 and let s0 = 1

2 +k ∈ Crit(Π×Σ). Only if k = 0, i.e., if s0 = 1
2 denotes the central

critical point of L(s,Π × Σ), we additionally assume that µ and µ′ are both sufficiently regular
and that there exists a choice of χ, χ′ such that LS(1

2 ,Πχ ×Πχ′) 6= 0. With these assumptions

(2.5) p(k,Π∞,Σ∞) ∼Q(Π)Q(Σ)FGal (2πi)d(n−1)((k− 1
2

)n+1),

which is equivariant under Aut(C/FGal).

Remark 2.6. The reader, who is interested in the nature of our non-vanishing hypothesis for
the central critical value LS(1

2 ,Πχ×Πχ′) of the Rankin–Selberg L-function attached to a suitable
choice of twisted automorphically induced representations Πχ and Πχ′ , may find the following
remark illuminating: Let K ⊂ LL′ be a subfield and let NALL′/AK be the adelic extension of the
norm attached to the field extensions LL′/K. Then, it follows from the very construction of Πχ

and Πχ′ , cf. [Art-Clo89], Chp. 3, that we have an equality of partial L-values

LS(1
2 ,Πχ ×Πχ′) = LS(1

2 , (χ ◦NALL′/AL)(χ′ ◦NALL′/AL′ )(η ◦NALL′/AF )).

Our non-vanishing assumption – made only in the case, when we want to consider the archimedean
period p(0,Π∞,Σ∞) at the central critical value – hence reduces to a non-vanishing assump-
tion for a Hecke L-function on LL′, i.e., may be reduced from considering Rankin-Selberg L-
functions of type n × (n − 1) over F to standard L-functions of GL1/LL

′. In turn, the non-
vanishing of the latter L-functions is studied in many sources in the literature: The results
of Rohlich [Roh89], Ginzburg–Jiang–Rallis [Gin-Jia-Ral04], Eischen [Eis17] and most recently
Jiang–Zhang [Jia-Zha20] provide evidence that our non-vanishing assumption is indeed satisfied
in all cases that we consider. For a formal argument and analysis of this latter assertion we refer
to [Gro-Lin19], §4.5.1.

2.3. Step II: Breaking the period of Σ. As the next ingredient for rewriting (2.2), we will
decompose the Whittaker period p(Σ) in terms of the isobaric summands of Σ. The following is
a special case of another result of the first-named author’s recent work with J. Lin:
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Proposition 2.7. Let Σ = Π′ � χ1 � ... � χn−m−1 be a cohomological isobaric automorphic
representation as in §1.4. Assume in addition that all summands Π′ and χj are conjugate self-
dual. Then

(2.8) p(Σ) ∼Q(Σ)Q(φ)FGal p(Π
′alg)

n−m−1∏
j=1

LS(1,Π′ ⊗ χ−1
j )

∏
1≤i<j≤n−m−1

LS(1, χiχ
−1
j ),

which is equivariant under Aut(C/FGal).

Proof. We recall that by our conventions, cf. §1.6,
∏n−m−1
j=1 p(χalg

j ) ∈ Q×, whence the assertion
follows from [Gro-Lin19], Cor. 2.16. �

2.4. Step III: Relating LS(1, χiχ
−1
j ) to CM-periods. The last necessary ingredient for

rewriting (2.2) has been established by Blasius, cf. [Bla86]. He described the critical L-values
LS(1, χiχ

−1
j ) showing up in the formula (2.8) in terms of CM-periods p(χiχ−1

j ,Ψχiχ
−1
j

).

2.4.1. Review of CM-periods. The reader familiar with Blasius’s construction may skip this small
subsection and proceed directly to Prop. 2.9 below.
As a first observation, for any pair (i, j) with 1 ≤ i < j ≤ n − m − 1, the Hecke character
ξ := χiχ

−1
j is critical in the sense of Deligne, [Del79]: That means that ξ is algebraic and has

non-trivial archimedean components ξv for all v ∈ S∞. Clearly, the latter assertion follows from
our definition of {bv,j}1≤j≤n−m−1 being an infinity type for all v ∈ S∞, i.e., a set of strictly
decreasing real numbers. Hence, one may define another CM-type Ψξ of F by the rule

Ψξ := {v ∈ S∞|bv,i < bv,j} ∪ {v ∈ S∞|bv,i > bv,j}.

Let now ΨF be any CM-type of F . Attached to (ξ,ΨF ) one may define a CM-Shimura-datum as
in [MHar93], Sect. 1.1 and a number field E(ξ,ΨF ), which contains Q(ξ) and the reflex field of
the CM-Shimura-datum defined by ΨF . In particular, if ΨF = Ψξ, one may associate a non zero
complex number p(ξ,Ψξ) to this datum, as explained in the appendix of [MHar-Kud91]. This
number p(ξ,Ψξ) is well-defined modulo E(ξ,Ψξ)

× and called the CM-period attached to ξ. Let
us abbreviate Ecm(ξ) :=

∏
ΨF

E(ξ,ΨF ) and, resuming the notation χiχ−1
j ,

Ecm(χ1, ..., χn−m−1) :=
∏

1≤i<j≤n−m−1

Ecm(χiχ
−1
j ).

This field is a number field by construction, which contains the finite compositum of the number
fields FGal

∏
1≤i<j≤n−m−1 Q(χiχ

−1
j ), as defined in §1.6, but may be bigger than that.

The following result is proved in [Bla86]. We also refer to [MHar93], Prop. 1.8.1 (and the
attached erratum [MHar97], p. 82) or Thm 4.7 of [Gro-Lin19] for a slightly more tailor-made
presentation.

Proposition 2.9. Let χ1, ..., χn−m−1 be conjugate self-dual Hecke characters, such that χiχ−1
j

is algebraic and critical for all 1 ≤ i < j ≤ n−m− 1. Then
(2.10)∏
1≤i<j≤n−m−1

LS(1, χiχ
−1
j ) ∼Ecm(χ1,...,χn−m−1) (2πi)d

1
2 (n−m−1)(n−m−2)

∏
1≤i<j≤n−m−1

p(χiχ
−1
j ,Ψχiχ

−1
j

),

which is equivariant under Aut(C/FGal).
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3. Our main theorem

3.1. Special values for GLn × GLm, 1 ≤ m < n. We are now ready to prove our first new
result. To this end, recall that 1 ≤ m < n has been any pair of integers and that Π and Π′ have
been cohomological unitary cuspidal automorphic representations of GLn(AF ) and GLm(AF ),
respectively, the latter assumed to be conjugate self-dual as in §2. Our first main result will
relate special values of the partial Rankin-Selberg L-function L(s,Π × Π′) (all of them indeed
critical, if n and m are of different parity), to quantities only depending on Π, Π′ and a suitable
choice of auxiliary characters χj (as in §1.4.3).

Rendering this more precise, recall the Whittaker periods p(Π), p(Π′alg) attached to Π and
Π′alg and the CM-periods p(χiχ−1

j ,Ψχiχ
−1
j

) attached to a choice of auxiliary characters χj from

§1.6 and §2.4. Recall that when n is even and m is odd, then Π′alg = Π′ and χalg
j = χj for all

1 ≤ j ≤ n−m− 1. The following result may be seen as our main theorem:

Theorem 3.1. We let F be any CM-field and let 1 ≤ m < n be any integers. Let Π be a co-
homological unitary cuspidal automorphic representation of GLn(AF ) and let Π′ be a conjugate
self-dual cuspidal automorphic representation of GLm(AF ). Choose any conjugate self-dual Hecke
characters χ1, ..., χn−m−1, such that the isobaric automorphic sum Σ = Π′�χ1� ...�χn−m−1 is
cohomological and assume that (Π∞,Σ∞) satisfies the piano-hypothesis, (1.8). Let s0 = 1

2 + k ∈
Crit(Π× Σ) be any critical point of L(s,Π× Σ).
In the special case when k = 0 only, i.e., if s0 = 1

2 denotes the central critical point, we addition-
ally assume that the coefficient modules of Π∞ and Σ∞ are both sufficiently regular, cf. §1.4.1 and
§1.4.3, and that there exists a choice of Hecke characters χ, χ′ such that LS(1

2 ,Πχ × Πχ′) 6= 0,
cf. §2.2, as well as that LS(1

2 ,Π⊗ χj) 6= 0 for all 1 ≤ j ≤ n−m− 1.
Then

LS(1
2 + k,Π×Π′) ∼Q(Π)Q(Σ)Q(φ)Ecm(χ1,...,χn−m−1) (2πi)d((n−1)((k−1

2 )n−1))+
1
2 (n−m−1)(n−m−2)) p(Π) p(Π′alg)

·
∏

1≤i<j≤n−m−1

p(χiχ
−1
j ,Ψχiχ

−1
j

)
n−m−1∏
j=1

LS(1,Π′ ⊗ χ−1
j )

LS(1
2 + k,Π⊗ χj)

,(3.2)

which is equivariant under Aut(C/FGal). If n is even and m is odd, then all L-values LS(1
2 +

k,Π×Π′), LS(1,Π′ ⊗ χ−1
j ) and LS(1

2 + k,Π⊗ χj) are critical.

Proof. Putting our Steps I – III, i.e., equations (2.2), (2.5), (2.8), and (2.10), together and
observing the non-vanishing of LS(1,Π′ ⊗ χ−1

j ), cf. [Sha81], Thm. 5.1, we obtain

LS(1
2+k,Π×Σ) ∼Q(Π)Q(Σ)Q(φ)Ecm(χ1,...,χn−m−1) (2πi)d((n−1)((k−1

2 )n−1))+
1
2 (n−m−1)(n−m−2)) p(Π) p(Π′alg)

·
∏

1≤i<j≤n−m−1

p(χiχ
−1
j ,Ψχiχ

−1
j

)

n−m−1∏
j=1

LS(1,Π′ ⊗ χ−1
j ),
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which is equivariant under Aut(C/FGal). As LS(1
2 +k,Π×Σ) = LS(1

2 +k,Π×Π′)·
∏n−m−1
j=1 LS(1

2 +

k,Π⊗ χj) this yields,

LS(1
2 + k,Π×Π′) ∼Q(Π)Q(Σ)Q(φ)Ecm(χ1,...,χn−m−1) (2πi)d((n−1)((k−1

2 )n−1))+
1
2 (n−m−1)(n−m−2)) p(Π) p(Π′alg)

·
∏

1≤i<j≤n−m−1

p(χiχ
−1
j ,Ψχiχ

−1
j

)
n−m−1∏
j=1

LS(1,Π′ ⊗ χ−1
j )

LS(1
2 + k,Π⊗ χj)

,(3.3)

as a relation, which is equivariant under Aut(C/FGal), implying the first assertion. Hence,
assume now that n is even and m is odd. Criticality of LS(1

2 + k,Π× Π′), LS(1,Π′ ⊗ χ−1
j ) and

LS(1
2 + k,Π⊗ χj) is then implied by Lem. 1.11. This completes the proof. �

Remark 3.4. Our Thm. 3.1 has an obvious corollary / consequence for critical values LS(k,Π×
Π′) of Rankin–Selberg L-functions of type n × n – i.e., when both factors are of the same
rank n – but when Π′ is a (non-cuspidal) isobaric sum. Indeed, let Π′ := (Π1 � Π2)‖det‖1/2,
where Π1 and Π2 are conjugate self-dual cuspidal automorphic representations of GLm1(AF ) and
GLm2(AF ) respectively, such that m1 +m2 = n. If we assume that both summands Πi may be
completed using conjugate self-dual algebraic Hecke characters to cohomological isobaric sums
Σi on GLn−1(AF ), which satisfy the piano-hypothesis with respect to Π∞, then any 1

2 + k ∈
Crit(Π× Σ1) ∩ Crit(Π× Σ2) gives rise to a critical integer k ∈ Crit(Π×Π′). Hence, writing

LS(k,Π×Π′) = LS(1
2 + k,Π× (Π1 � Π2)) = LS(1

2 + k,Π×Π1) · LS(1
2 + k,Π×Π2)

we may apply Thm. 3.1 to both of the latter factors and derive a rationality result for the critical
values LS(k,Π×Π′). We leave the obvious details to the reader. Finally, it is now also clear how
one can obtain an analogous result if the representation Π′ is the twisted isobaric sum of r ≥ 3
conjugate self-conjugate cuspidal automorphic representations.

4. Main applications

In this section we provide a couple of applications of our main theorem, exemplifying the
strength of period-relations such as the ones established in Thm. 3.1.

4.1. Quotients of twisted standard L-functions at a joint special value. Our first main
application concerns the twisted standard L-function and is a broad generalization of the main
result of [Wal85b].

Ibidem, Waldspurger has shown a rationality result for the quotient L(1
2 , π ⊗ α)/L(1

2 , π ⊗ β)
of the standard L-functions attached to the twisted cohomological cuspidal automorphic repre-
sentations π ⊗ α and π ⊗ β of GL2 over any number field at their joint critical value s0 = 1

2 .
More precisely, here α and β are assumed to be quadratic Hecke characters having the same
archimedean component α∞ = β∞, π denotes a cohomological unitary cuspidal automorphic
representation of GL2 and L(1

2 , π ⊗ β) is supposed to be non-zero. Under these assumptions,
Waldspurger established a relation of the form

L(1
2 , π ⊗ α)

L(1
2 , π ⊗ β)

∼Q(π)
p(α)

p(β)
,

the two period-invariants p(α), p(β) only depending on α respectively β and the archimedean
component of the cuspidal representations π. See [Wal85b], p. 174.

Here we generalize Waldspurger’s result to the case of quotients of standard L-functions of
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GLn/F where n ≥ 2 is arbitrary, s0 = 1
2 + k a more general special value while F is any

CM-field. Our result reads as follows.

Theorem 4.1. Let F be any CM-field and let n ≥ 2 be an integer. We assume that Π is a cohomo-
logical unitary cuspidal automorphic representation of GLn(AF ) and let α and β be conjugate self-
dual Hecke characters of A×F having the same archimedean components αv(z) = βv(z) = zav z̄−av ,
v ∈ S∞. If av ∈ n

2 +Z and µv,1 ≥ av ≥ µn,v for all v ∈ S∞, then there is a choice of conjugate self-
dual Hecke characters χ1, ..., χn−2, such that the isobaric automorphic sum Σ = α�χ1�...�χn−2

is cohomological and such that (Π∞,Σα,∞) satisfies the piano-hypothesis, (1.8). Fix any such
choice and let s0 = 1

2 + k ∈ Crit(Π× Σα) be any critical point of L(s,Π× Σα).
In the special case when k = 0 only, i.e., if s0 = 1

2 denotes the central critical point, we addition-
ally assume that the coefficient modules of Π∞ and Σα,∞ are both sufficiently regular, cf. §1.4.1
and §1.4.3, and that there exists a choice of Hecke characters χ, χ′ such that LS(1

2 ,Πχ×Πχ′) 6= 0,
cf. §2.2, as well as that LS(1

2 ,Π⊗ β) and LS(1
2 ,Π⊗ χj) 6= 0 for all 1 ≤ j ≤ n− 2.

We have

LS(1
2 + k,Π⊗ α)

LS(1
2 + k,Π⊗ β)

∼
n−2∏
i=1

p(α,Ψαχ−1
i

)

p(β,Ψβχ−1
i

)
.(4.2)

where the relation “∼” is equivariant under Aut(C/FGal) and over the number field

Q(Π)Q(Σα)Q(Σβ)Q(φ)Ecm(α, β, χ1, ..., χn−2)Ecm(α)Ecm(β)

n−2∏
i

Ecm(χ−1
i ).

If n is even, then all the s0 = 1
2 + k are indeed critical for L(s,Π⊗ α) and L(s,Π⊗ β).

Proof. The discussion in §1.4.3 together with our assumption that av ∈ n
2 +Z and µv,1 ≥ av ≥ µn,v

for all v ∈ S∞ implies immediately that there is a choice of conjugate self-dual Hecke characters
χ1, ..., χn−2, such that the isobaric automorphic sum Σ = α�χ1�...�χn−2 is cohomological and
such that (Π∞,Σα,∞) satisfies the piano-hypothesis. Hence, putting m = 1 and Π′ = α, the pair
(Π, α) of cuspidal representations on GLn(AF )×GL1(AF ) satisfies all the conditions of our Thm.
3.1 (with Σ = Σα). As it is again immediate, our assumption α∞ = β∞ implies that the isobaric
sum Σβ := β�χ1�...�χn−2 has the same archimedean component as Σα. Another short moment
of thought convinces us that consequently Σα and Σβ may be interchanged in the statement of
Thm. 4.1 without changing any assertion: Otherwise put, the pair (Π, β) automatically satisfies
all the conditions of our Thm. 3.1, letting Σ = Σβ . Hence, simply by inserting we obtain

LS(1
2 + k,Π⊗ α)

LS(1
2 + k,Π⊗ β)

∼Q(Π)Q(Σα)Q(Σβ)Q(φ)Ecm(χ1,...,χn−2)
p(αalg)

p(βalg)

n−2∏
i=1

LS(1, αχ−1
i )

LS(1, βχ−1
i )

which is equivariant under Aut(C/FGal). As the Whittaker periods p(αalg) and p(βalg) are both
chosen to be 1, cf. §1.6, and applying Blasius’s result, cf. Prop. 2.9, once more to

∏n−2
i=1 L

S(1, αχ−1
i )

and
∏n−2
i=1 L

S(1, βχ−1
i ), we get

LS(1
2 + k,Π⊗ α)

LS(1
2 + k,Π⊗ β)

∼Q(Π)Q(Σα)Q(Σβ)Q(φ)Ecm(α,χ1,...,χn−2)Ecm(β,χ1,...,χn−2)

n−2∏
i=1

p(αχ−1
i ,Ψαχ−1

i
)

p(βχ−1
i ,Ψβχ−1

i
)
.

Obviously, we may replace Ecm(αχ1, ..., χn−2)Ecm(β, χ1, ..., χn−2) by Ecm(α, β, χ1, ..., χn−2) in
the latter relation without any harm. For each 1 ≤ i ≤ n− 2 one has

p(αχ−1
i ,Ψαχ−1

i
) ∼Ecm(α)Ecm(χ−1

i ) p(α,Ψαχ−1
i

) p(χ−1
i ,Ψαχ−1

i
)
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and likewise for β taking the role of α, see [Gro-Lin19] Prop. 4.4. As α∞ = β∞ by assumption,
Ψαχ−1

i
= Ψβχ−1

i
by definition, cf. §2.4. This implies the first assertion of the theorem. The

second assertion follows applying Lem. 1.11. �

Remark 4.3 (Further interpretations). In [Gro-Rag14b] Raghuram and the first named au-
thor have achieved a rationality result for the critical values of the twisted standard L-function
L(s,Π ⊗ χ) using unspecified archimedean periods. Here, Π denotes a cohomological cuspidal
automorphic representation of GLn(AF+), admitting a Shalika model and χ is a Hecke character
of finite order. These assumptions necessarily imply that n is even as in the refined second
assertion of our Thm. 4.1 above. In this regard, Thm. 4.1 provides a generalization as well as a
certain refinement of a consequence of the main result of [Gro-Rag14b] over general CM-fields,
instead of totally real fields F+.

4.2. Quotients of a fixed Rankin-Selberg L-function at different critical values. Our
second application concerns quotients of a given Rankin-Selberg L-function LS(s,Π × Π′) of
general type n×m, 1 ≤ m ≤ n, at different critical values s = 1

2 + k and s = 1
2 + `.

Our result may be viewed as a generalization of
(i) the main result of Harder-Raghuram [GHar-Rag20], obtained there for Rankin-Selberg

L-functions of general type n×m, nm even, but over totally real fields F+, as well as
(ii) one of the main results of [Gro-Lin19], cf. Thm. 5.5, obtained there for general CM-fields

F , but for Rankin-Selberg L-functions of type n× (n− 1) only.
It should be pointed out though, that our result below is a rather mild generalization of a con-
sequence of the main result of [Lin15]: There Lin has achieved a very general, fine rationality-
result for Rankin-Selberg L-functions of type n×m, stated in [Lin15], Thm. 10.8.1 under a list
of additional local assumptions (and conjectures, but those were later proved in [Gue16] and
[Gro-Lin19]). We hence do not claim much originality from our side, but rather include the
following corollary of Thm. 3.1 for the sake of giving a new approach and an example of the use
of our period-relations.

In order to explain our result, recall weak base change BC from an arbitrary rational unitary
similitude group GU(V )/Q attached to a non-degenerate Hermitian space V of dimF+ V = n,
as established in [Shi14]. Strictly speaking, the construction of BC in [Shi14] entails the claim
that F = KF+ for some imaginary quadratic field K, which we shall henceforth assume. The
same assumption has been made in [Gue16], §5, which we shall use in the proof of our Cor. 4.4
below. Then, for every cohomological cuspidal automorphic representation π of GU(V )(AQ) a
base change BC(π) = χπ ⊗ Π has been constructed in [Shi14]: Here, χπ is a Hecke character of
A×K, while Π is a conjugate self-dual isobaric automorphic representation of GLn(AF ). By results
of Delorme-Enright, cf. [Enr79], Π∞ is cohomological as well. See also [Lab11], §5.1 and [Clo91],
§3.4.

Corollary 4.4. Let F = KF+ be a CM-field and suppose that 1 ≤ m < n are integers, n even and
m odd. We let Π = BC(π)|GLn(AF ) be a cuspidal automorphic representation of GLn(AF ) which
we assume to be obtained by weak base change from a unitary tempered cuspidal automorphic
representation π of some rational similitude group GU(V )/Q. Its infinite component π∞ is
supposed to belong to the antiholomorphic discrete series and to be cohomological with respect to
an algebraic coefficient module of GU(V )(R) which is defined over Q.
Let Π′ be a conjugate self-dual cuspidal automorphic representation of GLm(AF ), satisfying the
conditions of Thm. 3.1.
Let 1

2 + k and 1
2 + ` be two critical points of L(s,Π×Σ) with k, ` > n

2 . Then
1
2 + k and 1

2 + ` are
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indeed critical for L(s,Π×Π′) and the ratio of critical values satisfies

LS(1
2 + k,Π×Π′)

LS(1
2 + `,Π×Π′)

∼Q(Π)Q(Π′)FGal (2πi)d(k−`)nm,

which is equivariant under Aut(C/FGal).

Proof. By Thm. 3.1, the quotient of critical values satisfies

(4.5)
LS(1

2 + k,Π×Π′)

LS(1
2 + `,Π×Π′)

∼Q(Π)Q(Σ)Ecm(χ1,...,χn−m−1) (2πi)d(k−`)(n−1)n·
n−m−1∏
j=1

LS(1
2 + `,Π⊗ χj)

LS(1
2 + k,Π⊗ χj)

,

which is equivariant under Aut(C/FGal). Moreover, obviously, both sides of this relation are
invariant under all σ ∈ S(Π)∩S(Π′)∩S({χ1, ..., χn−m−1}), where S({χ1, ..., χn−m−1}) denotes
the group of all σ ∈ Aut(C) such that {σχ1, ...,

σχn−m−1} = {χ1, ..., χn−m−1}. Therefore, by Lem.
1.2, relation (4.5) holds over every field L, which contains FGal and the subfield of C, fixed by
S(Π) ∩S(Π′) ∩S({χ1, ..., χn−m−1}). In particular, (4.5) holds over the compositum of number
fields Q(Π)Q(Π′)Q({χ1, ..., χn−m−1})FGal.

Now observe that by Lem. 1.11 1
2 + k and 1

2 + ` are both critical for all L(s,Π⊗ χj), 1 ≤ j ≤
n −m − 1. As we also assumed that k, ` > n

2 , our additional assumption on Π being obtained
by base change from π hence allows us to use Guerberoff’s theorem, [Gue16], Thm. 4.5.1, on
non-central critical values of standard L-functions. (The careful reader may want to use §4.2
in [Gro-Har-Lin18] in combination with [KMSW14], Thm. 1.7.1, which confirms Guerberoff’s
Hypothesis 4.5.1 for our representation π.) Hence, simply by inserting into Guerberoff’s formula,
we obtain

n−m−1∏
j=1

LS(1
2 + `,Π⊗ χj)

LS(1
2 + k,Π⊗ χj)

∼Qaux(π,{χj}) (2πi)d(n−m−1)n(`−k),

which is equivariant under Aut(C/FGal). Here, Qaux(π, {χj}) denotes any number field over
which πf and all characters χj,f are defined (such a field exists, e.g., by [Gro-Seb17], Thm.
A.2.4). Collecting the powers of (2πi) we hence obtain

(4.6)
LS(1

2 + k,Π×Π′)

LS(1
2 + `,Π×Π′)

∼Q(Π)Q(Π′)Q({χ1,...,χn−m−1})Qaux(π,{χj})FGal (2πi)d(k−`)nm.

As we have seen, relation (4.6) is equivariant under Aut(C/FGal) and both sides are invariant
under every σ ∈ S(Π) ∩S(Π′). Hence, applying Lem. 1.2 once more, we see that this relation
actually holds over any field containing FGal and the field of rationality of S(Π) ∩ S(Π′). In
particular, (4.6) holds over the number field Q(Π)Q(Π′)FGal, which shows the claim. �

Remark 4.7 (Further interpretations). In [Jan19] Januszewski recently achieved a conditional
rationality-result for Rankin-Selberg L-functions of type n× (n− 1) with precise powers of (2πi)
as archimedean contributions, recovering the result of Harder–Raghuram, [GHar-Rag20] in the
case of n × (n − 1) as a consequence (under the given hypotheses). Hence, our Cor. 4.4 may
also be seen as an unconditional generalization of a consequence of the main result of [Jan19] for
more general pairs n×m and over CM-fields F = KF+.

Most recently, Raghuram has presented a different approach to our corollary in the special
case of m = 1 (i.e., the standard L-function) through automorphic induction, see Thm. 1 in
[Rag19]
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