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Iterating circum-medial triangles
HANS HUMENBERGER and FRANZ EMBACHER

1. Introduction

When considering ‘convergence’ many people think of number
sequencesr contextsarising from calculus.But there are also interesting
phenomenaof convergence- easyto visualize — arising in elementary
geometry.Someof them are so elementarythat they can be dealtwith at
school,for instancean exampleof iterationthatis describedn [1, p. 171f]
(see also [2, p. 59], [3, p. 222f] and [4, p. 42ff]).

Given an arbitrary initial triangle AjByCo, the points of tangency

with the incircle form the next triangle A;B;C;. Continuingthis

procedurestepby stepone canobservethat the trianglesA,B.C,,

get ‘more and more equilateral’.

The convergencef the shapeto equilateralitycanbe showneasilyin this
case(without the needof matricesandlimits of powersof matrices see[5]).

A similar problemis describedn [1, p. 173] (also easyto solve, see[5]).

Anotherproblemof this type (treatedin [1, p. 176ff]; [6]) is muchharderto

solveeventhoughit may — at the first glance— seemassimpleasthe ones
described above.

In theseproblemsthe incircle is involved in the iteration processand
thusthe resultingtrianglesget smallerand smallerat every step(they even
becomearbitrarily small). Whenlooking at themusing Dynamic Geometry
Software(DGS) one hasto zoominto the sketch deepeand deeper.This
disadvantagés avoided ifiteration problemsare regardedhat involve the
circumcircleinsteadof the incircle. We found hardly any referencesn the
literatureon this topic. It maywell be thatthereare more;we would highly
appreciate hints to corresponding references.

2. Circum-medial triangles

Sincethe circumcircleiterationsinvolving the perpendiculabisectors
arereally elementary(see[5]) we will turn our attentionto the mostfamous
ceviansof atriangle,the anglebisectorsthe altitudesandthe mediansLet
us take the medians first.

Examplel: Given an arbitrary triangle AjBoCo With its circumcirclek. We
construct themediansof the triangle ABy,Cy andintersectthemwith k. The
points of intersectionare the points A, B;, C;, forming the next trianglée
AB,C,. Continuingthis procedurestep by step one can observethat the
trianglesA.B,C,, get‘more andmoreequilateral’. (A moreopenformulation:
What can be observedooking at the trianglesA,B.C,,?) Is this alwaysthe
case? Can you give reasons for this phenomenon?

Thetriangle A;B,C; is calledthe ‘circumceviantriangleof A\B,C, with respecto
the centroid. Another name for it iscircum-medial triangle(see also [7]).
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Firstwe will checkthe situationwith a DGS constructionjn Figure 1three
steps are shown.

CO C(J

FIGURE 1: Three steps in the iteration process using circum-medial triangles

The shapeof the trianglesseemdo convergeto equilaterality. But how
canwe provethat?Themethodusedin [5] (alsoappropriatefor high school
- identify the sequenceof the ‘errors’ (deviationsof equilaterality)as a
geometricsequencenith factor|g < 1) is not successfuhere.Instead we
use the well-known theoremthat a monotonic and boundedsequences
convergentThis theoremis commonlymet in uppersecondaryschool but
not in a sufficiently deepandreflective way; this moreadvancedreatment
will be restricted to students at university.

Herewe will work primarily with angles(asin [8]), whereasn [9] we
focused on the sides lengths in solving this problem.

With ap, Bn, yn (N = 0) wewill denotethe anglesof thetrianglesaftern
iteration steps.

We will provethatwith ag < o < yq all threenew anglesay, S1, y1
are not smallerthan ao. Let m, = min{an, Bn 7n} (N = 0, 1, 2, ...)
thenthe following musthold: my < my andin generalm,_; < m,, i.e. the
sequence(m,) is monotonicallyincreasingand boundedabove (by 60°).
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Therefore, (m,) must converge Sincein caseof an equilateraltriangle
theanglesdo not changefrom onestepto the next, it is clearthatthe shape
of thetriangles converge® equilaterality(in otherwordsthe anglesa,, S,
¥n converge t@®0°).

Our goal is to provezg < By < y0 = ag, 1, Y1 = .

We assumeag < fy < yp Or equivalently ay < by < ¢ (initial side
lengths).The anglegu », V12, p12 arethe partsof aq, So, yo thatresultfrom
the medians (see Figure 2).

Co

Ci
FIGURE 2: The first ste\,ByCy — AB;C;
We denotethe midpointsof ag, by, ¢y by D, E, F, andthe centroidof the
initial triangle byG.
From the equality of angles in the same segment we get immediately:
a1 = V1 + P2
Br = p1+ Uz 1)
V1=t Ve

* We could alsowork with M, : max{an, fn, yn}; thenthe sequencdM,) would
be monotonically decreasing and bounded below.
T Andonlyin this case (see the end of the proof below).
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First the following inequalities hold:

1 = U,
V1 < Vo, (2)
p1 = p2.

One possible explanationfor p; > p, (the others are analogous):
becauseof a; < by the point Cy lies somewherén the right part when
drawingthe perpendiculabisectorof AjBy, andthereforeC; is in the ‘left’

part. Thus we can conclude for the arclen&ﬁhﬁo‘ 1A0 andp; > p;

Now we use the well-known formulasfor the lengthsof the medians
(which can be derived by applying the law of cosines twice):

|A()D| '\/ b% 08 \/ 35+03) b2 | 0F| '\/ 33+bo

From (3) andao < by € cowe candeduceCOF BoE| < |A0D| andby
multiplying by the factor § we get |CoG| < [BsG| < |AJG|. This inequality
implies (because in a triangle we knawk b & a < f):

Ha < P2,
VL 2 U, O]

Using (2) and (4) we have:

ay = vy + p2 2 U2 + g = Ao,

Br =+ p1 2 pp+ p2 2 iy + 1 = ao,

Vi =M1+ Vo 2+ v 2 g+ U = do
Only in the caseof an equilateraltriangle doesthe set of the anglesnot
changefrom one stepto the next (i.e. only the equilateraltriangle is a
possible ‘limiting shape’). We assumeag < ffp < yo. In the cases
a9 < fo = 7ve @ = Po < v and ag < fo < yo Wwith the same
argumentsasabovewe getay, f1, y1 > ag; thusthetriangleA;B,C; cannot
be congruent té,B,C,, and this completes the proof.

Teaching situations with this topic

As said above, this topic is restrictedto studentswho know that a
monotonicand boundedsequenceas convergent.This is mostly usedin
situationsthat arise from calculus;in geometry there are not so many
situationsusingit, but this is anaccessible@ne.No matterwhetherstudents
work onthe problemin groupsor alone theteachewill needto give several
hints becauséhe problemis really not easy.We may first ask studentsto
provethat (m,) is monotonicallyincreasingjn otherwords: ag < fo < 7o
= ai, B, v1 = ao. The way of proving this geometrically should be
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guided by leading questions like:

¢ Whatcanyou observefor as, 31, y1 asfunctionsof u », v1, p12?
Give arguments for it. This should lead to (1).

e Letusassumary < fy < yo. Canyou observerelationsbetween
w andu, (analogouslyor vy, and p;,)? Give your reasonsThis
should lead to (2).

¢ Whatdo youobserveconcerningthe anglesadjacento a;, namely
v, and p; (analogouslyor the other sideshy and cp)? In orderto
provethis, look for formulasfor the mediansand usethe fact that
the centroiddividesthe mediansin theratio 2 : 1. This shouldlead
to (3) and (4) and is probably the most difficult step.

Having questiondike thoseleavesenoughwork to studentsand gives
them a chanceto come successfullyo a proof. For all three questions
studentscan usethe measuremenfeatures of a DGS and come to
conjectures which should finally be proved.

Remarks

The iteration with the mediansis in generalnot uniquely reversible.
Given a first step triangle A;B,C; (not equilateral)there are alwaystwo
different initial triangles A\BoCy (with the samecircumcircle as AB,C,)
which leadto A;B,C; when constructingthe circum-medialtriangle. Their
centroidsare the foci of the ‘Steinerinellipse’ of the triangle AB,C;. The
correspondingonsiderationsieedothermeange.qg. ‘isogonally conjugated
points’) which are beyond the scope of this article.

We foundonly two referenceso thatproblem,[8] and[10]. In [10] pure
algebraiomethodqGrobnerbasesandthe like) areusedandthe paperdeals
primarily with the generalisation to dimension 3.

Further unsolved?) mathematical questions

«  Are thereother cevians(exceptanglebisectorsand medians)hat
lead to equilaterality in the iteration process involving the
circumcircle (convergence in shape)?

e Are there other interesting phenomena (not necessarily
convergencé shapeo equilaterality)usingceviansVe give just
one example (without proof): If you take the so-called
‘symmedians’then AB,C, = AB.Cy i.e. the sequenceof the
triangles is a 2-cycle (see [11, p. 77]).

What about the angle bisectors instead of the me@ians

This problemturnsoutto be aneasierone,very similar to the problems
in [5].
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Example2: Given an arbitrary triangle A;ByC, with its circumcirclek. We
construct theanglebisectorsof the triangle A)B,Cy andintersectthemwith
k. The pointsof intersectiorarethe pointsA;, B;, C; and theyform the next
triangle A;B,C; (seeFigure 3). Continuingthis procedurestepby stepone
canobservethat the trianglesA,B,C,, get ‘more and more equilateral’. (A
moreopenformulation: What canbe observedooking at the shapef the
trianglesA,B,C,?) Is this alwaysthe case?Canyou give reasonsfor this
phenomenon?

The triangle shapesseemto convergeto equilateralityas one cansee
doing DGS experiments (Figure 3).

CZ CO

B, A
A

c;, G
FIGURE 3: Three steps in the iteration process

Ideaof the proof: Using the equality of anglesin the samesegmentve

getiay = 3(Bo + vo), B1 = 3(yo + a0), 1 = 3(a0 + Bo) (seeFigure4).
Of course, analogous relations hold for all transitionss n + 1:

a :ﬁn+)’n B :Vn+an :an+ﬁn
n+1 > n+1 2 Yn+1 5

Hereoneimmediatelyrecogniseshatthe newvaluesarethe (pairwise)
arithmeticmeansof the old ones;this fact canbe usedor an easyproof of
the convergenceeitheron an intuitive level or a more formal one, see[5],
where the equivalent casep#rpendicular bisectois treated).

*

Thetriangle A;B,C, is calledthe ‘circumceviantriangleof AjB,C, with respecto
the incentre’.
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FIGURE 4: The first iteration step using angle bisectors

Remarks

e Itturnsoutthat thisiterationwith the anglebisectords actuallythe
same as using the perpendicularbisectors (becausethe angle
bisectorsof a triangleintersectthe circumcirclein the samepoint
asthe perpendiculabisectorsof the oppositeside). Therefore we
haveconvergencef thetriangleshapesn all threecasesmedians,
angle hisectors, perpendicular bisectors.

The useof perpendiculabisectorsor anglebisectorsin caseof a
triangleiterationis a specialversionof a more generalresult(cf.
[12]).

¢ Wecannotexpectconvergencef the shapesisingthe altitudesfor
theiterationprocessecausehis iterationturnsout to be the same
as the iteration using the angle bisectorsbut reversed.Since we
had convergenceof the shapeto equilateralityin the caseof the
anglebisectorsit is obviousthat we will not have convergencen
the generalcaseusingthe altitudes(exceptfor somespecialinitial
triangles).
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