ON SOME ARITHMETIC PROPERTIES OF AUTOMORPHIC FORMS OF
GL,, OVER A DIVISION ALGEBRA

H. GROBNER AND A.RAGHURAM

AssTrACT. In this paper we investigate arithmetic properties of automorphic forms on the group G’ =
GLy,/D, for a central division-algebra D over an arbitrary number field F. The results of this article are
generalizations of results in the split case, i.e., D = F, by Shimura, Harder, Waldspurger and Clozel for
square-integrable automorphic forms and also by Franke and Franke-Schwermer for general automorphic
representations. We also compare our theorems on automorphic forms of the group G’ to statements
on automorphic forms of its split form using the global Jacquet-Langlands correspondence developed by
Badulescu and Badulescu-Renard. Beside that we prove that the local version of the Jacquet-Langlands
transfer at an archimedean place preserves the property of being cohomological.
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1. INTRODUCTION AND STATEMENTS OF RESULTS

Let D be a central division algebra of index d over a number field F'. The group G’ = GL,,,/D of invertible
m X m - matrices with entries in D defines a connected, reductive group over F' and is an inner form of the
split general linear group G = GL,,/F, n = dm. In the split case, i.e., if D = F, many important results
on the arithmetic theory of automorphic forms are known due to several people. Within the scope of the
present paper, for cusp forms one should particularly mention the work of Shimura [35] for n = 2 and F
totally real, Harder [15] and Waldspurger [41] for n = 2 and any F', Clozel [§] for general n and F'; and for
general automorphic forms of the group G we mention Franke [II] and Franke-Schwermer [12]. In [4I] one
may also find results in the very special non-split case m = 1 and d = 2.

The main aim of this article is to study the arithmetic of automorphic forms on G’ and to generalize some
of the results of the above mentioned people to the case of GL,,/D for a general m and a general D.

For a central division algebra D over F' and m > 1, Badulescu [I] and Badulescu-Renard [2] have re-
cently proved the existence of the global Jacquet-Langlands transfer JL from discrete series automorphic
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representations of G’(A) to discrete series automorphic representations of G(A). This establishes a special
instance of Langlands functoriality and forms an important instrument for the analysis of arithmetic prop-
erties of square-integrable automorphic forms of G’(A). We also explicitly describe the interplay of the local
Jacquet-Langlands transfer and cohomology.

Our first theorem, which is of an arithmetic nature, deals with the notion of a regular algebraic repre-
sentation of G'(A). In the split case, i.e., D = F', Clozel gave a definition of a representation being regular
algebraic: A discrete series automorphic representation II of G(A) is called algebraic, if each of the irreducible
representations in the archimedean part I, corresponds via the local Langlands parametrization to a sum of
n algebraic characters of C*. An algebraic representation II is furthermore called regular, if the infinitesimal
character of Il is regular. It easily follows from Clozel [8] that a cuspidal automorphic representation II
is regular algebraic if and only if II, is essentially tempered and cohomological with respect to a certain
coeflicient system F,,.

In this paper we extend Clozel’s notion as follows: We call a discrete series automorphic representation
II" = I, ®@ I} of G'(A) algebraic (resp., regular algebraic) if its global Jacquet-Langlands transfer II =
JL(IT") is. With this definition we prove the following generalization of Clozel’s result, cf. Thm.

Theorem 1.1. Let IT' be a discrete series automorphic representation of G'(A) and assume that JL(IT') is
cuspidal. Then the following are equivalent:

(i) I 4s regular algebraic.

(if) 117, is cohomological and essentially tempered.

Furthermore, the implication (ii)=-(i) does not seem to need the assumption that JL(IT') is cuspidal. See
Remark In contrast, the implication (i)=-(ii) may fail without assuming JL(II') is cuspidal, cf. Ex.
0. 11]

Given our definition of an algebraic representation, we also generalize Clozel’s “Lemme de pureté” to the
case of G’, cf. Lem.[6.12

Lemma 1.2 (Purity Lemma for G'). If II' is an algebraic representation of G'(A) and JL(I') cuspidal,
then there is a w € Z such that for all archimedean places v, the algebraic characters of C* associated to

1—n
JL(AT)y| - |02 are of the form z — 2P (Z)? with p + q¢ = w.

Again, we give an example that the cuspidality assumption on JL(IT') cannot be removed from the
statement of the lemma, see Ex. [6.13]

Next, we analyze the interplay of cohomological automorphic forms of G’(A) and the action of Aut(C).
Following Waldspurger [41] and Clozel [8], for any representation v of G'(Ay) and o € Aut(C), there is
the o-twisted representation °v := v ® ,C. In particular, this definition applies to the finite part H} of an
automorphic representation II of G’(A). The action of ¢ € Aut(C) on a representation of G._ is via its
permutation action on the embeddings of F' into C. (See, for example, Raghuram—Shahidi [29, Sections 3.1
and 3.3].) Now, let

Ser = G'(F)\G'(A)/KZ,
where K2 is the topological connected component of the product of the center of G, and a maximal
compact subgroup of G._ . A finite-dimensional highest weight module E,, defines a sheaf £, on S¢/. The
corresponding sheaf cohomology H?(S¢,E,) can be computed using Betti-cohomology and hence for any
o € Aut(C), there is a o-linear isomorphism
o*: Hq(SG/,gu) :> Hq(SGr,UEM).

On the other hand, H?(S¢/,&,,) is isomorphic to the (gl,, K’2)-cohomology of the space of automorphic
forms on G’(A), which follows from Franke [11], and inherits from that a decomposition of G’(Af)-modules

(50,60 = @D D g, (€ F)

{P'} ¢pr
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cf. [12] and [27]. Here, the sums are ranging over the associate classes of parabolic F-subgroups {P’} of
G’ and attached associate classes of cuspidal automorphic representations ¢p, of the corresponding Levi
subgroup L’. In particular, the summand indexed by {G’} gives the cohomology of the space of cuspidal
automorphic forms of G’(A), which is usually called the cuspidal cohomology of G.

We prove the following result, cf. Thm. which says that for regular highest weights, o* respects this
fine decomposition into cuspidal supports.

Theorem 1.3. Let E,, be a regular highest weight representation of G, and o € Aut(C). For each associate
class of parabolic F-subgroups {P'}, and each associate class of cuspidal automorphic representations pr,
the summand H?P,}7@P/ (G',E,) of the global cohomology group H4(Scr,E,.), is mapped by o* isomorphically

onto the summand H?P, (G',°E,) of H1(S¢r,%E,) for a unique associate class “ppr:

}oppr

o

Hipy . (G EyL) — H{py o, (G 7E,).

If ng,} o (G',E,) # 0 and a representative P' in the associate class {P'} has Levi factor L' and pp: is

represented by a cuspidal automorphic representation II' of L' (A), then II'®pp: is cohomological. The o-twist
"H’f ® "pp} of its finite part is the finite part of a unique cohomological cuspidal automorphic representation

=/

= and the associate class “pp: is uniquely determined by the representation =’ ® p;,,l.

Under the assumption of the regularity of E,, this theorem is a generalization of the analogous result
of Franke-Schwermer [12] in the split case, D = F. In this setup, it is also a simultaneous generaliza-
tion of Franke’s [11, Theorem 20] on the compatibility of ¢* with the {P}-decomposition and Clozel’s [8],
Théorém 3.13|, which states that the o-twist “II; of the finite part of a cohomological cuspidal automorphic
representations II of G(A) is the finite part of a cohomological, cuspidal automorphic representation.

If we consider the action of Aut(C) on a regular algebraic representation and ask whether it is compatible
with the global Jacquet-Langlands transfer JL, then we obtain the following alternative result, see Thm.
(.21

Theorem 1.4. Let II' be a regular algebraic representation of G'(A) and assume that JL(II') is cuspidal.
Then the following stronger assertions hold: For all o € Aut(C), the full representation °II' is regular
algebraic and JL(°Il') is cuspidal. For these representations, the action of Aut(C) commutes with taking
the global Jacquet-Langlands transfer, i.e., °JL(II") = JL(°I") for all o € Aut(C).

It is important to realize that the latter theorem includes an assertion on the archimedean component of
the cuspidal automorphic representation =’ of G’(A), whose finite part is isomorphic to ”H’f. If JL(IT') is
not assumed to be cuspidal, we are lacking such a strong description. This is due to the fact that for G’ —
in contrast to G = GL,,/F — a highest weight module E,, does not pin down a unique representation of G.,
which may serve as the archimedean component = of our cuspidal representation.

In the final section we also prove some arithmetic results on the rationality field

Q(Il}) ={z € C | o(z) =2z Vo € Aut(C) for which “IT; = 11}
of the finite part of a cuspidal automorphic representation II' of G’(A) which is cohomological. At infinity,
define Q(x) to be the compositum of a minimal splitting field of D/F and the fixed-field in C of those o €
Aut(C) which fix a highest weight representation E, with respect to which I has non-zero (g.., K. )-
cohomology. Now, let the field Q(II') be the compositum of Q(u) and Q(II’;). This is a generalization of the
analogous notation used in Raghuram-Shahidi, cf. [29]. The following theorem, contained in Thm. (8.1} Thm.

and Prop. generalizes the analogous results in the split case as well as Waldspurger’s corresponding
theorems for d =2 and m = 1.

Theorem 1.5. Let I be a cuspidal and cohomological representation of G'(A). Then Q(II') is a number
field and 11y admits a G'(Ay)-invariant Q(II')-structure. In particular, 11’y is defined over a number field.
Furthermore, if I is reqular algebraic and JL(IU') is cuspidal, then there is the equality of fields

Q(f) = Q(JL(T) ).
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In view of the results of this paper, we may generalize Clozel’s [8, Conjectures 3.7 and 3.8] as:

Conjecture 1.6. Let I be a cuspidal automorphic representation of G'(A). Then the following are equiv-
alent:

(i) I} is defined over a number field.
(ii) II" is algebraic.

Beside the above theorems on the arithmetic properties of automorphic forms of G’(A), we also prove
in Sections [4] and |5 a number of purely representation-theoretical results on GLi(H) and GL,(R), n = 2k.
To begin, we describe an explicit classification of the cohomological irreducible, unitary dual of GLy(H)
and GL,(R), n = 2k > 2, following Vogan—Zuckerman [40]. This is contained in Thm. and Thm.
which describe the set of all cohomological, irreducible, unitary Aq(\)-modules of GLj(H) and GL,, (R) with
respect to any finite-dimensional coefficient system E,, very concretely in terms of certain ordered partitions
of k and n. The weight A depends on the weight © as in Definition below. (This classification is also in
accordance with the results of Speh, cf. [36].) Having parameterized the cohomological irreducible, unitary
dual Coh,(GLy(H)) of GLi(H) and Coh,(GL,(R)) of GL,(R) with respect to E, by such partitions, we
then prove the following theorem, cf. Thm.

Theorem 1.7. At a non-split archimedean place v of F, the local Jacquet-Langlands transfer |LJ|,, con-
structed by Badulescu—Renard, defines a surjective map

LI,

Coh,, (GLy(R)) Coh,, (GLy(H))

given explicitly by
|LJ]y(Aq, (A) ®sgn®) = Aq’ﬁ()‘)

Here n (resp., k) stands for the partition n = Y ._ n; (resp., k = >.._, ki) with n; = 2k;, 0 < i < r and
ki>0for1<i<r,
Moreover, |LJ|, maps tempered cohomological representations to tempered cohomological representations.

Using the parametrization by ordered partitions, it is an easy exercise to determine the fibers of |LJ|,
over a given Ay (A)-module. This theorem fits very well with the interplay of cohomological automorphic
representations with Langlands functoriality as discussed in Raghuram-Shahidi in [28] Section 5.2].

Acknowledgements: A.R. thanks David Vogan for some email correspondence in 2003 concerning representations of
GL, (D) with cohomology which was the genesis of this project. However, at that time the generalized Jacquet-
Langlands correspondence was still not proved and one had to wait for Badulescu’s theorems. This project really got
started when both the authors met at the Erwin Schrédinger Institute (ESI) in Vienna in February 2009. Both H.G.
and A.R. thank ESI, and also the Max-Planck Institut fiir Mathematik for their hospitality during the time when
the final version of this paper was written. H.G. also thanks the Department of Mathematics of the Oklahoma State
University where much of this work was done.

2. THE GENERAL LINEAR GROUP AND ITS INNER FORMS

2.1. Generalities on division algebras. Let F' be a number field whose set of all places is denoted
V = Vi UV}, where as usual Vo is the subset of archimedean places and Vy the subset of non-archimedean
places. The local completion of F' at a place v € V is written F,.

Let D be a central division-algebra over F of index d, i.e., d*> = dimz D. The local algebras D, = D®p F,
are central simple algebras over F), and hence isomorphic to a matrix algebra M, (A,), for some integer
r, > 1 and a central division algebra A, over F,. The algebra D is said to be split at v if A, = F, and
non-split at v otherwise, i.e., A, is not a field. The set of non-split places is finite. Analogous to the global
situation, let d, be the index of D,, i.e., d> = dimg, A,. Then 7,d, = d for all v. If v € V,, is real then
d, € {1,2},i.e., A, = R or H and D, = My(R) if v is split and M/, (H) is v is non-split (in which case d is
even). Given any m > 1 we set n:= dm and k :=n/2.
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2.2. The groups G’ and G. The determinant det’ of an m x m-matrix X € M,,(D), m > 1, is the
generalization of the reduced norm to matrices: det’(X) := det(p(X ® 1)), for some isomorphism ¢ :
M, (D) ®r Q & M, (Q). It is independent of ¢ and is an F-rational polynomial in the coordinates of the
entries of X. So the group
G'(F)={X € M,,(D)|det'(X) # 0}

defines an algebraic group GL, over F. It is reductive and is an inner F-form of the split group G := GL,,/F.
At a real place v € Vo we hence obtain G'(R) = GL,,(R) if v is split and G'(R) = GLy(H) if v is not split.
We use the notation G, := G'(F,) and G, := G(F,) for v € V and set as usual G := [[,cy._ G5, resp.,
Gy = Hvevoo G,. Lie algebras of Lie groups are denoted by the same but gothic letter, e.g. g, = Lie(G,),
000 = Lie(Goo).

2.3. Finite-dimensional representations. We fix once and for all a maximal F-split torus 7" in G. The
group Too = [[ ey, Tv = [l,ey, T(Fy) is then a Cartan subgroup of Go. Fixing the set of dominant
algebraic characters X1 (T ) of Tw in the usual way, gives us that a tuple u = (uy)vev,, € X7 (Tx) can
be identified with an equivalence class of irreducible, algebraic, finite-dimensional representations E,, of G
(on complex vector spaces) via the highest weight correspondence. It is clear that any such representation
B, factors into irreducible representations £, = @, ¢y, Ep,, where £y, is the irreducible representation
of G, of highest weight ,. If v is real, then p, = (o 1,..s fo,n) With 1 > .0 > g and p,,; € Z, for
1 <i < n;and if v is complex, corresponding to the complex embeddings {¢,,,} of F, then u, is given by a
pair (g, , piz, ) of n-tuples of the above form. A representation E,, is called essentially self-dual if all its local
factors E,, are, i.e., if for all v € Vi, there is a w, € Z such that £, = E}, © det"”. At a real place this
reads as
Mo i + Hon—it1 = Wy, 1<i<n

and at a complex place this means

Mz, i + Moy n—it1l = Wy, 1<i<n.

It is called self-dual if w, =0, i.e., E,, = Ej, .

As G’ is a real inner form of G the notion of highest weights and irreducible finite-dimensional rep-
resentations is defined via the passage to the split form G,,. That means that we say at a non-split place
v € V an irreducible finite-dimensional representation E! of G, is of highest weight !, if the complexi-
fied representation E, of g, ® C = gl,,(C) is. We hence drop the prime for such representations and write
simply E} = E,,. Then, everything said above on representations of G also applies to irreducible finite-
dimensional complex representations E, = @),cy_ Ey, of G, without changes (only adopting the notation
of det to det’). A highest weight representation E,, is called regular, if u lies in the interior of the dominant
Weyl chamber of G’ . The smallest algebraically integral element in the interior of the dominant Weyl

chamber of G/, and G is given by p = (pv)vevi, With p, = (251, 253, . —2=1) for all real places v € Voo

n—1 n—3 n—1

(resp. the pair p, = (p.,,pz,), P, = Pz, = ("5, "5, ..., =5, if v is complex).

2.4. (g.,, K!2)-cohomology. Let Z'/F be the center of the algebraic group G'/F and denote Z/ =
[loev. Zo = Ilyev, Z'(Fy). At an archimedean place v € V, we let K| be the product of a maximal
compact subgroup of the real Lie group G} and Z/. Explicitly, we get
Sp(k)R* if v non-split
K! =1{ O(n)R* if v split and real
U(n)C* if v complex,
and define K, = [[, oy, K. Analogously, we set Koo = [[,cy. K, where K, := K, at split places and
K, := O(n)R* at non-split places. By K2 (resp., K3 ) we denote the topological connected component of
the identity within K/ (resp., K ). Hence, locally
Sp(k)Ry  if v non-split
K°=<¢ SO(n)R; if v split and real
Un)C*  if v complex.
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We assume familiarity with the basic facts and notions concerning (gl., K72)-modules (and (goo, K)-
modules), to be found in the book of Borel-Wallach [7], 0, I. All Lie-group representations I, = ®vevoc I,
of G/ appearing in this paper define a (g/,, K2 )-module and hence (g/, K°)-modules, which we shall all
denote by the same letter as the original Lie group representation. In particular, this applies to a highest
weight representation E, = @,cy_ Ey,. If furthermore, I, = @ IT) is any (gl., K/2)-module, then
we denote by

veEV

H (g, K211,

its space of (g, K2)-cohomology (in degree g), cf. [7], I.5. A module IT is called cohomological, if there is
a highest weight representation F,, as in Section [2.3} such that H?(g. , K22, II.  ® E,,) # 0 for some degree
q. It is a basic fact that these cohomology groups obey the Kiinneth-rule, i.e.,

Hgl, , KR ©E)= @  Q H"(, K}, E,,).
D, w=q vEVs

Hence, I/, is cohomological, if and only if all its local components I/ are, i.e., they have non-vanishing
(9., K°)-cohomology with respect to some local highest weight representation E,,, .

3. GENERALITIES ON AUTOMORPHIC REPRESENTATIONS OF G'(A)

3.1. We call an irreducible sub-quotient IT" of the space A(G'(F)\G'(A)) of automorphic forms an auto-
morphic representation of G'(A) (although II' is strictly speaking not a G’(A)-module), cf. the article of
Borel-Jacquet [5] 3-4. Let Ry be the multiplicative group of positive real numbers, viewed as a subgroup

Ry <= G'(A)

by embedding it diagonally into G’_. The quotient R,G’(F)\G’(A), which we identify with G’(A)") =
ker Hg throughout this paper, Hg being the Harish-Chandra height function G’(A) — C, cf. [I1], p. 185,
has finite volume and it therefore makes sense to talk about subspaces of square-integrable automorphic
forms in A(RLG'(F)\G'(A)). Now, recall that by its very definition, every automorphic form is annihilated
by some power of an ideal J of finite codimension in the center of the universal enveloping algebra of
gc = 05 ®r C. Let us fix such an ideal J and denote by

Az (G') C ARG (F)\G'(A))

the G’(A)-submodule consisting of those automorphic forms which are annihilated by some power of J.

For later use, we will now recall a fine decomposition of the latter space A7 (G’), which was developed by
Franke—Schwermer in [I2] Thm. 1.4 and also in a similar way by Moeglin—-Waldspurger in [27] III, Thm. 2.6.,
taking into account the so-called parabolic support and the cuspidal support of an automorphic representation.
As a first step, A7 (G’) can be decomposed as a G’(A)-module into a finite direct sum, cf. [12] 1.1.(4),

(3.1) Az (G = @ Az py(G),
{P"}

ranging over the set of all associate classes { P’} of a parabolic F-subgroup P’ of G’. (Recall therefore that
two parabolic F-subgroups P and Pj of G’ are called associate, if their Levi-factors L] and L} are conjugate
by an element in G'(F).) More precisely, the spaces A ;p/}(G’) consist exactly of those automorphic forms
f € A7(G"), which are negligible along every parabolic F-subgroup Q' ¢ {P'}, i.e., with respect to a Levi-
decomposition of Q' = Lg'Ng/, the constant term fo is orthogonal to the space of cuspidal automorphic
forms on L (A).

We remark that within the direct sum , the subspace Acysp, 7 (G') of all cuspidal automorphic forms
in A7(G’) is given as the summand index by the class {G'} itself:

Acusp,J(G/) = AJ7{G/}(G/)'
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3.2. The various summands Az (p1(G’) can be decomposed even further. Therefore, let P’ = L'N’
be a Levi-decomposition of the parabolic F-subgroup P’. Its Levi factor L’ is hence of the form L’ =
[I;_, GL, , with >;_; m; = m. Now, recall from [12], 1.2, the notion of an associate class ¢p: of cuspidal
automorphic representations of the Levi subgroups of the elements in the class {P'}. These classes pp/ may

be parameterized by pairs of the form (y,II'), where
(1) I’ is a unitary cuspidal automorphic representation of L’(A), whose central character vanishes on
the diagonally embedded group R’} — L.  — L'(A) =[]/, GL], (A)
(2) x:R} — C* is a Lie group character and
(3) the infinitesimal character of II,, and the derivative dy € Hom(C",C) of x are compatible with the
action of J (cf. [12], 1.2).

Each associate class pp/ may hence be represented by a cuspidal automorphic representation IT' := e
el Hpr) of ['(A), where Hp: is again the Harish-Chandra homomorphism L'(A) — C7, cf. [IT], p. 185.
Given ¢p/, represented by a cuspidal representation II' of the above form, a G’(A)-submodule

AJ?{Pl}ﬁaP’ (G,)

of Az (p}(G') was defined in [12], 1.3 as follows: It is the span of all possible holomorphic values or residues

of all Eisenstein series attached to II’, evaluated at the point dx, together with all their derivatives. This
definition is independent of the choice of the representatives P’ and II’, thanks to the functional equations
satisfied by the Eisenstein series considered. For details, we refer the reader to [12] 1.2-1.4.

As a consequence of Franke’s theorem, cf. [1I], Thm. 14, the following refined decomposition as G'(A)-
modules of the spaces A (pr}(G’) of automorphic forms was obtained in [12], Thm. 1.4:

(3.2) Az p1(G) =P A (pry6,, (G)
Yp’

This gives rise to the following

Definition 3.3. Let ¥’ be an automorphic representation of G’(A), whose central character is trivial on the
diagonally embedded group R . If ¥ is an irreducible subquotient of the space Az (p/} .., (G'), we call the
associate class {P'} a parabolic support and the associate class pp/ a cuspidal support of U'.

3.3. Discrete series representations. Let Z'/F be the center of the algebraic group G’/F and
w:Z'(F)\Z'(A) = C*

be a unitary, smooth character. The space
Lo (G'(F)\G'(A),w)

denotes the space of all automorphic functions
frG(P\G'(A) = C

which satisfy f(zg) = w(2)f(g), for all z € Z’(A) and almost all g € G’(A), and |f|? is square-integrable as
a function on Z'(A)G'(F)\G'(A) (with respect to the usual quotient measure). This space is the discrete
spectrum of G'(A), cf. Borel [3], 9.6. Via the right regular action, it is a representation space of G’(A) and it
decomposes as a direct Hilbert sum of irreducible, unitary G’(A)-representations I’ called unitary discrete
series representations:

12,(G'(F)\G'(A),w) = DI

Observe that there is no term for the multiplicity appearing in this decomposition, which is due to the
Multiplicity One Theorem for unitary discrete series, proved by Badulescu—Renard in [2], Thm. 18.1.(b).
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3.4. Let us now define a certain sub-class of automorphic representations, which we will mainly focus on in
this paper.

Definition 3.4. Let 2(G’) be the family of all twists
I =1’ @ |det’|*,

IT' being a unitary discrete series representation of G’(A) and s € C. These twisted representations II’
are usually called essentially discrete series representations, but for brevity of terminology we will only say
discrete series representations.

Clearly, 2(G’) contains the family of all twists of unitary cuspidal automorphic representations. In
accordance with our previous terminology, we will henceforth call such a twist simply a cuspidal automorphic
representation.

4. A CLASSIFICATION OF THE COHOMOLOGICAL, TRREDUCIBLE, UNITARY DUAL OF GLj(H) AND GL,(R)

4.1. Being interested in arithmetic properties of automorphic forms of G’/ F, the (gl., K2 )-cohomology of
automorphic representations of G'(A) will be an important tool. As we are planning to compare cohomolog-
ical discrete series representations of the inner form G’(A) to cohomological automorphic representations of
G(A), we shall in particular obtain some knowledge on the cohomological representations of the groups G,
and G,, v being a non-split archimedean place. In this section, we will hence determine the cohomological,
irreducible, unitary dual of the real Lie groups G} and G,, v € V non-split. This amounts in giving a
classification of all irreducible unitary representations of G, = GLi(H), k > 1, and G, = GL,(R), n = 2k,
which have non-zero (g,, K!°)-cohomology twisted by some irreducible highest weight representation E,, .
Speh gave a list of irreducible unitary representations of G L, (R) in [36], which have non-zero cohomology
with respect to the trivial representation E,,, = C. Using translation functors, see, e.g. [7] VI, sect. 0, this
result can be adopted to the case of a general coefficient system E, . However, as we also want to classify the
cohomological, irreducible, unitary dual of GLy (H), we are not going to use Speh’s paper, but directly use the
results of Vogan-Zuckerman, [40], in order to give a complete classification of the cohomological, irreducible,
unitary dual of GL,(H) and GL,(R) in one go. To lighten the burden on the notation, we henceforth drag
the subscript “v” about, keeping in mind that all objects are local ones at a non-split archimedean place.

4.2. Non-equivalent #'-stable parabolic subalgebras of g’. Let 6§ be the usual Cartan-involution
0'(X) = —X* on ¢’ (X denoting the standard conjugation of quaternionic matrices) giving rise to the
Cartan decomposition g’ = ¢ @ p’. According to this decomposition, let ' = t' @ a’ be a maximal compact,
¢'-stable Cartan subalgebra. We take

1T 0 Y1 0
¢ = r; €R a = yi €R
0 1T 0 Yk
For any H € b, let e;(H) :=iz; and f;(H) :=y;, 1 < j < k. Then the set of roots of g with respect to
bt is given by
Age, be) ={Fei £ e; £(fi — f3),1 <i<j<k}u{£2e;,1<i<k}.
Furthermore,
A, te) = {feite;, 1 <i<j<kpu{*2e;,1<i<k}
Alpe,te) = {fe; te;,1<i<j<k}
We = Spx {1},
where Sj is the symmetric group of index k. It is hence clear that an element of the Weyl group Wy acts

on H € it’ by permuting the entries x;, 1 < j < k and changing their signs. This gives rise to the quotient
it' /Wy, which admits a polyhedral cone decomposition. We obtain



Lemma 4.1. The following sets are pairwise in 1-to-1 correspondence:
(1) {open, polyhedral cones in it' /W }
(2) {&=1(0,..,0,1,...,1,...,r,.,r), k=Y ki, ki >0 fori>1}
S~ Y~ S——
ko k1 k..
(3) {ordered partitions of k: k = [ko, k1, ..., kr], ko > 0,k; > 0 for i > 1}
Proof. The existence of the bijection (1)«+(2) is a direct consequence of the description of the action of W

on it'. (The j-th entry of x is its coordinate with respect to the basis element of it’, which is dual to ex_;41.)
The bijection (2)<+(3) holds trivially. O

Now, let Q' be the set of all §’-stable parabolic subalgebras q’ of g¢, which contain a fixed Borel subalgebra.
Recall that K’ = Sp(k)R* acts on this set by the adjoint action. This leads to a finite set Q'/K’ of orbits or -
otherwise put - K’-conjugacy classes of 6’-stable parabolic subalgebras q’ containing a fixed Borel subalgebra.
The following lemma says that the set of open polyhedral cones in it' /Wy and Q'/K' are in bijection.

Lemma 4.2 ([2I] IV, Prop. 4.76). Every x € it' /Wy defines a 6’'-stable, parabolic subalgebra q!, in g¢ by
assigning it a Levi decomposition q,, := I, & ul, where

L=tte D e wd W= P (60
a€A(ge,te) a€A(ghth)
a(z)=0 a(z)>0

and two such xy, w3 define the same parabolic subalgebra ., = q.,, if and only if they are in the same open,
polyhedral cone.

Conversely, up to conjugacy by K', any 6’ -stable, parabolic subalgebra q' containing a fized Borel subalgebra
is of the form q = q,, with x € it' /Wy

Together with Lem. the last lemma provides a parametrization of the set of K’-conjugacy classes
of ¢’-stable parabolic subalgebras q" of g containing a fixed Borel subalgebra by ordered partitions k =
(Ko, k1, .., kp] of ki k=377 ki, ko > 0 and k; > 0 for i > 1. Therefore, we shall henceforth write qj, for a

class in Q'/K’. Tts Levi subalgebra has real part
(4.3) (=1, Ng = gl (H) & EP g, (C).
i=1

In view of Salamanca-Riba’s paper [32], Prop. 1.11, we shall introduce another relation on £’/ K’: q’E1 ~ q/& if
and only if A(u’E1 Npe, te) = A(u’EQ Npe, tc)- It is an easy exercise to check that in terms of the parameterizing
partitions k; and k, qj, ~ q'Ez if and only if either k; = k, or

(4.4) ky =[0,1,ksy k] and kg = [1, ko, ..., k-

(E.g., k =10,1,2,1,3] and k, = [1,2,1, 3] for £ = 7.) Within such a non-singleton equivalence class, we pick
the K’-conjugacy class parameterized by k,. To conclude this subsection, we define Q' to be the so chosen
set of representatives of equivalence classes in Q'/K’, i.e., of K'-conjugacy classes of §’-stable parabolic
subalgebras q' = ¢}, of g containing a fixed Borel subalgebra.

4.3. Non-equivalent #-stable parabolic subalgebras of g. We will now determine the same data for
the split case. Therefore, let 6 be the usual Cartan-involution #(X) = —X" on g leading to the Cartan
decomposition g = ¢ @ p and standard maximal compact, #-stable Cartan subalgebra h = t ® a. We have

0 X1 0

t= z; €R
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and

Y1
a= yi€R
Yk
Yk
For H € hc, let again e;(H) :=ix; and f;(H) :=y;, 1 <j < k. Then the set of roots of gc with respect to
hc is given by
A(ge,be) ={xeite; £ (fi — fj),1 <i<j<k}uU{£2e;,1<i<k}.

However, in contrast to the non-split case, the sets of compact and non-compact roots change their roles

Atc,tc) = {fe;xe;,1<i<j<k}

Alpc,tc) = {feite;, 1 <i<j<k}uU{£2e;,1<i<k}.

Slightly abusing notation, we set
We := Sj x {£1}*,
and let this “extended” Weyl group Wy act on H € it by permuting the entries z;, 1 < j < k and changing

their signs. Whence, the following lemma is obvious by Lem. [£.1] See also Speh’s aforementioned article
[36], p. 464.

Lemma 4.5. The following sets are pairwise in 1-to-1 correspondence:
(1) {open, polyhedral cones in it/Wy}
(2) {z=1(0,..,0,1,...,1,..,r,,r), k=D ki ki >0 fori>1}
N~ N~ N——

ko k1 Ky
(3) {ordered partitions of n: n = [ng,n1,...,n.|,ng > 0,n; = 2k;, where k; > 0 fori > 1}

Now, let Q be the set of all -stable parabolic subalgebras q of gc, which contain a fixed Borel subalgebra.
Recall that K° = SO(n)Ry acts on this set by the adjoint action. This leads a finite set Q/K° of K°-
conjugacy classes of f-stable parabolic subalgebras ¢ containing a fixed Borel subalgebra. Again there is a
bijection between the set of open polyhedral cones in it/W; and /K°, explaining our choice for We:

Lemma 4.6 ([2I] IV, Prop. 4.76). Every x € it/W, defines a 0-stable, parabolic subalgebra q, in gc via
4z = lz ®uy, where

Iz :==bc ® @ (g(C)a and Uy 1= @ (gC)a
a€A(ge,te) a€A(ge,tc)
a(z)=0 a(z)>0
and two such x1, xo define the same parabolic subalgebra q,, = qu, if and only if they are in the same open,
polyhedral cone.
Conversely, up to conjugacy by K°, any 0-stable, parabolic subalgebra q containing a fized Borel subalgebra
of gc is of the form q = q,, with x € it/W.

In particular, Lem. provides a parametrization of the set of K°-conjugacy classes of §-stable parabolic
subalgebras ¢ of gc containing a fixed Borel subalgebra by ordered partitions n = [ng,n1,...,n,] of n:
n = 22:0 ni, no > 0 and n; = 2k; > 0 for ¢ > 1. Therefore, we shall henceforth write q,, for a class in
9Q/K°. The real part of its Levi subalgebra is isomorphic to

(4.7) =N g = gl (R) & @D ali, (C),
=1

see also [36], p. 464. Introducing the analogous equivalence relation on Q/K° by letting q,,, ~ qy, if and
only if A(u,, Npc,te) = A(uy, Npe, te), we encounter a different phenomenon than in the non-split case.
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As every root appears at least once in the set of non-compact roots, for any #-stable parabolic subalgebra
qn of gc
A(up, Npe, te) = Aluy, to)

and so the relation “~” degenerates to equality:

n, ~dn, < Ao, = qn,-

Again, we denote by Q the set of all such equivalence classes, i.e., @ = Q/K?° itself in this case.

4.4. Having compiled this data for g’ and g, we can now give the desired classification of the cohomological,
irreducible, unitary dual of G’ and G. Therefore, let E be an irreducible representation of G’ or G on a finite-
dimensional complex vector space. Observe that we have changed Cartan subalgebras in this section, so we
will write X for its highest weight with respect to the standard choice of positivity on A(gc, hc) = A(ge, he),
rather than p. As we will soon use the results of Vogan—Zuckerman [40], Section 5, we shall check when A
does define a so-called admissible character: Given ¢ € Q' (resp., q € Q) let L' C G’ (resp., L C G) be
the connected subgroup with Lie algebra I'® (resp., [F). According to [40], (5.1), a linear functional & on I
(resp., I) is called admissible if

(1) ¢ is the differential of a unitary character of L’ (resp., L)
(2) (£, @) > 0 for all roots v appearing in v’ (resp., u).

As a corollary, a highest weight A defines an admissible character of I if and only if
(48) )\|[[/P§7[/]R] = 0 and >\|Cl’ = O

As an explanation, the vanishing of A on the commutator [I'®, I'®] is equivalent to saying that A : h. — C can
be extended to a character on I’ D b, while the second condition Al = 0 is equivalent to A coming from a
unitary character. The latter condition can once more be equivalently reformulated by saying that Ao’ = A
or - again equivalent - that F is self-dual. In particular, we may view A\ as being expressed in the functionals
ej, 1 < j <k, only, writing A = (A1, ..., \x), A; being the coefficient of e; in such a decomposition. Clearly,
the same statements hold for g’ being replaced by g, removing the prime everywhere.

We let Q'(X) (resp., Q(N)) be the set of all ¢’ € Q' (resp., q € Q), to whose Levi parts I’ (resp., [) a given
highest weight A can be admissibly extended.

4.5. The cohomological, irreducible, unitary dual of G' = GL(H). Now, we may state the following
theorem settling the non-split case.

Theorem 4.9. Let G' = GLi(H), k > 1 and E = E\ a highest weight representation. The following holds:

(1) To each q' = q; € Q'(N), there exists a unique irreducible unitary G'-representation Aqy/(\). None
of these are pairwise isomorphic, i.e., Aq (AN Aq (A) if and only if q;ﬁ = q§€2.
=1 ko & .
(2) Each Aq (X) is cohomological with respect to Ey, i.e.,

Hq(g/, K/O,Aq/()\) X E)\) 75 0

for some degree q > 0, and all irreducible unitary G'-modules which are cohomological with respect
to E\ are obtained in this way.
(3) The Poincaré-polynomial of the cohomology ring H*(g', K'°, Ag/(x) ® E)) is independent of X\ and
given by
xdim(upnpe) 7 R ko
_ = 2j—1 45-3
Pk, X) = 1+7)(1—[1_[(1“( J )H(1+X )
i=1j=1 j=1
(4) Among all Ay(N), 0" = q; € Q'(N), the representation indeved by q; with k = [0,1,1,...,1] is the
only tempered representation.
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Proof. (1): The existence of the irreducible G’-module Ay (X) is proved by Vogan—Zuckerman in [40], Thm.
5.3 together with (5.1). Its unitarity is shown by Vogan in [39], Thm. 1.3, while their pairwise inequivalence
is a consequence of the work of Salamanca-Riba [32], Prop. 1.11.

(2): This is [40], Thm. 5.5 and 5.6.

(3): By [40], Thm. 5.5 we know that

Hi(g', K", Ag, (\) @ By) = HI79m0n0) (1R v’ 0 (R @ sp(k)), C),

A
which is already independent of A but only dependent on the partition k determining q’ = q’E. Using the
concrete form of [ﬁ, given in (4.3) and the fact that (g’, K’°)-cohomology satisfies the Kiinneth-rule, it is
now an easy exercise to calculate the Poincaré-polynomial of the cohomology ring H*(g’, K'°, Aq/(\) ® EJ).

(4): Taking into account our description of the real part of the Levi subalgebra of a #’-stable parabolic
q; € Q'(A) given in (4.3), this follows from [40], last paragraph on p. 58. O

Remark 4.10. It is to avoid redundancies in the list of A4 (A)-modules, that we introduced the equivalence
relation “~” on Q'/K’'. If there is a non-trivial equivalence q’E1 ~ q’EZ, ie, ky =1[0,1,ko, ..., k-] and &k, =
[1, k2, ..., k], and A can be extended to an admissible character of [} , too, then Ay (M) exists. However, it
Ko ko
such a case
Ay ()= Ag (),
cf. [32], Prop. 1.11.
Thm. .9 motivates the following definition.

Definition 4.11. Let £ = E, be a highest weight representation as in Section @ whose highest weight
with respect to b is \. We denote

Coh, (@) == {Ay (A, q = a5 € @ (V)}.

According to Thm. Coh,,(G’) is the set of all irreducible, unitary G’-representations, which have non-zero
(¢/, K'°)-cohomology with respect to E.

4.6. The cohomological, irreducible, unitary dual of G = GL,(R). The split case is slightly more
complicated, as G = GL,(R) is not connected. Still, we obtain the following theorem.

Theorem 4.12. Let G = GL,(R), n =2k > 2 and E = E\ a highest weight representation. The following
holds:
(1) To each q = q,, € Q(X), there exists a unique irreducible unitary G-representation Aq()\). None of
these are pairwise isomorphic, i.e., Aq, (A= Ag, (\) if and only if 4p, = qp, .
(2) Each Aq(X) is cohomological with respect to El, i.e.,

H g, K°,Aq(A) ® Ex) #0

for some degree ¢ > 0. Conversely, all irreducible unitary G-modules which are cohomological with
respect to Ey are of the form

Ag(N) ® sgn®, q=0q, € Q\),ee€{0,1}.

(3) Among all Aq(X\), q=qn € Q(N), the representation indexed by q,, with n = [0,2,2,...,2] is the only
tempered representation.

Proof. (1): The existence of the irreducible G’-module A/ (\) is again a consequence [40], Thm. 5.3 together
with (5.1). Its unitarity is shown in [39], Thm. 1.3, while their pairwise inequivalence is a consequence of
[32], Prop. 1.11.

(2): This is [40], Thm. 5.5 and 5.6., where the twist by sgn® takes account of the disconnectedness of G.
(3): Recalling our concrete description of the real part of the Levi subalgebra of a 6-stable parabolic q,, € Q(\)
given in , this follows again from [40], last paragraph on p. 58. |
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Definition 4.13. Let £ = E, be a highest weight representation as in Section @ whose highest weight
with respect to hc is A. We denote

Coh,,(G) := {A,(\) @ sgn®,q = q,, € Q(\),e € {0,1}}.

According to Thm. .12 Coh,(G) is the set of all irreducible, unitary G-representations, which have non-zero
(g, K°)-cohomology with respect to F.

5. THE LOCAL AND GLOBAL JACQUET-LANGLANDS TRANSFER AND ITS INTERPLAY WITH COHOMOLOGY

5.1. The local Jacquet-Langlands map. In [20] Jacquet-Langlands established a bijection between ir-
reducible representations of G/, and irreducible, admissible square-integrable representations of G, in the
special case when m = 1 and d = 2, i.e., when G’ is the group of invertible elements in a quaternion
division algebra. (See also Gelbart-Jacquet [13] Thm. 8.1 and its generalization of Rogwaski, [30].) This
bijection was extended to a bijection between irreducible, admissible square-integrable representations of G,
and irreducible, admissible square-integrable representations of GG, for any m and d by Deligne-Kazhdan—
Vignéras in [10] — the local Jacquet-Langlands correspondence. Finally, Badulescu in [I], p. 406 together
with Badulescu—Renard in [2], sect. 13, “thickened” the Jacquet-Langlands correspondence to a map

|LJ|y : Uep(G) — U(Gh)

from the family UCP(GU) of so-called d,-compatible irreducible unitary representations of G, to the family
U(G') of irreducible unitary representations of G’. (For the notion of d,-compatibility we refer to [I],
sect. 15) This map is neither injective nor surjective in general, but restricts to the Jacquet-Langlands
correspondence of [10] (and [20]) on unitary square-integrable representations. If d, = 1, i.e., GI, = G,
the map |LJ|, is the identity. Furthermore, |LJ|, commutes with parabolic induction and forming tensor
products. We denote by U,,(G,) the set of all IT,, = I, ® |det|®, with s € C and I, € ﬁcp(Gv), and define

|LJ|o(I1,) = |LJ|,(I1,) @ det'*.

The analogous notation U(G",) is used in the non-split case, i.e., I}, € U(G,) if and only if IT}, = I, ® |det’|®
with II;, € U(G,). Furthermore we set for Iloe = @,cy. o € Uep(Goo) = @ ey Uep(Go)

1L |oe(oe) = @) LT[ (IL,).

€V

5.2. In the sequel, we will need some particular knowledge about the easiest, non-trivial case of |LJ|,,
namely if v € V is a non-split place and m = 1 and d = 2. For any integer [ > 1 and u € C denote by

F(u,l) := Sym''C? ® det'~%/2,

where Sym'~!C? is the unique irreducible, unitary representation of SLi(H) of dimension I. The represen-
tations F'(u,l) exhaust all irreducible, finite-dimensional representations of G L (H).
Furthermore, we define

D(u,l) := D(I) @ |det|~%/2,
where D(I) the unique irreducible, unitary, discrete series representation of SLE (R) of lowest (non-negative)
O(2)-type [ + 1. Then we obtain

Lemma 5.1. Let v € Vi, be a non-split place of a quaternion division algebra D and m = 1. The family
Uep(GL2(R)) consists precisely of the representations

(i) sgn®|det|®, e € {0,1} and s € C

(ii) D(u,l) for some integer ! > 1 and u € C.
while the family U(GL,(H)) consists precisely of the finite-dimensional representations

(@) F@/, ') for some integer I’ > 1 and v’ € C.
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The local map |LJ|, is given by

_ [ det”  ifII, = sgn®|det|®
|LJ],(ILy) = { F(u,l) if I, = D(u,1).

In particular, in this special case, |LJ|, is surjective but not injective.

Proof. This is well-known, respectively follows from the description of the local map |LJ|, in this case, cf.
Badulescu-Renard [2], Thm 13.8. O

5.3. Local Jacquet-Langlands and cohomology. We are now ready to prove the first main result of
this paper. It compares the cohomological, irreducible, unitary duals of G, and G,, v € V. non-split,
via the local Jacquet-Langlands map |LJ|, and will be of particular importance in the following sections.
Nevertheless, we believe that it is interesting in its own right. It fits very well with the philosophy to use
functoriality in order to get cohomological automorphic representations. The interested reader may find a
survey on this topic by Raghuram—Shahidi in [28], Section 5.2.

Theorem 5.2. Let v € Vo be a non-split place, so G, = GLi(H), k > 1 and G, = GL,(R), n = 2k.
Furthermore, let E = E,, be any highest weight representation as in Section @ Then we get:
The local Jacquet-Langlands map |LJ|, defines a surjection

LJ|,
Coh,, (Gy) — M Con,,. (G1)
given explicitly by
|LJ]y(Aq, (A) ®sgn®) = Aq’g()‘)'
Here n = [ng,n1,...,n] and k = [ko, k1, ..., k] with n; = 2k;, 0 <i <r.
In particular, |LJ|, maps tempered cohomological representations to tempered cohomological representations.

Proof. The proof consists in rewriting the A4/ (A)- and A4(A)-modules as quotients of parabolically induced
representations, following Vogan—Zuckerman [40], p. 82, and then applying |LJ|,. In what follows we will
freely use the notation of [40], p. 82, which is explained there in details and drop the index “v”, as it is clear
that all objects are local ones at a non-split, archimedean place.
Let us begin with the non-split case, ie., with G’ = G, and a representation Ay (\) index by k =
[ko, k1, ..., k] as in Section Recall the Levi subgroup L' = L) = GLg,(H) x [[;_; GL,(C) defined
in Section It contains a maximally split §’-stable Cartan subgroup 7+ A?. In fact, for the Lie algebras
we may take

th = Lie(Tt)=t¢ and  a = Lie(4%) =d/,
where t' and o are as in Section As in [40], p. 82, we let M?A? be the Langlands decomposition of the
centralizer of A4 in G’ = GLy(H) and obtain

k
MIAY = [T GLy (1),

Jj=1

so M4 = H?Zl SL;(H) and let P’ be a parabolic subgroup containing M¢A¢ as Levi factor. It is a minimal
parabolic subgroup. The character v¢ defined on [40], p.82, is given as

d
v = (Pgi,, ) Paiy, (C) s Paty, (C))

= 1,
where p, is the smallest algebraically integral element in the interior of the dominant Weyl chamber of e.
We still need to describe the representation 0@ of M9, defined abstractly on p. 82 of [40]. Therefore, we
recall three facts. Firstly, as we may assume that A is self-dual, cf. Section Mer = A= (A1, .., A) In
the coordinates given by the functionals e;, cf. Section Secondly, p being defined as the half sum of
positive roots of t+ = t' in m?N I’ equals, p* = (0, ...,0, 1, ..., 1), the “1’s” starting from the k — ko + 1-st entry.
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Thirdly, the highest weight of o with respect to the system A(m%, t¢) equals the Harish-Chandra parameter
of o subtracted by pge = (1,1,...,1). Having collected this information, and writing p(u') = (p¥, s )
for the half-sum of the roots appearing in v’ = u’E, counted with multiplicity, [40], (6.13) tells us that

k—ko , ko ,
u
o = () Sym™ T TIC? @ () Sym o FAioko €2,
i=1 i=1

However, by Lem. P}l;kfko =0for 1 <j <ky and by (4.8) necessarily also Aj4r_r, =0 for 1 < j < k.
So,

k—ko ,
oo ul
ol ®Sym>‘7+p-7 1c2?

j=1
k—ko

= Q) FO0,+5Y)
=1

—. /
=: O'A7

|

)

where F(0, A; + p;‘/) is the notation used in the previous section. By [40], Thm. 6.16, Ay (A) is isomorphic
to the unique irreducible quotient J(P’, o) ;,v}) of the parabolically induced representation

Ind$, WR=RZAR

Next, we treat the split case, i.e., G = GL,(R), n = 2k > 2, and a representation Ay, (\) parameterized by
a partition n = [ng,n1,...,n,] as in Section From we have a Levi subgroup L = L,, &2 GL,,(R) x
[1;—; GL,(C) containing a maximally split f-stable Cartan subgroup which we again denote by T+A?,
following [40], p.82. The Lie algebras of its factors satisfy

tT =Lie(Tt) =t and  a< a?= Lie(A?),

where t and a are as in Section The Langlands decomposition of the centralizer of A% in G = GL,(R)
is given by

k*ko no
MiAY= T GL(R) x [[ GLa(R),
j=1 j=1

so M? = Hf;fo SLy (R) x [T72,{=1} and we let P be a parabolic subgroup containing M?A? as Levi factor.
The character v¢ defined on [40], p. 82, takes the form

d
v = (pg[no(]R)vpg[kl(C)vmvpg[kr((C))

= Up.

Next, we turn to the discrete series representation o of M9. According to [40], (6.13) the Harish-Chandra
parameter of o¢ is

P+ Ner + p(ug).
Observing that m? N[ 2 ¢+, implies p* = (0,0, ...,0). Furthermore, A|¢+ = A = (A1, ...; Ak_ky, 0, ...0), s0 we
obtain that o¢ has Harish-Chandra parameter A|+ + p(u,,). The lowest M9 N K-type of o<, cf. [40] (6.14),
affords that m € [[;2,{£1} acts by sgn(det(m))*™ for some e(\) € {0,1}. If we observe that the roots
appearing in u,, and u’E are the same, by Lemmas and H this defines ¢ uniquely as

k—Fko

ot = Q) D0, +pt) @ sgn™
j=1
=. Oxn
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in the notation introduced in the previous section. If we use once more [40], Thm. 6.16, we obtain that Ay, (\)
is isomorphic to the unique irreducible quotient J(P, oy n, V) of the parabolically induced representation

IndIGD (o2 ® V).

But now, as |LJ| commutes with parabolic induction and forming tensor products, Lem. together with
induction by stages shows that

|LI|(J(P,0xn,vn)) = J(P' 0% 1, Vi)
But this implies that
[LJ|(Aq, (A) @ sgn®) = Agy (M),
where n = [ng,n1,...,n,] and k = [ko, k1, ..., k] with n;, = 2k;; 0 < ¢ < r. In particular, following the
characterization of the cohomological, irreducible, unitary dual of G’ and G in our Prop. and |LJ|

defines a surjection

LJ

Coh,, (G) — = Con, (&)

for all highest weight representations £ = E,. Furthermore, by Thm. - ) and [4.12] - ), |LJ| maps

tempered cohomological representations to tempered cohomological representatlons This shows the theorem.
|

Remark 5.3. The fibers of |LJ|, over a representation Aq (A) can be explicitly described using (4.4)).

5.4. An illustrative example. Let us exemplify Thm. by letting k = 2, so n = 4, and taking £ = C
to be the trivial representation, i.e., A = 0. We obtain the following two tables, where @ is the standard
parabolic subgroup of G = GL4(R) with Levi factor GLy(R) x GLy(R) and P’ is as in the proof of Thm.

n Aq, (0) | Aq, (0) ® sgn
0,2,2] Indg[ (0,3)® D(0,1)] | WmdG[D(0,3) ® D(0,1)]
2,2] | Indg[D(0,3) ® 1L, (w)] Ind§[D(0, 3) ® sgn]
0,4] | J(Q,D(-1,2) ® D(1,2)) | J(Q,D(-1,2) ® D(1,2))
(4] 1GL4(R> sgil
TABLE 1. Coho(GL4(R))
k \ Ag, (0)
0,1,1] | Ind&/[F(0,3) ® F(0,1)]
(1,1] | md$[F(0,3) ® 1L, @m)
[0,2] | J(P',F(-1,2)® F(1,2))
[2]

Lar, )

TABLE 2. Cohy(GL2(H))

Since F'(0,1) = 11, (&), the representations in the first two lines of Table oincide as predicted. Further-
more, the tempered representations are given by the first rows of Table and 2| i.e., by the partitions [0, 2, 2]
and [0,1,1]. Applying Lem. directly to Table |1| and noting that Indg[D(O, 3) ® 1gL,(ry] is isomorphic
to the irreducible quotient of Ind¥[D(0,3) ® 1lgr, &)l - ['/? ® 1gr, ®)| - |7'/?], where P is as in the proof of
Thm. [5.2] reproves the other assertions in this example.
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5.5. The essentially-tempered representations. There is a particularly important subclass of irre-
ducible, cohomological representations, namely those which are essentially tempered. Therefore recall that
an irreducible admissible representation I} of G, v € V., is called essentially tempered, if it is of the
form II, = 1:[; ® |det/|*, with ﬁ; being an irreducible, unitary, tempered representation and s, € C. A
representation I, = @),y I, of G, is analogously called essentially tempered if all its local factors IT;,
are. The analog definition applies to representations of G, when removing the prime.

According to Thm. and the definition of |L.J|,, a cohomological, irreducible, admissible, essentially
tempered representation II, of G, is mapped via |L.J|, onto a cohomological, irreducible, admissible, essen-
tially tempered representation II/ of G,. Let now v € V, be again non-split and let us shortly describe
these representations a little bit more explicitly.

So, let £ = E,,, be a highest weight representation as in Section @ For sake of simplicity, we will again
drop the subscript “v” in this subsection for all local objects. By the same reason as in Section [4.4] we see
that, in order to admit a cohomological, essentially tempered, irreducible admissible representation IT' of G’,
it is necessary for the coefficient system £, to be essentially self-dual. We may hence assume without loss
of generality that from now on in this subsection £, is essentially self-dual writing £, = E}, ® det”, w € Z.
Otherwise put, if i = (p1, ..., i) is the highest weight of E,,,

Wi + phn—iy1 =w for 1<1i<n.
Let ¢ := (¢, ..., {x) with
b= i — Un—it1 + (n — 21+ 1) =W —2Up_i+1 + (n — 2t + 1).

We obtain that ¢; > 5 > ... > ¢, > 1. By Thm. (4) and Borel-Wallach [7], I, Thm. 5.3, the unique,
irreducible, admissible, essentially tempered representation of G’, which has non-trivial (g’, K’°)-cohomology
twisted by E, is

Agr (N) ® det' /2,
where k = [0,1,1,...,1]. It is furthermore a consequence of the proof of Thm. that this latter represen-
tation is isomorphic to the unique irreducible quotient of
dS [F(w, 6,) @ ... ® F(w, )]

Now, [17], Thm. 1, p. 198, implies that this normalized induced representation is already irreducible itself,
whence

J'(w,0) = A (N) @ det’ ™/ 2 nd G [F(w, (1) ® ... ® F(w, ()]
is the unique, irreducible, admissible, essentially tempered representation of G’, which has non-trivial
(¢, K'°)-cohomology twisted by E,,. Furthermore,
q—k(k—1

)
HY(gl (H), Sp(k)Ry, J'(w, ) @ E,) =\ €1,

which follows from Thm. (3) or directly by [7] III. Thm 5.1.

The split case G = G, = GL,(R), n = 2k, is treated in analogy. By Thm. and [7], I, Thm. 5.3,
the unique, irreducible, admissible, essentially tempered representation of GG, which has non-trivial (g, K°)-
cohomology twisted by E, is

Ag, (V) ® |det| /2 =~ Aq, (\) ® sgn |det|~"/2,

where n = [0,2,2,...,2]. As shown in the proof of Thm. this latter representation is isomorphic to the
unique irreducible quotient of

IndG[D(w, £1) ® ... ® D(w, {)],
which turns out to be irreducible itself, too, cf. [17], Thm. 1, p. 198. Hence,

J(w, 0) == Aq, (\) @ |det| /2 = Ind§[D(w, £1) @ ... ® D(w, £y,)]
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is the unique, irreducible, admissible, essentially tempered representation of G, which has non-trivial (g, K°)-
cohomology twisted by E,,. We compute,
a—k?

H(gl,(R), SOM)R, J(w,0) ® E,) = C*& N CF!

which follows again from [7] III. Thm 5.1 or directly using [7], III. Thm. 3.3. Observe that there is a factor
C? appearing in the formula. This is due to the fact that we calculated (gl,,(R), SO(n)R,)-cohomology (as
in Mahnkopf [25], 3.1.2), and not (gl,(R), O(n)R,)-cohomology (as it was done by Clozel in [§], Lemme
3.14). The reason for that will become clear after Thm. Compare this also to [25], p. 590.

5.6. The global Jacquet-Langlands map. There is also a global version of the Jacquet-Langlands map,
developed by Badulescu in [I], sect. 5, and by Badulescu—Renard in [2], sect. 18. (For m = 1 see also
Harris—Taylor [18], VI.1) We denote it here by JL (because it goes in the direction different to the one of
|LJ|,). It is uniquely determined as being the map satisfying the conditions of the following theorem:

Theorem 5.4 ([2], Thm. 18.1 & Prop. 18.2). The map JL is the unique injection from the set of all unitary
discrete series representations II' of G'(A) into the set of all unitary discrete series representations II of
G(A) such that

‘LJ|U(JL(1:[/)U) = ﬁi}

at all places v € V. R
Moreover, if JL(IU') is unitary cuspidal, then so is I1'.

We remark that the condition |L.J|,(JL(II'),) = II, implies that in particular JL(f[’)U = II/, at all split
places v. In accordance with our local definition (cf. Section , we define for Il = II' ® |det/|* € 2(G"):

JLAT) := JL(IT') ® | det |*.
Corollary 5.5. The so extended global Jacquet-Langlands map satisfies JL(II') € 2(G). Furthermore, all
assertions of Thm. hold unchanged (omitting the word “unitary”).
6. ALGEBRAIC AND REGULAR ALGEBRAIC REPRESENTATIONS OF G’(A)

6.1. The Local Langlands Classification. Let Wy be the local Weil group of K = R, C, cf. Tate [37],
1.4.3. It can be defined as follows:

Cc* ifK=C
WK_{(C*U]'(C* if K =R,
where in the second case j2 = —1 and jzj~' =z, for all z € C*.

It was proved by Langlands in [22] that there is a canonical bijection between the class of irreducible
admissible representations 7 of GL,,(K) and the class of semi-simple, complex, n-dimensional representations
7 of Wk, K=R,C. We denote this correspondence by

T T =7(7)

and call 7(7) the Langlands parameter of m. If K = R we can furthermore restrict 7(m) to the connected
component of the local Weil group Wy = C*, which gives us an n-dimensional, complex representation of C*,
again denoted by 7(7). This enables us to view 7(7) — no matter if K=R or K = C - as a representation

7(m) : C* = GL,(C).

If K=Rand 7 = D(I) ® |det |* (notation as in Section for some integer | > 1 and s € C, then the
restriction of 7(7) to C* is explicitly given by

2 (PR T @ (TR,
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6.2. The split case. We will now recall the definition of an algebraic and a regular algebraic automorphic
representation of GL,,/F, following Clozel.

Definition 6.1 ([§], Def. 1.8 & Def. 3.12). Let Il € Z(G) with archimedean component Iloo = @, ¢y Il

(1) The representation II is called algebraic, if at all places v € Vi,
Hv e T(Hv) = X1,v ®...0 Xn,v,

1—n
where x;o||c? , 1 <@ <mn,isan algebraic character and |- |c denotes the usual normalized absolute
value on C.
(2) An algebraic representation II is furthermore called regular algebraic, if the infinitesimal character
X1, of Il is regular, i.e., inside the positive, open Weyl chamber.

1—n

Remark 6.2. A character x;.|-|c> being algebraic means that
Xiw(2) = 2P0 (Z) T
n—

with p;v, Giv € Tl + Z for all v € Vo and 1 < i < n. If v is a real place, we can even more suppose that
7(II,) is given by

7= (Zpl,'u (E)Pz,v) @ (sz,'u (E)Pl,u) @ EB ((Zz)PZTJrl,v) @ @ ((ZE)Pn,v).

We let py = (P1,v, -, Pnyw) € (%5+ + Z)™ for all v € Vio. The definition of II being regular algebraic can now
be equivalently reformulated by saying that for all v € Vi, piv # pjv, 1 < i < j <n. (This is actually the
original definition of Clozel, cf. [§], Def. 3.12.)

There is also the following, very useful, equivalent description of regular algebraic, cuspidal representations
I1, which is a consequence of Clozel [8], Lemme 3.14.

Theorem 6.3. Let I1 € 9(G) and assume 11 is cuspidal. Then the following are equivalent:

(i) I regular algebraic.
(ii) I is cohomological and essentially tempered.

Sketch of proof. By Clozel [8], Lemme 3.14, a cuspidal automorphic representation II is regular algebraic if
and only if I1, is cohomological. So, we only need to show that the archimedean component Il of a cuspidal
and cohomological representation II is automatically essentially tempered. This is actually well-known, so
we sketch the argument here. For n = 1, this is obvious. If n > 2, then by Shalika [34], corollary on p.
190, II, is a generic representation of G, for all v € V. But a generic, cohomological, irreducible admissible
representation of G,, v € V., is essentially tempered. This shows the claim. O

Remark 6.4. We want to point out that it is due to the fact that we calculate (gl,,(R), SO(n)R,) - cohomol-
ogy at a split real place v that we can formulate the theorem in that way. If we calculated (gl,,(R), O(n)Ry)-
cohomology instead, if n is odd, one might have to twist II, with the sign-character in order to get non-
vanishing cohomology, cf. [§], Lem. 3.14.

Moreover, we remark that the cuspidality assumption on II cannot be removed in Thm. [6.3] To see this,
consider the following counter-example:

~

Example 6.5. Let FF = Q and take 7 to be a cuspidal automorphic representation of GLy(A) with 7, =
D(2) (notation as in Section . If we put moreover n = 4, then the global induced representation

GLy(A _
IndGLigAchLz(A)[ﬂ det |*/? @ 7| det |7/2]

has a unique irreducible quotient I, which is a residual representation in 2(GL,), see Moeglin—Waldspurger
[26]. At infinity, II, is the Langlands quotient of

GL4(R _
Indgy A8 e [D(2)] det |2 @ D(2)| det|7/2].
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Therefore, by Section 7(Il) is given by the character

o (ETH (IR e (EE) e (= ()h),
whose exponents are all in % + Z and pairwise different, whence II is regular algebraic by Rem. Its
archimedean component I, is even cohomological with respect to the trivial representation: One may check
using Thm. [5.2] resp. Table[I] that

H(gl,(R), SO(4)R*, I, ® C) # 0

in degrees ¢ = 3, 6. But clearly, Il is not tempered. Indeed, Il = Aq, (A) with A = 0 and n = [0, 4], which
is not tempered by Thm. (3).

Remark 6.6. If n = 2k and v € V, is a real place, the local component 11, of a regular algebraic cuspidal
representation IT € 2(G) is necessarily of the form IL, & J(w,,¢,), for some integer w, and tuple ¢, as in

Section In view of Thm. [6.3] this follows from Thm. (resp., Section [5.5)).

Before we turn to the case of G’, let us also recall Clozel’s “Lemme de pureté”, [§], Lemme 4.9:

Lemma 6.7. If 11 € 2(G) is algebraic and cuspidal, then there is a w € Z such that for all v € V., the

1-n
algebraic characters of C* associated to IL,| - |, 2 are of the form z — 2P(Z)? with p+ q¢ = w.

6.3. The general case. Motivated by the above definition for the split case (i.e., D = F) we extend it to
the more general case of G'.

Definition 6.8. Let II' € 9(&).

(1) The representation I’ is called algebraic, if JL(IT') € 2(G) is algebraic.
(2) An algebraic representation I’ is called regular algebraic, if JL(I') € Z(G) is regular algebraic.

We will now see that our definition goes very well with Thm. [6.3]
Theorem 6.9. Let II' € 2(G’) and assume that JL(II') is cuspidal. Then the following are equivalent:

(i) I is regular algebraic.
(il) II7, is cohomological and essentially tempered.

Proof. (i)=(ii): By assumption JL(II') is a cuspidal, regular algebraic representation of G(A). So, Thm.
implies that JL(II')oo = @,cy. JL(II), is cohomological and essentially tempered. By the description
of the global Jacquet-Langlands map, cf. Thm. and Cor. there is an isomorphism JL(IT), 2 II at
all split places v € V. In particular, IT, is proved to be cohomological and essentially tempered at all split
places v € V. So, let us assume from now on that v is a real, non-split place. Again by Thm. 5.4 and Cor.
[5.5] we obtain
I, = [LJ],(JL(T),).
As v is supposed to be non-split, we have n = 2k and so Thm. (see also Rem. implies that
JL(I), = J(wy, £y),

for some integer w, and k-tuple ¢, as in Section But now Thm. [5.2] shows that |LJ|,(J(w.,4,)) =
J'(wy, £,). Putting the pieces together we finally see that

I, = J' (wy, £y).
According to Thm. [4.9| (resp., Section [5.5), II,, is therefore cohomological and essentially tempered and hence
sois I, = @,y 5
(ii)=(i): Assume that II’_ is cohomological and essentially tempered. By definition, cf. Def. we need
to show that JL(II') is regular algebraic. As this is a local condition at the archimedean places, Thm. [6.3

together with the standing assumption that JL(IT') is cuspidal, permits us again to focus on the non-split
archimedean places v € V. Let v € Vo be such a place and let E, , jto = (fv,15 .-, fto,n), be a highest
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weight representation of G = GLj(H) with respect to which II/ is cohomological. We know from Section
that E,, is necessarily essentially self-dual, so there is an integer w, € Z such that w, = pty; + fto,n—i+1,
1 <i < n. As 1T is furthermore assumed to be essentially tempered, Thm. resp., our explanations of
Section imply that
I, 2 J (wy, £y),

the k-tuple ¢, = (1,4, ..., {k») being defined as in Section By the description of the global Jacquet-
Langlands map, we hence obtain

I (wy, €y) = |LJ |, (JL(IT')y).
Next, recall that JL(II'), — being the local component of a cuspidal representation — must be generic (see
Shalika [34], corollary on p. 190). Therefore JL(II'), is induced from representations in the (limits of)
essentially discrete series, c¢f. Vogan [38], Thm. 6.2. But since |LJ|, commutes with induction and tensor
products, these representations must be all in U,,(GL2(R)) and so Lem. shows that JL(IT'), is induced
from the representations D(w,,¥¢; ), 1 <i < k. Whence we have by construction

TL(T )y = J(wy, £,)
and so Thm. (resp., Section yields that
JL(I)o = @) JL(T),

vEVL
is cohomological and essentially tempered. By Thm. JL(IT") is therefore regular algebraic. Now the
proof is complete. O

Remark 6.10. Implication (ii)=(i) does not seem to need the assumption that JL(II') is cuspidal. First,
observe that — assuming the validity of (ii) — II’ is necessarily cuspidal by Wallach [42], Thm. 4.3. See also
Clozel 9], Prop. 4.10. By the same references, JL(II') is cuspidal, if there is a split archimedean place
v € V. It therefore suffices to prove the implication (ii)=(i) under the assumption that there are only
non-split places v € V.. It seems that II/, being cohomological and essentially tempered, satisfies

JL('), =2 Ay, () ® sgn®|det| /2, @)

with n =[0,2,2,...,2] or n = [2,2,...,2]. If n =[0,2,2,...,2], then JL(II), is essentially tempered and we
are again in the situation considered in Thm. If n =1[2,2,...,2], then the local Langlands parameter of
JL(IT"), is given by

—l_q—w —lp_q—w J— £ —w —t—w

£ —w —£1—w —£—w £ —w Ly _1—w
(77 ()77 ek 7 ()7 )e.ek > (2 7 ek (2) * )exz) 7 ez T,
with £ = (¢4, ...,4;) and w as in Section in particular, £, = 1. Indeed, for Ay, (A\) with n = [2,2,...,2] to

L —w —l—w

exist, we must have A\, = 0 by . As furthermore pzﬂ = 0, the representation giving (2z) 0 (22) 2
is | det |~%/2, which shows ¢, = 1. By the definition of the numbers ¢; we see that ¢; —w = 2(—pip_ij+1 +k —
1) + 1 is odd, so JL(II"),, would be algebraic. But since also ¢ > ly > ... > li,_1 > ¢, = 1, JL(II'), would
also be regular algebraic by Rem. As a consequence, in order to show the implication (ii)=-(i) without
the assumption that JL(II') is cuspidal, it suffices to prove (©).

In contrast, the implication (i)=>(ii) in Thm. [6.9] fails, if one drops the assumption of the cuspidality of
JL(IT") — even if one supposes that IT' is cuspidal. This is shown in the next example:

Example 6.11 (Grobner [14], Thm. 4.1). Let FF = Q, m = 2 and d = 2, i.e., G’ is the group of GL2s(D)
over a quaternion division algebra D over Q. Assume furthermore that the infinite place is non-split, so
Gl = GLy(H). Using the global Jacquet-Langlands map of [2], it was shown by the first named author in
[14], Thm. 4.1, that for any integer k > 0, there is a cuspidal automorphic representation II' of G’(A) whose
component at infinity II._ is given by the Langlands quotient of

G720 o, o [Sym* 1 C2det 2 @ Sy C2de1/2),
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Therefore, I/ is not essentially tempered, cf. [14], Prop. 3.5. (Although, if & is even, II’_ is cohomological
with respect to the highest weight representation E,, of GL, with p = (%, g, fg, fg); see again [14], Prop.
3.5, resp., our Thm. )

But if k is chosen to be even, we claim that II' is regular algebraic. In fact, the Langlands parameter
7(JL(II') ) is given by Section [6.1] as

N (Zuf;s) (2)—<k2+1>) @ (Z—(k;rl) ) (+3) )& (z(kgn ) —<k-2+3>) ® (Z—<k2+s> (Z)UC;U),
whose exponents are in % + Z, if k is even. So, IT’ is algebraic for even k. Furthermore, the numbers
_ (k+3)  —(k+1) _(k+1) _ —(k+3)
Pl,c0 = 2 y P2,00 = 2 yP3,00 = 2 y P00 = 9

can never be pairwise equal. Hence II' is regular algebraic for even k& by Rem.
6.4. A purity lemma. We conclude this section by stating a generalization of Clozel’s “Lemme de pureté”.

Lemma 6.12. If II' € 9(G') is algebraic and JL(II') cuspidal, then there is a w € Z such that for all
v € Vi, the characters of C* associated to JL(IT')y| - |2  are of the form z — 2P(2)4 with p+ q = w.

Proof. This is an immediate consequence of the definition of II' being algebraic and Lem. [6.7 ]

Again, the cuspidality of JL(II') cannot be weakened to assuming that IT’ is cuspidal, as the next example
shows.

Example 6.13. Once more consider the representation II' constructed in Example It is cuspidal and
algebraic, if k is even. Recalling also its Langlands parameter from Example [6.11] one checks that there is
no integer w € Z representing all the sums of the exponents showing up in 7(JL(II') ).

7. SPACES OF AUTOMORPHIC COHOMOLOGY AND RATIONAL STRUCTURES

7.1. Definition of the o-twist, the rationality field and F-structures. Let v be any representation
of either G'(Af) or G/, v € Vy, on a complex vector space W. For o € Aut(C), we define the o-twist “v
following Waldspurger [41], I.1: If W’ is a C-vector space which admits a o-linear isomorphism ¢t : W — W’
then we set
%Y :=tovot L

This definition is independent of ¢t and W' up to equivalence of representations. One may hence always take
W' := W ®c ,+C. This latter vector space is defined as follows: Firstly, since C is commutative it makes no
difference whether we think of W either as a right or a left vector space. For concreteness, we will think of W
as a right C-vector space. Secondly, consider C as a (C, C)-bimodule, where the left module structure is via
an automorphism o €Aut(C), i.e., a-; z := o(a)z, and the right module structure is by usual multiplication:
z +» b = zb. Let us denote this bimodule simply as ,C. Now consider the tensor product: W ®¢ ,C which
uses only the left-module structure on ,C. For all a € C, w € W and z € C, we have:

aw®z=wa® z=w R o(a)z.
Further, using the right module structure of ,C, we get that W ®¢ ,C is a right C-vector space, where the
scalar multiplication is given by:
a(w®z) =w® za.
It is now a direct consequence of this definition that the canonical map ¢t : W — W ®¢ ,C defined by
t(w) =w® 1 is a o-linear isomorphism:
tlaw)=aw®1=w®o(a) =oc(a)(w® 1) =o(a)t(w).
On the other hand, if v = @),y V4 is a representation of G7, we let

V= ® Vy—1y,

vEVL
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interpreting v € V., as an embedding of fields v : F' — C.

Recall also the definition of the rationality field of a representation from [41], I.1. If v is any of the
representations considered above, then let G(v) be the group of all automorphisms o € Aut(C) such that
vy

S(v) :={o € Aut(C)|v 2 v}.
Then the rationality field Q(v) is defined as
Q(v) :={z€Clo(z) =zforall o € G(v)}.

As a third ingredient we recall that a group representation v on a C-vector space W is said to be defined over
a subfield F C C, if there is a F-vector subspace Wy C W, stable under the group action, and such that the
canonical map Wy ®p C — W is an isomorphism. In this case, we also say that (v, W) has an F-structure.

In particular, if E, = @),cy._ Ey, is a highest weight representation of G¢, then the above definitions can
be applied to E,,. So, let Q(E,) be the rationality field of £, and let L/F be a minimal algebraic splitting
field of D/F, i.e., D®p L = My(L) and [L : F| = d. We will abbreviate

Q(p) := Q(Eu) L,

the compositum of the fields Q(E,) and L. Observe that this extends the notation used in Raghuram-
Shahidi, [29], to the non-split case of G'. We obtain

Lemma 7.1. Let E,, be any irreducible highest weight representation of G’ as in Section . Then Q(u) is
a number field. As a representation of the diagonally embedded group G'(F'), E,, is defined over Q(u). Such
a Q(u)-structure of E,, is unique up to homotheties, i.e., unique up to multiplication by non-zero complex
numbers. Furthermore, as an abstract representation of G'(F), Queve By, 18 isomorphic to E, @c -C.

Proof. Let us first view E,, as a representation of G(F) = GL, (F) via its diagonal embedding into G.
Exactly as in Clozel [8], p.122, one sees that E,, is defined as a representation of G(F') over Q(E,), which
in turn is also a number field. Let E, gg,) be a Q(E,)-structure of E;, as a representation of G(F).
Since the algebraic group G x Q(u) = GL,,/Q(u) is connected and char(Q(u)) = 0, the Q(u)-subspace
E.ow = Euoe,) @oeE,) Qlu) of E, is stable by the action of G(Q(x)). Hence, it is stable by the action
of G'(F) C G'"(Q(r)) = G(Q(n)). Therefore, E,, is defined as a representation of G'(F’) over the number
field Q(p). This proves the first assertion.

In order to prove the second assertion, let Ey be any other Q(u)-structure of E, as a representation of
the diagonally embedded group G'(F'). By what we just observed, Ej is stable under the action of G'(Q(u)).
Since G'(Q(p)) = G(Q(u)), Ey is stable under the action of G(F) = GL,(F) as well. Recall that by its
construction, E,, g, is also a Q(p)-structure of £, as a representation of G(F). We may apply Waldspurger,
[41] Lemme L1. to E, as a representation of G(F) and see that there is a non-zero complex number o € C*
such that Ey = aF), g(,)- This shows the uniqueness of E, o(,) up to homotheties.

Now, let ¢ be the isomorphism of C-vector spaces ¢ : Quev, By, — E,®coC, given by the assignment
PV(Qpev, Wy) = Quev., 0 (Wey). Applying o' to a vector wy, € E,, is meant as applying o~! to the
coordinates of w,, in terms of the standard basis of the standard representation C™: This is well-defined
since at every real archimedean place, E,,, is a subrepresentation of

n—1
Vp, = ® Sym#viTHv i+l (Ai(C”) ® det’tvm
i=1
while at every complex place, E,, is a subrepresentation of v, ® 7,, . Recall that g € G'(F), being
diagonally embedded into G', acts on w € “E, as g - w = Quev, v(g)w,. Then, because of our concrete
description of the action of G'(F') in terms of the standard representation C" and the fact that o is a
homomorphism of C,

P(g-w) = ®v€Vm071((U 0 v)(g)Wey) = ®v€VmU(9)071(wav) =g-Y(w).
In particular, ¢ is an isomorphism of the G'(F)-modules ®cv._ E, ., and E, ®c ,C. O
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We will need the following extension of our notation: For an automorphic representation II’ of G’(A),
we shall write °II' := °II_ ® °II’;, where the action of o € Aut(C) on the two factors is as defined above.
Further, we let Q(II') be the compositum of the fields Q(u) and Q(II}),

Q(II') := Q(r)Q(ITy),
if I’ is a global automorphic representation of G’(A), which has non-trivial cohomology with respect to E,,.
Observe that this is a slight abuse of notation, since Q(IT') in general does not equal the rationality field of
IT' (even if it is extended by a splitting field of D!). In the setup of our paper, however, it is the appropriate
generalization of the analogous notation used in Raghuram—Shahidi [29].

7.2. Rational structures on the cohomology of geometric spaces. Consider now the quotient
Ser = G'(F)\G'(A)/KZ,
where we recall that the group R is “hidden” as a diagonal subgroup of K2. This space is the projective
limit of finite disjoint unions of orbifolds, cf. Rohlfs [31], Prop. 1.9 together with Borel [4], Thm. 5.1. Let
E,, be a highest weight representation of G._. It defines a sheaf £, on S¢/, by letting &, be the sheaf with
espace étale G'(A)/ K2 X q/(py E, with the discrete topology on E,. Hence, the sheaf cohomology spaces
H? (S G’ gu)
are defined. These are G’(A f)-modules. Moreover, the sheaf-cohomology with compact support HZ(S¢, &)
is well-defined, too, and there is the natural map
Hg(SG/,Sﬂ) — Hq(S(;/,Eﬂ).
We denote its image, following Harder, by H{'(S¢/,E,,) and call it interior cohomology.

It will be important for us to interpret interior cohomology as the kernel of another map. Therefore, recall
the adelic Borel-Serre Compactification S¢ of S, and its basic properties. (For this we refer to Borel-Serre
[6] as the original source and to Rohlfs [3I] for the adelic setting.) It is a compact space with boundary
9(S¢) and the inclusion Sg: < Sg is a homotopy equivalence. Furthermore, the sheaf &, extends to a
sheaf on S¢ and there is the natural restriction morphism of G’(A ;)-modules

res? : Hq(Sgl,gu) = Hq(gc/,gu) — Hq(B(gg/),Eﬂ).
It is a basic fact that
(7.2) H{(S¢r,E,) = ker(res?),
which follows from considering the long exact sequence in sheaf-cohomology given by the pair (Sg/, d(Sgr)).
We obtain
Lemma 7.3. The G'(Af)-modules H1(S¢/,E,,) and H!(S¢r,E,) are defined over Q(u).

Proof. Both assertions follow from the fact that sheaf-cohomology can be computed using Betti-cohomology.

To be more precise, we recall from Lem. that E, is defined over the field Q(u) as a representation of

G'(F). Let E,, g(,) be a Q(pu)-structure on E,, and let H},(Sqr, E,, g(,)) denote the Betti-cohomology of S¢

with coefficients in £, g(,). This is a G'(Ay)-stable Q(yu)-vector space and defines a Q(u)-structure:
H(Sar, &) = HE(Sar, By a(u) ®a) C-

Recalling , this also shows the analogous assertion for H{(S¢/,E,,). g

Compare the previous lemma also with Clozel []], p.122-123.
As another ingredient observe that for all o € Aut(C), there are natural o-linear, G'(Af)-equivariant iso-
morphisms

(7.4) o HY(Ser,€,) — H(Sar,%€,,)
and
(75) 0'!* : H!q(Sgl,g#) — HF(SG,,UE#),
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7.3. Combining automorphic forms and geometry. Let E,, be a highest weight representation of G
and let J = Jg, be the ideal of the center of the universal enveloping algebra of g, which annihilates
the dual representation E}, of E,. This ideal is of finite codimension and hence the subspace Az (G’) of
automorphic forms on R, G'(F)\G'(A), which are annihilated by some power of J is defined, cf. Section
Suppose furthermore that E,|gr, = 1 in this subsection. This is not the most general setup (instead
one should be working with G'(A)®)| cf. Clozel [§] p. 123), but merely provides a convenient normalization.
Then the link between sheaf cohomology and automorphic forms is provided by

Theorem 7.6 (Franke [I1], Thm. 18). There is an isomorphism of G'(Ay)-modules
HY(S¢r, &) = HY (g, K2, A7 (G') ® E,).

Abbreviating
{p/ (GI ) Hq(g:)ov K;vAJ,{P’}(G/) ® E#)
and
H?P,}7¢P/ (G/, Eﬂ) = Hq(géo, Kég, AJ,{P’},cpP/ (G/) X EH)7
we obtain

Corollary 7.7. The sheaf cohomology of Sc/ inherits from (3.1) and (3.2) a decomposition as G'(Ay)-
module:

(7.8) HY(S¢,&) = @ H{p (G By
(P}

(7.9) >~ PPH{p,,, (G B
{P'} epr

7.4. Recall from Section [3| that the space Acysp, 7 (G'), i.e., the subspace of all cuspidal automorphic forms
in A7(G’), can be identified with the summand Az ;51 (G’) in (3.1). Hence, we call the summand in (7.8)
index by {G’} the space of cuspidal cohomology and denote it
cuap(G/ ) = {G/}(G/ )
= Hq(goo’ Kg;, AC’U«SP,j(G/) ® Eu)~
Now, let Ag;s.7(G') be the subspace of all square-integrable automorphic forms in A7 (G’). The quotient

space Ry G'(F)\G’'(A) has finite volume hence Ay, 7(G’) is the space of all K 2-finite, smooth functions
feL? (RyG'(F)\G'(A)), which are annihilated by some power of 7. We will denote its cohomology by

Hi, (G, By) = H (g, K3, Adis, 7 (G') ® E,).
Observe that by (7.8), there is a natural inclusion of G’(A f)-modules
G Ey) = Hg (G Ep).
Let us now refine this picture even more. If we fix a smooth character
w:RLZ'(F)\Z'(A) — C*,

then the subspace of functions in Ags,7(G’) (resp., Acusp,7(G’)), which have this given central character
w, decomposes as a direct Hilbert sum, the sum ranging over all (equivalence classes) of square-integrable
(resp., cuspidal), irreducible automorphic representations with central character w, which are annihilated by
some power of J:

cusp(

—

/ ~ !
(710) Adis’j(G ’w) = @H' square—int.H ’
resp.,
(711) Acusp,J<G/) w) = @ . H/'

I’ cuspidal.
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Once more, these spaces define in a natural way (g.,, K2 )-modules and if E, is a highest weight represen-
tation of G., we define

(7.12) dzsw(G/ w) = Hq(ggo,K;,AdisJ(G/,w)®EM)

(7.13) = P HUgk KR © E,) 11
II’ square-int.

and

(7.14) Hlyspo(GEy) = HY g, K2, Acusp.g (G, w) ® Ey)

(7.15) = P HU KL I, ©E,) @1

I’ cuspidal

Both spaces are G'(A)-modules and their decompositions are inherited by (7.10), resp., (7.11).

By Thm. it is justified to talk about the image of all cohomology spaces constructed in Section
and in H%(Sq,€&,). Let us denote these various images by overlining “H”. In particular, this applies
to ngsp(G’ E,) and HJ, (G',E,) (resp., H G',E,) and Hg“w(G’,E#)) so, e.g., ImHY, (G, E,) =

Cusp(G’ 1) Then Cor. implies the following proposition, which describes the interplay between interior
cohomology and the various cohomology spaces constructed in this section.

cusp w(

Proposition 7.16. There is the following commutative diagram of G'(Af)-modules.

G'.E,)

(G, Ep)—— H{(Scr, €)= Hy, (G', E,,)

]

(G, EL)C

C’U,Sp ( cubp

e, (G E,) =~ 01

Cusp,w cusp,w

(G Ep)

dm ,w

7.5. Three results in the split case. Having made some preparatory work in Sections let us now
recall one of the main results in Section 3 of Clozel [8]:

Theorem 7.17 ([8], Thm. 3.13). Let Il € 2(G) be regular algebraic and cuspidal. Then for all o € Aut(C),
°II € 2(Q) is regular algebraic and cuspidal.

We may reformulate Thm. [7.17] within the setup developed in Sections applied to the special case
D = F,ie., G’ = G. As II is regular algebraic and cuspidal, I, is cohomological with respect to some
highest weight representation E,, of Goo, cf. Thm. Therefore, by (7.15)), II; appears as an irreducible
subspace of H, ., (G, E,,) for some degree ¢ and w being the central character of II (where we can assume
without loss of generality that w|g, = 1). Hence, by Prop. [7.16} Il is even an irreducible submodule of

H,.(G,E,). In view of the decomposition of the cohomology of Sg, cf. Cor. and the essentially
temperedness of the archimedean component of a cohomological, cuspidal representation IT (cf. Thm. ,
which pins down Il uniquely, one may hence reformulate Thm. as follows:

For any highest weight representation E,, and any automorphism o € Aut(C), the summand H{qg}(G, E,)
of H1(S¢,&,), being cuspidal cohomology, is mapped by o* (cf. isomorphically onto the summand

{G}(G °E,) of H1(Sq,E,)

It is now clear why the following theorem of Franke is a generalization of Thm. [7.17

Theorem 7.18 ([11], Thm. 20). Let E,, be a highest weight representation of G and o € Aut(C) an auto-
morphism. For each associate class ofpambohc F-subgroups { P} the summand H (G E,) of Hi(Sc, &),

is mapped by o* isomorphically onto the corresponding summand H{P}(G, °E,,) of HY(S¢,%,). In other
words, o* respects the decomposition of sheaf cohomology along associate classes of parabolic F-subgroups.

This latter theorem was refined further by Franke-Schwermer in [12]:
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Theorem 7.19 ([12], Thm. 4.3). Let E, be a highest weight representation of Go, and o € Aut(C) an
automorphism. For each associate class of parabolic F-subgroups {P}, and each associate class of cuspidal
automorphic representations op, the summand H?P} op (G,E,) of H1(Sq,&,), is mapped by o* isomorphi-

cally onto the summand H?P},%P (G,°E,) of H1(S¢,€,) for a unique associate class “pp.
We devote the next two subsections to showing certain generalizations of the above theorems to G’.

7.6. A generalization of Theorems [7.17] [7.18| and [7.19]

Proposition 7.20. Let IT' € 2(G’) be cuspidal and cohomological with respect to a highest weight represen-
tation E,,. Then for all o € Aut(C), °1I’ is the finite part of a discrete series representation =’ € 2(G'),

=/

which is cohomological with respect to °E,,. If E,, is regular, then Z' is cuspidal.

Proof. By assumption II_ is cohomological with respect to the highest weight representation E,. As in
Section by working with G’(A)(!) instead of G’(A), we may henceforth assume without loss of generality
that the central characters of II and E,, are both trivial on R.

To proceed, let b be a degree in which the (g, K22 )-cohomology of II  ® E,, does not vanish. Then
H(g' ., K2 11’ ® E,) is a non-trivial, but finite-dimensional C-vector space on which G'(A) acts trivially.
We may therefore embed

H}(—> Hb(g{xw Kécc))a Héo ® EH) ® H;‘
According to (7.13)), this implies that II}; appears as an irreducible G'(A)-submodule in H? (G',E,),

cusp,w

with w the central character of II". So, by Prop.|7.16, we may view II’; as an irreducible G'(A r)-submodule of
HP(Sgr,E,). Recall from (7-5)) that for each o € Aut(C) there is a o-linear, G’ (A f)-equivariant isomorphism

of : H(Scr,E,) — HY (S, %E,).

Hence, "H’f appears as an irreducible submodule of H!b (S¢r,%€,,) and using Prop. again, even as an

irreducible submodule of Hgis(G’,UE#). By , there must hence be a discrete series representation
E' € 9(G"), such that = is cohomological with respect to °E, and =, = ?II’.. This proves the first claim.

For the second claim, assume F,, to be regular. Then °F,, is regular, too. It is well-known that under
these conditions each local archimedean component of =/ must be essentially tempered. This follows from
the Vogan—Zuckerman’s condition [40] (5.1), p. 73, (which is here) together with the last paragraph on
p. 58, ibidem; see also Li-Schwermer [24], Prop. 4.2, or Franke [I1], p. 258. Now, Wallach [42], Thm. 4.3,

shows that Z’ is cuspidal. |

Remark 7.21. As it is obvious from the proof of Prop. Z’ will also be cuspidal under the weaker
condition that E, only admits essentially tempered irreducible admissible representations of G._, which have
non-vanishing (g’ , K22 )-cohomology twisted by E,. For an example of a non-regular coefficient module
E,,, which has this property, see Grobner [14], Prop. 3.5.

Theorem 7.22. Let E,, be a regular highest weight representation of G, and let o € Aut(C). For each as-
sociate class of parabolic F-subgroups {P'}, and each associate class of cuspidal automorphic representations
ppr, the summand Hf{lp,} o (G',E,) of HY(S¢/, &), is mapped by o* isomorphically onto the summand
H?P/}ya@w (G',°E,,) of H1(S¢»,%E,,) for a unique associate class “pp:

H?P’},wp/ (@, Ey) T:f HgP’}K’sap/ (&, UE“>'
Assuming H?P,} o (G',E,) # 0 and letting {P'} be represented by the parabolic F-subgroup P’ with Levi

factor L' and pp: be represented by the cuspidal automorphic representation II' of L'(A), then II' ® pp: is
cohomological. The o-twist of its finite part Il @ pp; is the finite part of a representation = of L'(A),
which is indeed cuspidal and the associate class “pp: is uniquely determined by being represented by the

. —_ —1
representation =’ @ pp; .
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Proof. Recall that G’ = GL!, for some m > 1. Let {P’} be the associate class of the parabolic F-subgroup
P’ with Levi factor L' = [[;_; GL}, , >.i_; m; = m and ¢ps be represented by the cuspidal automorphic
representation I’ of L'(A). Assume that H?P/},wpr (G',E,) #0.

If r =1, ie., P’ = G’, each associate class pg of cuspidal automorphic representations is a single-
ton consisting of an equivalence class of a cuspidal automorphic representation II' of G'(A). Hence, if
H fgg, Voo (G', E,) # 0, then all its irreducible G’(A¢)-subquotients are in fact irreducible subrepresentations
isomorphic to the finite part of the cohomological, cuspidal automorphic representation IT', cf. Section [7.4
So o* maps such a G'(Ay)-subquotient onto the G’(A)-representation “II';. According to Prop.|7.20} “II’
is the finite part of a discrete series representation Z' which has non-zero cohomology with respect to 7E,,.
As E,, is regular, =’ is cuspidal by Prop. and the assertion of the theorem follows in this case.

Now, let » # 1, i.e., P’ # G'. By the very construction of the space Ay (p},,,, (G'), cf. Section |3, and
the regularity of E,, there is an isomorphism of G’(Af)-modules

H(gl,, K’ Ind§, [T © S(a% o) @ E,) 5 HY

!
(A) (P (G By,

where IT' is as in Section [3[ and S(agiﬂ) is the algebra of differential operators on the finite-dimensional
complex space aIG;:’(C of variables of the Eisenstein series attached to IT’. All relevant details concerning this
construction are contained in Franke—Schwermer [12] 1.2-1.4, 3.3 to which we refer. The existence of the
above isomorphism is proved in Franke [ITI] Thm. 19 II. Let m/_ be the reductive Lie algebra obtained
from I/ by quotienting out the diagonally embedded commutative Lie algebra a$, < [/_ and K ' 00 De the
intersection K22 N L. . Then, in [I1], pp. 256-257, it is shown that as a G’(Af)-module,

(7.23) H(gl,, K22, Ind5, ) [ © S(af )] © E,) =

Indg,giig H ml ), K] o T @ By iy ) © H’f] ,

where E,, w/_ is a uniquely determined highest weight representation of m/_  and [ is a certain shift in
degrees. In fact, E,, m_ is the restriction of the irreducible L/ -representation E,, of highest weight
fw = w(p + p) — p, w being a uniquely determined Kostant representative in W¥', cf. Borel-Wallach |7]
III 1.4 and III 3.3 for a definition of W' and the uniqueness of w. Then, the shift in degrees [ equals the
length I(w) of w, see again 7] IIT 3.3. On the other hand, directly by [7], III Thm. 3.3, one obtains that

[e] G/ ~Y
(7.24) H(gle, K12, Tndg, () I1] ® B,) =

b
P mdZ () | H (e Ky o T © Bpne,) © \ 68 c 011
a+b=q—I1
revealing ([7.23)) as a direct summand in ([7.24) attached to b = 0. As a consequence, there is also a surjective
G’ (Ay)-module homomorphism

o G (A
(7.25) H(gle, K2, Ind 3, () [1] @ E,) — Hip,,

Now, invoking [7] IIT 3.4.(5) and IIT 3.4.(14), we see that Hq_l([go,K’L,,oo,Hgo ® pp,. ® E,,) # 0, where
pp:_ is the archimedean component of the character ppr = ppr ® PP which is defined as usual via the

(G',E,).

Harish-Chandra homomorphism. Observe that the group K 2/7 o 18 in general neither connected nor contains
the full connected component Z75 . of the center of L{,. However, a short moment of thought, using [7]
I 5.1 and Thm. T 5.3, shows that II{, ® pp:_ is really cohomological in our sense, made precise in Sect.
2.4 with respect to the irreducible, algebraic representation E,, of L. . One may check that E, being
regular implies that also F,,  is regular. Therefore, we may apply Prop. to the cuspidal automorphic
representation I’ ® pps and obtain a cuspidal automorphic representation =" of L'(A) with the property that
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’f = H ® pp/ By Strong Multiplicity One and Multiplicity One for discrete series representations of
L'(A), we obtaln furthermore that

Hb([:)ov (KL’,ooZL/,oo) 7H:>o ® pPéO ® E w) = Hb([:)o’ (Ki,,OOZ}/, )O’ :l UEltw)a
for all degrees b. From this one may also derive that
(7.26) H" (g, (K1 00)° g @ ppy, @ Ep,,) = H (g, (KL 00)°, Ehe ® “Ep,)
holds for all degrees b. Keeping this in mind, we let dp/ S := P/(F)\G'(A)/K2. It is known that

~ a ™ G’oo G’ (A —U(w
HYOprScr, ) = “Ind (0000 | @) BT (L(F)\L (8)/K o) |
weW P’

“2Ind” denoting un-normalized or algebraic induction, cf. [33], 7.1-7.2. This isomorphism allows one to
define the G’(Ay)- submodule

. (GL)XG'(Ay) I
HY,p(0pScr, €)= "Ind 2 5= 00 | @D @@ HT (e, KLy oo ¥ @ B, ) © ¥ |
'LUGWP/ @/
the second sum ranging over all equivalence classes of cuspidal automorphic representations & of L'(A)
which satisfy we:_| 7, = wEl | 25 - It is an easy observation that the kernel of the surjective map
mo(PL) — mo(GL,) is equal to the i image of Ki oo/ (K1 o0)° in mo(P%,). Hence, one may rewrite the above
by

G’ (A
maZ) | @ @HT L Ky 0 pp 0B 00
wewr' @

~ ) G’ (A
:@Hq(gf)o,[(/ Indp/gAg[ ]@Eu),

where the &’ now range over all equivalence classes of cuspidal automorphic representations of L’(A) which

satisfy the modified condition way_ [z, = (wg,, ~pp) | 7, _ for the corresponding, uniquely deter-

mined Kostant representative w € W¥'. In particular, by what we said above, H?(g’,_, K'° Indg,gﬁ)[ "QE,)
is a G'(Ay)-submodule of HZ,, (0p/Scr,E,) and hence of the sheaf cohomology H?(0p:S¢,E,). Whence, it

cusp
makes sense to apply o* to the latter (gl , K2 )-cohomology space. Choosing %pp: to be the associate class

which is represented by =’ ® p;,l, we obtain the following diagram
HY(Sr, &) <—H{pn (G Ep) H(gho, K2, In dg,ggg (] ® E,)——— HY(dp:Sar, Ep)

H(Ser,°€u) <——H{p1) oy, (G, Bp) <— H (g, K2, Ind$, ) [E' ® pp}] ® "B)—— H(Dps Scr, °€1)

Equation (7.26) together with Strong Multiplicity One and Multiplicity One for discrete series represen-
tations of L'(A) finally show that the restriction of o* : H9(9p/Scr,E,) — HY(Op' S, %E,) to the space

Hig , K2 Indg,gﬁ) [II' ® E,,) provides us with a commutative diagram

Hq(SG/agu) <—)ng/}’¢P, (le E#) e — Hq(gloo,K/O Ind [H/] ®F )

HY(Ser, °€) =<——H{ps) oy, (G °Ep) ~<— H(gl, K22, Ind%, )2 @ ppl] @ °F,)

}oepr Pr(A)

This settles the case r # 1 and hence the theorem. |
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7.7. A complementary view on Thm. Let now IT" € 2(G’) be regular algebraic and assume that
its global Jacquet-Langlands transfer JL(I1') is cuspidal — the standard assumption we had to make in Section
[6] in order to obtain proper generalizations of the various theorems on regular algebraic representations in
the split case. The next theorem is complementary to Thm. and shows that for any automorphism
o € Aut(C), the G'(Ay)-equivariant isomorphism o* respects these properties. Hence, it may also be seen
as another generalization of Thm. [7.17

Theorem 7.27. Let II' € 2(G’) be regular algebraic and assume that JL(IT') is cuspidal. Then the following
stronger assertions hold: For all o € Aut(C), the full representation °IU' € D(G') is regular algebraic and
JL(°Tl") is cuspidal. For these representations, the action of Aut(C) commutes with taking the global Jacquet-
Langlands transfer, i.e., °JL(II") = JL(°II') for all o € Aut(C).

Proof. Let I = TI,, @ I, € 2(G') be as in the statement of the theorem. By Thm. we know that
T, is cohomological and by Cor. that IT" is cuspidal. Hence, by Prop. [7.20 there is a discrete series
representation =’ of G'(A), which satisfies =, = “II’, and has non-vanishing (g, K2 )-cohomology with
respect to °E,. Recall from Thm. that °JL(II") is a regular algebraic, cuspidal representation of G(A),
which for simplicity we shall denote by =. Now we observe that at all split places v € V¢

JL(E", 2= = (1), ¢ /(II,) 2 °JL(IT"), &2 E,.

Therefore, the discrete series representation JL(Z') and the cuspidal representation = are isomorphic almost
everywhere, and hence by the Strong Multiplicity One Theorem and the Multiplicity One Theorem for
discrete series representations of G(A),

JL(E) =2.

In particular, JL(Z') is cuspidal and regular algebraic, whence so is Z’. By Thm. =l is essentially tem-
pered and cohomological with respect to °E,,. This determines =/ uniquely as “II . As = = (“JL(II"))oc,
the theorem follows. O

Remark 7.28. Our Thm. is also a proper generalization of Waldspurger’s Thm. I1.3.2 in [41].

8. RESULTS ON RATIONALITY FIELDS

8.1. The next theorem generalizes a result which is well-known in the split case (cf., e.g., Shimura [35],
Harder [16] p.80, Waldspurger [41], Cor. 1.8.3 and first line of p. 153, and Clozel []).

Theorem 8.1. Let II' € Z(G’) be cuspidal and cohomological. Then Q(I1}) is a number field.

Proof. Let II' be cuspidal and assume that II’ is cohomological with respect to £,. By Prop.(7.20} for any
automorphism o € Aut(C), "H} is the finite part of a discrete series automorphic representation =’ which
has non-vanishing cohomology with respect to °E,,. Using Prop. we hence obtain inclusions

I — HY(G',°E,),

for all 0 € Aut(C). Take an open, compact subgroup K} of G’'(Ay) which is small enough such that H/fo #0.

Then for each o, H!‘I(G’,"EH)K} is finite-dimensional. Therefore, [Aut(C)/&(11%)| is finite. By [19], V Lem.
2.9, |Aut(C)/&(1})| is an upper bound for dimg(Q(II})) = [Q(IT}) : Q]. So, Q(IT}) is a number field. O

8.2. Let us also discuss how the local rationality fields Q(II},), v € V}, and Q(II};) are connected to each
other.

Proposition 8.2. Let II' € 2(G') be cuspidal and cohomological. Then Q(H}) is the compositum of the
fields Q(IT})), v € Vy — S, S C V¢ an arbitrary finite subset containing all non-archimedean places where II,
ramifies.
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The proof of Prop. @ requires a few preparatory lemmas. Let v € Vy be a split, non-archimedean place.
So G! = G, = GL,(F,) and let @, be an uniformizer for the maximal ideal of the ring of integers O, of F,,.
If 1, is an unramified, irreducible admissible representation of G, then it is well-known that

Hv = Indg: [Xl ®..Q& Xn]a
for some unramified characters x; : F; — C* and B, being the Borel subgroup of G,. We put

I’ n—1
;= |wolo® X (@),

with |-|, being the normalized absolute value on F),. Furthermore, for any automorphism o € Aut(C) denote
by
B |det’ 11,/ 2
o(|det’|s/?)
Then ¢, , is a quadratic character, because by the very definition | - |, takes values in the rational numbers,

whence |det’ |, = o(|det’|,) for any automorphism o € Aut(C). As a last ingredient, recall the elementary
symmetric polynomials f1,...., fn, cf., e.g., [19] Appendix to Chp. V:

fj(arl,...,a:n) = Z xilmiZ...xij.

1<i1<...<i;<n

o

The next lemma is a generalization of Waldspurger [41], Lem. I1.2.3.

Lemma 8.3. Let v € Vy be a split, non-archimedean place and 11, an unramified, irreducible admissible
representation of G = G, = GL,(F,). Then

’

QL) = Q (01", s @)oo a0 s arl®) ).

Proof.
o € 6(IL,) & 11, = 11,
& GInng X1 ® ... ® xn] = Indg;’ (X1 ® ... ® xn]
o Ind%* ["x1€,! @ ... @ Txnen, '] = Ind Gy o ® Xn
[8], Lem. 3.5.(ii) n Bv[ Xlegvv ® ®X 607” } n B, [Xl® QX ]
Aad {0X1€g;1>~-~7JXn€g;1} = {Xl?"',Xn}
& o (fj(alf:“, ...,ag;)) = fj(alf;,...,ag;) Vi<j<n
= o € Aut ((C/Q (fl(a?v, s Q) o fu(al, ...,affv))) .
Taking fixed fields proves the lemma. ]

Lemma 8.4. Let v € V; be a split, non-archimedean place and 11, an unramified, irreducible admissible
representation of Gi = G, = GL,(F,). Assume that Q(IL,) is a number field. Then for any finite Galois
extension F,, of Q, containing Q(IL,),

Gal(F,/Q(I1,)) = {o € Gal(F,/Q)|°II, = I, for all lifts & € Aut(C)}.
Moreover, the restriction map Aut(C) — Gal(F,/Q), sending T to T|r,, maps &(IL,) onto Gal(F,/Q(IL,)).
Proof. By Lem. 8.3

’

M, =1L, & & (fj(alf;, ...,ag”)) = fj(alf:’, ...,ag:’) vV1i<j<n.

But since fj(ozll-l;, ...,aﬂ"u) € Q(IL,) CF, for all 1 < j < n, we obtain
Gal(F,/Q(I1,)) = {o € Gal(F,/Q)|°IL, = II, for all lifts & € Aut(C)}.

The last assertion is obvious. (]
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Lemma 8.5. Let II' € P(G’) be cuspidal and cohomological and let S C Vi be an arbitrary finite set
containing all non-archimedean places where T, ramifies. Denote by E the compositum of the fields Q(I1.),
v € Vi — S. Then for any finite Galois extension F of Q, containing (@(H’f), the restriction map Ty :
Aut(C) — Gal(F/Q), sending 7 to 7|r, maps &(II;) onto Gal(F/E).

Proof. Recall from Thm. that under the present assumptions Q(H}) is a number field. So it makes sense
to talk about a finite Galois extension F of Q, containing Q(II;). We get

Gal(F/E) = (] Gal(F/Q(T,))

UEVf—S
(| {o € Gal(F/Q)|°IL, = I, for all lifts & € Aut(C)}
’UEVf*S

= () {c € Gal(F/Q)|°TI,, = IT, for all lifts & € Aut(C)},
’UGVf

Lem. B4l

where the last line uses Prop. and Strong Multiplicity One for discrete series representations of G'(A).
Therefore, we get even more that

Gal(F/E) = {0 € Gal(F/Q)|"II’; = II} for all lifts & € Aut(C)}
which is obviously the image of &(II;) under ry. O

We may now give the

Proof of Prop.[8.-2: Let II' be cuspidal and cohomological. Let E be the compositum of the fields Q(IL}),
v € Vy—S. By Thm. 8.1} Q(II};) is a number field. Let F be the Galois closure of Q(II%;). This is a finite
Galois extension of Q. We get

Q( ’f) = {zeC| o(z)=2 Voe G(H'f)}
=  {z€F| o(z)=2z Voers(8(I}))}
- {z€F| o(z)=2 VoeGal(F/E)}

O

Theorem 8.6. Let II' € P(G’) be cuspidal and cohomological. Let E,, be a highest weight representation
of G, with respect to which 11, is cohomological. Then 11’ is defined over the composite field Q(II') =
Q(u)Q(IT}). In particular, 11 is defined over a number field.

Proof. By assumption II is cohomological with respect to the highest weight representation E,. As in
Section by working with G’(A)(!) instead of G’(A), we may henceforth assume without loss of generality
that the central characters of II and E,, are both trivial on R.

To proceed, let b be the minimal degree in which the (g, K2 )-cohomology of II  ® E,, does not vanish
and let r be the number of split real places. The group K. /K[ = (Z/2Z)" acts on the cohomology
H'(gl K2 1T, ® E,). Asin [29], 3.3, or [25], 3.1.2, we may pick an ¢ € (K. /KX2)* such that its
isotypic component H(g/_, K2, 11’ ® E,)[€] becomes one-dimensional. As in the proof of Prop. we
may view II} as an irreducible G'(A)-submodule of HY(Sgr,E,)]e] - the e-isotypic component of interior
cohomology in degree b. Let S C V be a finite set of places, such that H} is unramified outside S and put
K =1l,¢5 GLn(Ov) and G'(Asg) :=]],¢5 GLy(F,). For any subfield F C C let

H(Kg, F) := O (G'(As) | K, F)



33

be the Kj-leveled Hecke algebra of F-valued functions. Hence, HY(Sqr, E,)[€]%s is a H (K}, C)-module and
by what we just said, together with Strong Multiplicity One and Multiplicity One for discrete series represen-

tations of G'(A), H}Ké appears precisely once as a submodule in H?(Sg/, Sﬂ)[e]K/s. In Lem. we have es-
tablished a Q(y)-structure HY (S¢, €,,q(y)) on interior cohomology. Letting Q(I') = Q(u)Q(II) be the com-

positum of Q(u) and the rationality field of IT;, we obtain a Q(II')-structure HP(S¢r, €, q(r)) and hence also

a Q(IT')-structure HY(Scr, &, 0ar))le]. We now claim that the H(K§, Q(II'))-module HY(Scr, &, o))l K
splits as a direct sum
H}(Ser, €00 [] 5 = Wi, @ W,

where Wn/f ®qary C = H}.K/S as a H(K§,C)-module. This may be seen as follows: The Hecke algebra
H(Kj, C) decomposes as a restricted tensor product
/
/ o '
H(KS,C) = @), , AL C),

K! = GL,(0O,), of local Hecke algebras H(K!,C) := C*(GL,(F,)/K,,C), each of which is spanned by the
Hecke operators T, j, 1 < j < n, represented by the diagonal matrix T, ; = diag(w,, ..., @y, 1,...,1) having

exactly j-times w, on the main diagonal. On a normalized spherical vector of II), v ¢ S, T, ; operates by

multiplication by the scalar f; (cullli’7 e aE;), cf. Sect. Therefore, the functional
/
. ! — /
Ay s+ H(Ks, C) = Q) JHK,,C) = C
determined by the local conditions
1T,

H/
Ay s(Tos) = fileg™, . an®)

defines an eigenfunction for the action of H(K%,C) on HP(Scr,&,)[e]* 5. Recalling from Lem. that
I

’ ’ ’ ’ )
QUI)=Q (fl(a?“, ey QY )y sy fn(oz?"7 ...7a5“)) and from Prop. that Q(IT%) is the compositum of the
fields Q(IL)), v ¢ S, we obtain that

HY (S, E,0am))[e] 5 = Wiy @ W,
where Wiy, is the eigenspace of Ay, s. But this implies by the one-dimensionality of H "9, K2, I ®E,)[e]

that WH} ®qry C = HIfKIS as a H(Kg, C)-module, which shows the above claim.
Now, let Viy be the Q(II')-span of the G’ (A f)-orbit of Wiy, inside the G'(Ay)-module H?(S¢r, Egarry)e]-
In other words, if H(G'(Ay), Q(II")) := C°(G'(Ay), Q(IT")), then

Vi, = H(G' (Ay),Q(IT")) - Wi,
We can finish the proof of the first assertion of theorem, if we show that the natural map
Vi, ®qary C — 1T}
is an isomorphism. Injectivity follows from the following consideration:
M) = @uesll, @ (MG (89),C) - (@)sT)) ")

= H(G'(A),C)- (H;K's)

>~ H(G'(Ay),C) - (anf Ro) C)

> (H(G(Af), Q) - Wi, ) @gar) C

= Vi, @)

while surjectivity is a consequence of the irreducibility of H'f. Hence, Vn'f ®qary C = H’f.
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Recalling Lem. and Thm. shows that Q(II') is a number field. Hence, also the second assertion of
the theorem follows and the proof is complete. |

Finally, let us investigate the interplay between rationality fields and the global Jacquet-Langlands trans-
fer. Doing so, we get the following Proposition.

Proposition 8.7. Let II' € 9(G') be regular algebraic and assume that JL(II') is cuspidal. Then
Q(Tf) = Q(JL(T)).

Proof. Let II' be regular algebraic such that JL(II') is cuspidal. Let S be the finite set of non-archimedean
places v € V; where II/, ramifies. By Cor. Q(II)) = Q(JL(T'),) for all v € Vy — S. The proposition now
follows from Prop. O

8.3. The results of this paper suggest the following generalization of Clozel’s [8, Conjectures 3.7 and 3.8]:

Conjecture 8.8. Let II' € 2(G’) be cuspidal. Then the following are equivalent:

i) I’ is defined over a number field.
f
(ii) II' 4s algebraic.
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