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108.17 On ageneralisation of the Lemoine axis
First let us briefly recall the definition of an Apolloniuscircle. Let A, B,
P be three distinct points in the Euclideanplane. Then the ratio of the

. .. |P .
distancedrom P to Aand Brespectivelyis % Thenthelocusof all points

X in the planewith theproperty% = % is a specialcircle if % # 1

P
(and,if % = 1, the perpendiculabisectorof ABwhich canbeviewedas
a degeneratedApollonius circle with radius ). The diameterof this
Apolloniuscircle is QR, whereQ and R denotethe intersectiorpoints of the
angle bisector o APBwith the straight lineAB(Figure 1).
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FIGURE 1: Construction of the Apollonius circle

In the following paragraphsve will denotethis Apollonius circle by
kag (P) and its centre bMag (P).

Thereis a well-known property of Apollonius circles, leadingto the
notion of the Lemoineaxis (e.g.[1, pp. 294f]): Let AABC be a triangleand
kag(C), ksc(A and kca(B) the three Apollonius circles through the
vertices.Thenthe centresM 45 (C), Mgc (A) andMc 4 (B) of the threecircles
arecollinear(seeFigure 2). The correspondingstraight lineL throughthese
centres icalled the Lemoineaxis andthe two intersectionpoints of these
circles are called the isodynamicpoints of the triangle AABC (X (15 and
X (16) in Kimberling'sEncyclopedia of Triangle Centréz]).
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FIGURE 2: The Lemoine axik of the triangleABC

One can also see in Figure 2 that all three circles intersect the
circumcircle k of AABC (dashedin Figure 2) orthogonally.According to
that there is a different characterisatiorof the points Mag(C), Mgc (A),
Mca(B) (andthereforeof the Lemoine axis): for example,Mag(C) is the
intersectiormpoint of the straight linethroughA and Bwith thetangentof the
circumcircle k at C. Furthermore,it is well-known that every Apollonius
circle with respecto two fixed pointsintersectseveryother circle through
thesepoints orthogonally,not only the circumcircle([3, p. 21],[4, p. 69]).
Let us call this phenomenon “Lemma 1”.

A shorttime agowe were interestedn propertiesof the distanceof a

point P to the triangleverticesA B C astriangle coordinates, momxactly
the ratio of these distancgs : ps : pc (see Figure 3).

FIGURE 3: The distances, pg, pc

It wasthereforenaturalfor usto constructhethreecorrespondingipollonius
circles througtP (kag (P), ksc (P) andkc 4 (P)) and to look what happens.

In what follows we assumethat P doesnot lie on a perpendicular
bisector of a triangle side becauseotherwise the correspondingcircle
degeneratego a straight line (the perpendicularbisector, which can be
viewed as a circle with infinite radius with its centre being a point at infinity).
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The result was the following (Figure 4) —

Theorem

(1) ThethreeApollonius circlesthroughP intersecteachotherexactlyin
two points:P, P’.

(2) The centres Mag(P), Mgc(P), Mca(P) of these three circles are
collinear(like the Lemoineaxis mentioned above)his straight lineis
the perpendicular bisector BP'.

(3) For any of the three Apollonius circles, consider the straight line
through its two intersectionpoints with the circumcircle of AABC.
Thesethree straightlines intersecteach other in one single point Q
somewhere on the line segme.

FIGURE 4: Sketch to the above Theorem

Sincewe initially could not find any observationof thesefactsin the
literaturewe decidedto write this shortnote.In the meantimewe know that
the phenomendl) and (2) havealreadybeendescribedby [5] (p. 9, in the
chaptercalled OlympiadProblemsand More Applicationg, but thereother
meansare used(MenelausTheoremand its converse)lIf a readerknows
further related references, please let the authors know.

Up to now we have not found any referencedor the point of view to
consider the straight line through Mag(P), Mgc(P), Mca(P) as a
generalisatiorof the Lemoineaxis’ (seebelow aswell), so we decidedto
continue writing this short note.

*

Again: If a reader happens to know such references, please inform the authors.
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Proof:

@)

)

®3)

Let P = P be the other (than P )intersection point of the two
Apolloniuscircleskag (P), ksc (P) andpy, pg’, pc” thedistance®f P’ to

thepointsA, B, C. Thenwe haveon theonehand? = p—A,andonthe
’ ’ pB pB
other hand® = p—B,. This impliesﬁ = p—A,and thus e kca(P).

pc Pc pPc pc
If three circles passthrough two distinct points P = P’ then it is
immediatelyclear that all threecentresof the circles mustlie on the
perpendicular bisector &P’

PP is the commonpowerline of the threeApollonius circles. DE (see
Figure4) is the powerline of the circumcircleandthe Apolloniuscircle

centredatMgc (P). Let Q betheintersectiorpoint of DE and PP. Then
Q hasthe samepower with respecto all four circles: the circumcircle
andthe threeApolloniuscircles.HenceQ mustalsolie on FG (and HI,

respectively)becausd-G containsall the pointswhich havethe same
power with respectto the circumcircle and the Apollonius circle

centred aMag (P) (and analogously witHl).

In fact, with the sameargumentas above, (3) holds not only for the
circumcircle of AABC but also for any circle intersecting the three
Apollonius circles. Q is simply the identical (!) power centre (radical
centrg of any two of the three Apollonius circles and the fourth circle
intersecting the three Apollonius circles.

Remarks

In caseP coincideswith the circumcentreall three Apollonius circles
degenerat#o straightlines, all three“centres”arepointsat infinity, and
alsothe “other” intersectionpoint P becomesa point atinfinity. In case
P lies on exactlyone perpendiculabisectorof a triangle side,only one
Apolloniuscircle degenerateto a straight linewith a point atinfinity as
its “centre”, but in this casethe other point P* is a real point in the
Euclidean plane.

Since the Apollonius circles intersect the circumcircle of AABC
orthogonallyit is clearthat P’ is the inversepoint of P with respecto the
circumcircle.

In orderto establisha namefor the straight linethroughMag (P), Mg (P),
Mca(P) we suggest to call it tHe-L emoine axis of the triangle AABC.

Finally, we formulatea lemmaconcerningthe aspectof generalisation

mentioned in the title of this Note.

Lemma Theterm P-Lemoine axis of the triangle AABC is a generalisation
of the termL emoine axis, because:

P-Lemoine axis oAABC = Lemoine axis 0AABC < P e {X(15), X(16)}.
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Proof. Theimplication < is evident(Figures2 and4). In orderto showthe
implication = we canargueasfollows: Sincethe P-Lemoineaxisis always
orthogonal to the straight line PP (Figure 4) passing through the
circumcentreD, to satisfythe propertyonthe left-handside of the LemmaP
mustlie on the straight lineOX (15). SinceP and P areinversepointswith
respecto the circumcircleit is easyto seethatthe midpoint of PP (i.e. Qf
in Figure4) is the nearerto the circumcirclethe nearerP lies to it (in other
words:on the line OX (15) the distanceof QO to the circumcircleincreases
monotonically with the distance of P from the circumcircle, in both
directions).Thereforethereareexactlytwo possiblepositionsfor P, namely
X (15) andX (16).
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