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Introduccio

Lets begin with an example.

We root the interval [—m, 7] and we think of a space of clear-cut functions in this
interval. We will not be very strict for the time being. We think for comfort that
our space are the continuous functions (and/or the bounded ones). Now we want
to represent somehow a function of this space. A form of making it is to give all
the values of the function, but it does not seem much good.

Another way is to take a few concrete functions, and aproximate our function
for linear combinations of these. This already has better aspect. If, for example,
we want to guard our function in a computer (or in a sheet of paper), just we have
to keep the coefficients, and to know what are the functions that which we have
chosen for representing. Or also it can be useful for us, from a more theoretical
point of view, to see how a linear operator operates about our function. Applying
linearity the image of our function will be the sum of the images of the combination
that we are using for representing it. Like this it is just necessary to us to know
the image of the set of generators.

Well, without wanting already the first important notion has escaped to us.
When we want to represent functions, generators are the one that we are searching.
As they will be a set of functions, we can call them in all joints a system of
generators. Let’s not describe yet it already because we have said that we are
being informal.

Very well, we are then searching systems of generators of the space of continu-
ous functions of [—7, 7]. Now we have to think of which class functions we want to
form our system. This selection depends on which class of representation we wish,
but we can give some simple example? We are not the first that we consider this
problem, Fourier already made this with their series (or perhaps he was somebody
another?, well, this does not interest us now).

We go to look at this example. We choose the complex exponential ones as
functions. They are not as nice as the sine and cosine, but its are simplest of

X



X Introduccio

explaining. We take the set:
B= {emg i neZeE [—7‘1’,7‘(‘]}

Already we have our first system of generators. Now we go to represent functions.
We take a function of our space and the we write like a linear combination of
elements of the system:

N N
FE) = Y ane™
n=—N

Here we will have to be carefull about what it means this approach. In general it
will mean that the norm in the space of the difference of both functions will be
small. Some times even we will be able to think that it have sense the infinite sum:

FE) =) ane™

where this summation will be a limit of the partial sums. One of the main problems
that appear to us in this context is to know if we will be able to represent any
function of our space. That is, to know if a set of functions generates our space.
Let’s look again at our example, but changing the space. Instead of continuous
functions we think of square integrable functions. It is known that L?(—m,7) is a
Hilbert space, where we have a scalar product and a practically identical structure
to a vectorial space of finite dimension. In this space the system that we have given
is an orthonormal basis. The idea is the same than in finite dimension. We can
represent any function of this space like an infinite linear combination of elements
of the basis, and besides only way. Normally we will not obtain so good worked
out.

But we continue with our problem. We go to give it a turn. We take inverse
Fourier transform. For comfort we think in L?(R). The functions of the straight
line that they have Fourier transform with support to [—m, 7] are the space of
functions that appears to us. This space is knowed as the band-limited functions,
and they all have a whole extension in the complex plane, so that we obtain
the Paley-Wiener space. As the Fourier transform is an isomorphism, we should
sustain the systems of generators and the basis.

If we calculate the transform of the system we see that it ends up to the
following set of functions:

E:{M :tGR,nEZ}

t—n

This set is an orthonormal basis of the space of band-limited and square integrable
functions in the straight line. If we notice it more we can observe that all functions
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are of a same type. All come of taking a concrete function and translate it. These
are the class of systems that we are searching.

Already we have found one for this space. But this is not the space that we
will treat in this memory. We want to make this same but for all L2(R). This will
be a more complicated problem.

The generators that we search will be from the same type that we have shown
now. We will take a fixed function and we will translate it. Many questions turn up
in a natural way about this problem. First of everything we will have to attempt
to know which functions we will be able to use. We will not be able to generate
all the space with translations of any function. Also we can ask ourselves which
set of translations we can use. And this question depends on the function that we
choose. Then we can ask for which sets there is a function that it causes a system
of generators, or fixed a concrete function, which sets will work with this.

And also we can attempt to search L?(R) bases. But here we find a very
severe problem. There is not any. Instead of doing anything we can opt to add
something more than translations. The two paths that we will follow will be to take
translations and modulations of a same function, or translations and dilatations.
And we can also make a heap of questions, which functions, which sets...

But enough of making you ask yourself and we go to give some answer.

Structure of the memory.

This memory is structured in two parts. The first studies the systems of generators
for translations, which have sense in any LP(R). We focus especially on the case
of LY(R) and L*(R), also although we give results in the rest of spaces.

The second part studies the frames (a generalization of the bases) in L?(R)
that come of translated and modulated of a function (Gabor), or translated and
dilated (wavelets). We go to explain this a bit more.

In the first chapter we give the main definitions of the concepts that will be
turning up along the work. Also we give the problems that we consider and for
which they have sense resulted from their helping us to understanding and the
questions that we make are natural. Some of these results are known and other
are new, but the idea is that they have a general sense in order to face the concrete
problems. In the case of wavelets and Gabor also we give varying results about
regular nets of points (already we will explain the one that they are). These nets
have been the more studied ones and there is an extense knowledge of the problem
in this case. Even though we will not use it, we add this case to informative title.
We will focus more on irregular nets.

The last section of this chapter is about a concept of great importance during
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all this study, the phase spacese. These spaces will be, informally speaking, the
set of all the continuous transforms of all functions. And it serves as link of union
to us between both parts.

It will be the usual way to work as the cases in any:
e To Choose a function to analyze.
e To describe more or less its phase space.

e From the properties of it to attempt to search the sets that interest us (of
uniqueness or sampling).

This outline will repeat with small variations in any of the problems that we
consider.

The first part will study the generators by translations. The three first sections
of the preliminaries give us the necessary notions, and from here we can go directly
to the corresponding subpart aside in the definition of phase space.

The second chapter is dedicated to give conditions for attempting to charac-
terize the functions that can be generators by translations. For the time being this
continues being an open problem. We study a bit the state of the question and we
dedicate to two concrete subsets of generators, the quasi—analytical ones and the
analytical ones. For these we give very next necessary and sufficient conditions for
characterizing them and we study a little how they can be the sets of points that
afterwards will cause systems of generators.

Chapters 3 and 4 dedicate themselves to studying two concrete cases of gen-
erators, the function of Poisson and the Gaussian one respectively. These two
functions have a phase space with good properties, which it allows us to make a
good study of the sets that we can use for generating. In the case of Poisson there
was a characterization of these, and what we make is to generalize it to similar
cases. In the case of the Gaussian the only one that we can make is to improve
the conditions that were already known, since a complete characterization seems
difficult.

Studying frames and bases only has sense in L*(R). The basic definitions we
will find in sections 1.4 and 1.5, like this like a brief summary of the situation
when the net is regular. Also we will have to read the corresponding subpart of
the phase spaces.

After this we can jump indistintament to chapter 5 or 6. The first takes care
of Gabor frames and the second of those of wavelets. The study is similar in both
cases. First we explain how to discretize the continuous transform. Afterwards
we give concrete examples in very particular cases where the space of phase is
composat by holomorfic functions, and the problem is simpler and has already been
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solved. In both cases we see that the fact that there is a phase space composed by
holomorfic functions is practically an accident.

For the rest of cases we achieve to give some results of sampling that allow us
to give enough conditions for obtaining a frame. Also we achieve some result of
interpolation (the dual problem).

Finally, in the case of Gabor, we open a new way of study, restricting us to a
special class of functions. We achieve to see that the phase space has an extension
to entire functions in two variables. We give heights about the variety of zeros
which it seems can cause results of sampling better of those that are known until

now.
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Chapter 1

Preliminaries.

1.1 Systems of Generators.

In this work we will study several ways to generate the LP(R) spaces. These spaces
are the set of p-integrable functions with respect to the Lebesgue measure, with

the usual norm:

1l = /R FOPdt < oo

with 1 < p < co. We will not study the case L*°(R) since it is a no separable
space. In these spaces we can think that the functions take real or complex values.
Both cases are quite similar, even though sometimes we find differences wich are
not only technical and we have to remember which case we are treating.

When we speak about generating our goal is to describe the functions of the
space by means of linear combinations of a reduced set of functions. By describe
we will mean in some cases that every function can be approximate as well as
we wish by these linear combinations, or in others that we can enen write every
function as an infinite linear combination.

We formalize the notion of a generator, which we will use throughout a big

part of this work:

Definition. Given a set F = {f;}icr of functions of LP(R) we will say that F is
a generator system of LP(R) if for every function g € LP(R) and every ¢ there
exists a (finite) linear combination of elements of F that approximate the function

g with error minor than e:
/
o) = > aititn)| <

This is equivalent to saying that the finite linear combinations of elements of F
are dense in LP(R).
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In our work we will focus in sets formed by actions applied to a fixed function
and we will search countable sets.

The former definition is not very useful when we intend to find out if a family
of functions is a generator system or not. We have an equivalent definition, which
is the one that we will use more often.

Proposition 1.1. A family F = {fi}ier generates LP(R) if and only if given
g € L"(R) (the dual space of LP(R)),

/ gt)fi(t)dt =0 Viel (1.1)
R
it implies that g = 0.

This result is a consequence of the Hahn-Banach theorem.

One of the more important basic tools that we will use throughout this work
is the Fourier transform, which, to avoid confusion, we will define in the following
way:

fe) = /[R F(t)e2mite dg

1.2 Generators for translations.

The first generator systems that we consider are families formed by translations of
a fixed function. We are interested on studying when a set of translations of a fixed
function ¢ generates LP(R). We fix the notation f, to designate the translation of

f by x. That is, f,(t) = f(t — x).
Definition. Let A C R.

e We will say that A is a discrete set if it does not have finite accumulation
points.

e We will say that A is a uniformly discrete or separated set if there is
d > 0 such that |A — | > ¢ for every XA # v € A.

The same definitions are valid in R™ or in any metric space with the suitable
changes.

A discrete set A is a countable set such that for every A\ € A there exists
such that (A — 0, \ +0) N A = (). Separated sets are discrete sets where this 0 is
independent of .
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Let A = {A\y}nen € R be a countable set (it can have finite accumulation
points). Given a function ¢, we define for this ¢ and this A the following set of
functions:

T(p,A) = {Qp(t =) =@at) s A € A}

We are interested in knowing for which sets (in principle discrete) A and for which
functions ¢ the set T'(y, A) generates LP(R). We formalize this concept.

Definition. Given a set A C R and a function ¢ € LP(R) we say that the set
T(p,A) generates LP(R) if T'(¢, A) is a generator system of LP(R).

Definition. We will say that a set A C R accepts generators for LP(R) if there
exists a function ¢ € LP(R) such that T (¢, A) generates LP(R). In this case we
say that ¢ is a A-generator.

Definition. We say that a function ¢ € LP(R) is a generator if there is a discrete
set A such that T'(¢, A) generates LP(R).

With these definitions we can already introduce the questions that we will treat
in the first part of this work. On the one hand we are interested in finding out
which sets A accept generators in the different spaces. This first question has been
studied a lot and is solved in L'(R). We will be more interested in knowing for
which functions ¢ there is a set A such that T'(¢, A) generates. In this case it is also
interesting to attempt to describe all the sets A with this property. On the other
hand, given a set A that accepts generators we will want to give conditions so that
a function ¢ is a A-generator. In this work we will focus more on the description
of the functions than in the sets, although both problems are intimately related.

These types of questions are a subject of classical study in the theory of the
harmonic analysis. Wiener gave the first interesting results [Wie32], in a series of
great importance theorems called tauberians. Wiener studied when a set T'(¢, R)
generates L'(R) or L%(R). His work describes the set of functions such that all
its translations (he was considering the case A = R) generate the corresponding
space, and arrived at a very clear complete description.

Theorem 1.2 (Wiener). Let ¢ € LY(R). T(¢,R) is a generator system of L'(R)

if and only if p(§) # 0 for every £ € R.
Let ¢ € L?(R). T(¢,R) is a generator system of L*(R) if and only if &5\(5) #£0

for every & € R except a set of zero measure.

Proof. We will prove the case L?(R). Using [T, let h € L?(R) such that:

/ ht)s(t—Ndt=0 VYAER
R
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We take Fourier transform and we use Parseval theorem to see that it is equivalent
to:

[HOd-oede =0 mer
R

This is equivalent to ﬁ(ﬁ)q/ﬁ\(&) = 0 almost for every &, which gives the double
implication of the theorem.

The proof in elementary terms of the case L!'(R) is quite more complex and
long. A way to prove this theorem is to see that the Fourier transform of a function
of L*(R) is a distribution that can be supported in discrete points and use the
same idea as in L?(R). An argument based on Banach algebras can also be used.
If we do not want to use any of these argument, we can find the direct proof in
[Wie3?], without using duality. O

Remark. The equivalent problem for p € (1,2) or p > 2 is not solved. The main
obstacle is to describe the set of Fourier transform of the space LP(R). As a
matter of fact, an equivalent problem is to characterize which sets are support
of distributions that have Fourier transform in LP(R). Many people have studied
this problem. For instance, in [Beu50] Beurling proved, for p € (1,2), that if the
Hausforff dimension of the zero set of the Fourier transform of ¢ is less than 2 — %,
then T'(p,A) generates LP(R). In [RoS03| there are examples of functions such
that T'(o, A) generates LP(R) for every p > r and does not generate for p < r. For
more information about this problem we recommend this last reference and the
the articles quoted there.

Now, we can state a result that will be very useful throughout the first part of
this work, and that is a consequence of this theorem.

Lemma 1.3. Let f € L®(R) and h € L'(R) such that ﬁ(&) # 0 for every £ € R.
We suppose that:
fxh=0

Then f = 0.

Proof. As fxh = 0, also f * h, = 0 for any translation of h (the convolution
commutes with the translations). Therefore f *x g = 0 for any g that is a linear
combination of translations of h. As ﬁ(&) # 0, the Wiener theorem says that
f*g=0for every g € L'(R).

We take an identity approach ¢., for example

1
RS

e

Then f x ¢. = 0 for every €. Lebesgue theorem says that f x ¢. — f when ¢ — 0
almost everywhere. This implies that f = 0. O
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Wiener theorem closes the problem in L'(R) and L?(R) when the set that
we consider is the straight line. But we are interested in discrete sets, where
the problem is more complicate. We have, as we have commented, two parallel
problems; to know which discrete sets A admit generators, and which can be these
generators. Wiener theorem says that a necessary condition so that a function is
a generator is that it transform does not cancel in any point if we are in L'(R) or
almost everwhere in the L?(R) case.

We will focus especially on the cases L!(R) and L?(R), since they are the most
interesting, in order to the theoretical study, as well as in order to the applications.

Focusing in the sets, for the time being there is not a description of the discrete
sets that admit generators in LP(R), but there are partial results that gives light
to the problem. As an example, in L'(R) we have that in [Bru(6] and [BOUOG|
there are a complete description of the discreet sets A that accept generators in
terms of the Beurling-Mallavin density. As a matter of fact, in these two works it
is seen that they coincide with uniqueness sets of certain classes of functions that
allow us to construct A-generators that belong to these classes.

In the rest of spaces LP(R) we do not have any description of these sets, but
they are partial results. For example, in L?(R) it is easy to prove that a regular
net (A = {aZ}) does not accept generators, but in [Ole97] and [OIU04] there are
constructed generators for small perturbations of these sets. However, for LP(R)
with p > 2 Z-generators can be constructed.

The general idea is that the number of sets that accept generators increases
with p. We formalize this in the following statement.

Theorem 1.4. Let A be a set that admits generators in LP(R). Then A accepts
generators for L*(R) for every a > p.

Moreover, if T(p,A) generates LP(R) then T(p * h,A) generates L*(R) for
every p < a < oo, where h can be any function of L'(R) bounded and such that

ﬁ(&) %0 for every &.

Proof. As A accepts generators for LP(R) we know that there is a function g €
LP(R) such that T'(p, A) generates LP(R). This is equivalent to if for f € L¥ (R)
(p’ the dual exponent of p)

[ R =0
R

for every A € A then f = 0. We take a function h as in the statement, for example
h(t) = e~t*. We will construct a new generating function through convolution of
@ whit this one:

o(t) = (h 9)(t) = / h()g(t — ) da

R
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For every f € LI(R) Hausdorff-Young theorem says that h * f € LP(R) for every
B > q, since h € L"(R) for every 1 < r < oo.

Using this reasoning we see that ¢ € LY(R) for every a > p. To check that
T(¢,\) generates L®(R) we use duality. Thus, if we take f € L% (R):

| r@E=xa = [ et ra
//f ot —x— N dzdt
//fy—l—x (y )\)dydx

/f*h oy — N dy
where f(t) —t). Now we observe that f = h € L” (R) since p’ > o. If:
/f B — N dt = /f*h oy —Ndt=0 YreA

as T, A) generates LP(R), f * h = 0. We remember now that /f;(f) # 0 for every
¢ and lemma says that f = 0. Therefore T'(¢, A) generates L*(R). O

Remark. We observe that if T'(¢, A) generates LP(R) we can not say that it gen-
erates L*(R).

1.3 Generators for L*(R).

The L%(R) case is interesting for several reasons. The first one is that, in order to
the applications, this space corresponds with the finite energy signals. But beyond
this fact, one of the particularities of this space is that it is a Hilbert space. This
says that it is its own dual. Moreover, we have the concept of basis that allows us
to generalize and to give more structure to the generator sets.

Another important property is that the Fourier transform is an isomorphism
of L?(R) in itself. This fact makes easier the work, as we have seen in Wiener
theorem. We can find another exemple in the translation of theorem [C4lif we look
only at the L?(R) case.

Theorem 1.5. We suppose that T(p, A) generates L>(R). Let ¢ € L*(R) be such
that ¢(&) # 0 almost for every &, and moreover it fulfills that:
9(6)

26| <€

Then T(¢,A) also generates L*(R)
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Proof. We suppose that there is m € L?(R) such that:
/ mBE=Ndt =0 YreA
R

Then, by duality:

<)

/ DG (€)§(—¢) de = / e X5 gae—0 waer
R R =9

S

As T(p, ) generates and % is bounded we have that m(§)% € L?(R) and it

is equal to 0. Taking into account that $ # 0 we see that m = 0 and therefore
T (4, A) generates. O

In this theorem we can see that when we study the generator sets of a function
we have to look at the module of its Fourier transform. As the Fourier transform is
an isomorphism we can move the problem to the side of the transform and obtain
an equivalent statement. If we have a weight P(£) > 0 almost for every & we can
define L?(R, P) as the set of functions such that:

/R FOPIP©) d < oo

Proposition 1.6. Let o € L?(R) be such that $(€) # 0 almost for every . The set
T(p, A) generates L2(R) if and only if the set of exponentials {€2™ ¢} cp generate
LA(R,|52).

Remark. Theorem is a simple corollary of this result. We only have to compare
the spaces that appear when we take Fourier transform. As a matter of fact both
statements are saying that the capacity of generate of ¢ only depends of the module
of its Fourier transform || and its decrease at infinite.

To prove this result we only need Parseval theorem and the definition of gen-
erator system.

We have commented in the former section that a regular net does not accept
generators for L2(R). We can give now a very simple proof of this fact. If T'(y,Z)
is a generator system of L%(R) we have that all the functions of L?(R, |¢|?) are
2m-periodic and this is absurd.

The study of when a set of exponentials generates a certain space is a classical
subject of the harmonic analysis. The case of the L?(I) space, where I is a closed
interval, has been one of the most studied. This problem was solved by Beurling
and Mallavin through a notion (the Beurling-Mallavin density) that is also useful
to describe the sets that accept generators for L'(R).



8 1. Preliminaries.

1.4 Bases and frames.

Another important property of the Hilbert spaces is that they have much more
structure. In these spaces we can define bases and frames. These are special
cases of generator systems that, under some strong conditions, allow us to have
stable reconstruction formulas. We go to describe this concepts and to give their
properties.

Definition. Let H be a Hilbert space and {e; };ic;y € H. We say that {e; }icr is an
orthonormal basis if (e;,e;) = 0; ; Vi,j € I and for every f € H it fulfills that:

IFIP = e ep)l? (1.2)
el

The first part of the definition says that e; are orthogonal. The second says
that they generate H. That is, we have linear independence and completeness.
Therefore the orthonormal bases are generator systems and the condition gives
an additional structure which allows us to reconstruct in a stable way. If {e;}icr
is an orthonormal basis, every element f € H can be expressed in an unique way

as a linear combination of the elements of {e;};c; by the following formula:

= (fede

i€l

The fact that every element can be expressed as a linear combination of the ele-
ments of {e; };cr implies that this set generates the space. The uniqueness of the
expression comes from the linear independence, that, in this case, is a consequence
of the orthogonality of the elements.

Frames are a more general concept of generator systems with this property
(that every element can be expressed as an infinite linear combination). These
will be the more general sets with this property.

Definition. We say that a set {ex}ren in a Hilbert space H is a frame if there
are constants A, B > 0 such that:

AlFIP <Y I feen)? < BIFIP, VfeH

k=1

The constants A and B are called the bounds or constants of the frame.

In this definition we have not given importance to the concept of independence.
When we work with frames the important property is that they can generate the
space H in a stable way. The way to make it is very similar to the orthonormal
bases.
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Proposition 1.7. Let {fi}ren be a frame for a Hilbert space H. There is a set
{9k }ken such that:

F=Y (g f VfeH

1

The set {gk}ren is also a frame. As there is not independence, this does not
have to be unique. There is, however, a privileged one, which is called the dual
frame. This has the property of minimizing the norm of the coefficients of the
representation, which obviously neither are unique. Moreover {f;}ren can be
calculated in a explicit way from the original frame through the frame operator.
The details can be find in [Dan92]. The bounds of the dual frame are & and &
respectively. If {ﬁ}keN is the dual frame of {fx}ren, the repconstruction formula

for this remains:

F=>(ff)fx Vfe€H
k=1

that tells us that the values (f, fx) completely determine the function.

One of the characteristics of the frames is that they can be redundant, that is,
there are excess of vectors. In an informal way they would correspond, in finite
dimension, with a set of vectors with cardinal greater than the dimension of the
space and that generates.

There exists some special classes of frames:

Definition. Let {ex}ren be a frame for H with bounds A and B. We will say
that the frame is rigid if A = B.

Remark. If a frame is rigid it can be seen that the dual frame is itself multiplied
by %. The reconstruction formula comes off practically identical to that of the
orthonormal bases. This fact makes these be the best frames in order to the
applications in signal processing, since it is not necessary to calculate the dual
frame to reconstruct the function.

Riesz bases are another class of frames that are of special importance. These
sets can be characterized in many ways. Their main property is that the func-
tions that shape it are linear independent. This makes that each function can be
expressed in an unique way.

Definition. A set {ej}ren is a Riesz basis of H if every element f € H can be
expressed in an unique way as a linear combination of elements of {eg }ren:

f = Zakek ay € R(C)
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so that there are A, B > 0 such that:

AIFIP <Y lanl? < BISIP?

keN

The dual frame of a Riesz basis also has special properties.
Definition. Two sets of vectors {fi}ren and {gx }ren are called bi-orthogonal
if:
1 ifi=j
v 0 ifidj

Proposition 1.8. If { fi}ken is a Riesz basis for H, there is a unique set {gx }ken
in H such that:

F=Y (fou)fn, VfEH
k=1

{gk}ren is also a Riesz basis that we call dual basis. {fi}ren and {gi}ren are
bi-orthogonal and the series converges unconditionally.

The existence of a bi-orthogonal set practically assures that a set will be a
Riesz basis. We give some equivalent definitions in order to be able to recognize
Riesz bases.

Proposition 1.9. Let H be a Hilbert space. Then they are equivalents:
1. The set {fn}nen is a Riesz basis.

2. The set { fn}nen is complete in H and there are positive constants A, B such
that for any positive integer k and arbitrary scalars ¢y, ..., cg it fulfills that:

k k 2 k
AN e <Y enfu]] B leal?
n=1 n=1 n=1

3. The set {fn}nen is complete in H and it there is a complete bi-orthogonal
set {gn }nen such that:

ST P <00 and 3 [(f,ga)? < o

neN neN

for every f € H.

4. The set {fntnen is of the form {Tey}ren where {ex}ren an orthonormal
basis of H and T : H — H is a bounded and bijective linear operator.
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5. The set {fn} is a frame and every element of H can be expressed in an only
way as a linear combination of elements of { fn}nen.

We can find the proofs in [YouOT].
One of the advantages of Riesz bases with respect to orthonormal ones is that
we have different stability results, as for example:

Proposition 1.10. Let H be a Hilbert space and {ey}nen an orthonormal basis.
If {fn}nen is a linearly independent set such that:

D llen = fall* < o0

neN

Then { fn}nen is a Riesz basis.

This proposition says that bases closer to an orthonormal basis are Riesz bases,
since the orthonormality is not a question of proximity.

But also we have results that allow us to say that sets next to Riesz bases are
Riesz bases:

Theorem 1.11 (Paley). Let {e;}ien be a Riesz basis for a Hilbert space H. We
suppose that {f;}ien is a set of elements of H that fulfills that:

n n
D cilei— )| <A e
i=1 i=1
for some constant 0 < A < 1, and for every selection of scalar ¢1,...,¢, (n € N).

Then {f;}ien is a Riesz basis for H.

Orthonormal bases, Riesz bases and frames are the three basic concepts that
we will use in the second part of this work. The main difference with the general
generator systems is the stability of the coefficients, which causes the reconstruc-
tion formulas.

When we consider generator systems we want that the linear combinations are
dense in the space. This is fulfilled in the case of bases and frames. But now we
can describe every function as a linear combination of the elements of the basis or
the frame, which we could not insure in the case of the generator systems.

As it is deduced from the definitions, the orthonormal bases are also Riesz
bases, Riesz bases are frames, a special class of frames called exact frames, and
the orthonormal ones are rigid frames. We can think Riesz bases as linearly inde-
pendent frames, without redundancy.
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Orthonormal and Riesz bases as well as frames define operators (that we will
name operators of synthesis) in the following way. If {e}ren is a set in H, we
define:

T:H—1?
v— T(v) = {{v, er) tren

We can recognize which class of set we are using observing how it operates this
map. If {ex}ren is an orthonormal basis the operator T is an isometry. In Riesz
bases the operator is bounded and invertible, but it does not preserve the norm. If
the set is a frame the operator is also bounded, but it is not exhaustive, although
it is invertible in its image.

Later on, when we will define the phase spaces, we will see that this operator
corresponds in a direct way with the sampling operator. To understand the connec-
tion that we will establish is important a good understanding of this operator. For
example, in orthonormal bases as well as in Riesz bases, this operator is bijective.
This means two things. On the one hand the values of T'(v) determines completely
v, and in other hand, for any set of values a € [? there is a vector v € H such that
T'(v) = H. In the first case we have solved the problem of sampling (to determine
v from its image) and in the other one we solve the interpolation problem (obtain
v with a given image). This two problems are dual.

In the case of the frames the operator is not exhaustive and we can not solve
the interpolation problem. In spite of that, v is totally determinate from its image.

The sets for which the problem of interpolation can be solved are the linearly
independent sets (in a suitable sense). For these the operator is exhaustive but it
can not be injective, since they do not have to be complete. In this case there is
the possibility of not being able to solve the problem of sampling.

We have to observe that the operator T' does not give the coefficients with
which we represent the functions. These coefficients are useful to reconstruct the
vectors but throughout the dual basis or the dual frame.

The main reason why we have not spoken about bases and frames until this

moment is the following result.

Theorem 1.12. A generator system by translations T'(¢, A) can never be a basis
or a frame. That is, there are not frames or bases of translations in L?(R).

Remark. This result is true in L?(R) but it is not in general. As an example,
in the Paley-Wiener space (band limited functions) there are bases and frames of
translations of a concrete function.

Lemma 1.13. If {p, }nez is a frame of L*(R), then:
St) = len(t)]> =00

nez
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almost for every t € R.

Proof. If S(t) < oo for a set of positive measure I, then it exists M > 0 and
another set of positive measure J such that

S <M  VtelJ
If f(t) =3 ,cz(f, @n)en(t) is the expression of f € L*(R) where {p,, }nez is the

dual frame of {¢;, }necz, using the Schwart inequality we have that:

SO @en(n) < SOS|E < SR

nez ne”

fOF =

for every t € J, where A is the lower bound of the frame {p, }cz. This says that
every function of L?(R) is bounded in .J, which is absurd. O

Proof of [[LI2. We suppose that {o(t — A\p)} nez is a frame of L?(R). We define
h(8) the module of continuity in L?(R) of ¢:
h(é) = s |o(t) = ot = s)] (1.3)
S AN
that is decreasing and with limit 0 when § — 0. As the norm is an invariant for
translations we have that:

ot = 2) = o(t =) < hlle =)
We suppose without losing generahty that [|¢|| = 1. If x € R we can deduce that
[t —z), 0t — )\n)>| >1—3h(lz — An)). As {@(t — A\y)}Inez is a frame we have
that:

S elt — 2), 0t = Aa))|* < B

nez
From these two relations we can deduce that in any interval in the way [a,a + 1]
there are as most N points of A since:

3 <gp<t—a—i—> ot — M) >‘2>‘{)\ne[a,a+1]}‘<1—%h<%>>

An€la,a+1]
Now we calculate:

/015( /Zw- )2 dt = /1:”| (1) dt

nezZ

As every interval of length 1 contains as most N points we have that each ¢ will
be as most in NV intervals in the way [—\,, 1 — A,] and therefore:

1
/ S(t)dt < N/ lp(t)|> dt < oo
0 R

and S(t) is integrable in [0, 1]. This implies that it is finite almost for every point
in this interval, that is a contradiction with the former lemma. U
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1.5 Gabor and wavelets.

In order to use the Hilbert space structure of L?(R), and in view of the negative
result that gives [[T2 one of the solutions that has been used along the last years
is not just to restrict to translations of a given function, but to consider also other
transformations.

In this work we will notice two alternatives that have been quite fruitful the
last years. The first is to add modulations to obtain the Gabor transform. The
other option is to take dilatation and translations. In this last case we will find
the wavelet transform.

We will give first the definitions of continuous transform, that afterwards, after
discretitzate, they will cause the respective bases and frames. We start with the
Gabor transform [Gab46].

Definition. Fixed a function g € L*(R) with |g|| = 1, we define the Gabor
transform of a function f € L?(R) through g at the point z = x + yi as:

Gf(2) = (f(t),e*™¥g(t - x))

We can write this transform in a more compact way like Gf(2) = (f,g.).
One of the main properties of this transform is that we can reconstruct the initial

function f from the values of its transform in a stable way.

Theorem 1.14 (Gabor). Let g € L?(R) be such that ||g| = 1 and we con-
sider Gf(z) = (f,g.) as we have said formerly. Then it is fulfilled that Gf €
L?(C,dxdy) and |Gf|c = ||f|l. Moreover we have reconstruction formula given

by:
£(t) = /R /R G(2)gs(t) dudy Vf € IA(R) (1.4)

Remark. We have to understand the equality () as an equality of functions in
L?(R), since it can not have sense punctually.

Proof. We will prove first the reconstruction formula. If we consider Gf(z) =
Gf(xz,y) = Fy(x) as a function of a real variable (we think y as a parameter) we
observe that:

Fy(z) = e2me / Ty (t)g(t — @)™ =0 dt = T (f x g,) ()

where g, (t) = g(—t)e?™™!. Its Fourier transform with respect to z is:
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(C4l) can be written as:

/ / 2myt d.%' dy _ / 27rzyt/ F t — 1‘) dz dy (15)

The integral in « can be thought as an scalar product. Taking into account that
the Fourier transform of g(t — x) with respect to z is §(£)e~ 27!, ([LH) remains:

/ 27rzyt/f £_|_y (5)6 2m§td£dy_
~ 2 Iy 2mit(E+y) —
/RIQ(E)I /Rf(£+y)6 dyd§ = f(t)

In this last step we have used Fubini theorem. Therefore we have proved the
reconstruction formula when f € L!'(R). By a density argument and by the
continuity of the transform it can spread in every L?(R).

To prove that we have isometry we calculate:

Gt = [ [ 1@ Pdrdy= [ [ |fic-+vael deay =115

where we have used Parseval and Fubini theorems. O

The wavelet transform is analogous to this one, but considering dilatation
instead of modulations. The parameter of dilatation only takes values in R™, and
we will define it in the space L?(R) of functions that take real values.

Definition. Given a function ¢ € L?(R) we define the wavelet transform (for
the wavelet ¢) of f at a point z =z + iy € R x RT as:
= at

W) = {f, ) = /fy2<

As in the case of Gabor, for wavelets we also have continuous reconstruction

formula. But this formula will be only valid when the wavelet belongs to a special

class, which we will name admissible.

Definition. We will say that a wavelet 1) € L?(R) is admissible if the following

integral is convergent:
oo |7 2
[P g o
0 3

In a general way we will consider normalized wavelets such that the norm as

well as this last integral are 1. Under this hypothesis we can give the reconstruction

formula.
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Theorem 1.15 (Calderon, Grossmann, Morlet). We fiz an admissible wavelet 1)

in the former conditions. For every f € L*(R) it is fulfilled that W f € L*(R x
Rt d:v2dy
Ty
transform through the following formula:

f@)ztéai/fovaC@¢u@)dzgy (1.6)

Remark. As in the case of Gabor, ([LH) has to be understanded as an equality in
L3(R).

)s IW fllrxr+ = ||fll2 and we can reconstruct f from the values of its

Proof. We can write the integral that gives the reconstruction formula (L) as a
convolution in the following way. We thought z = (z,y) in two variables. We

can write as a convolution W f(z,y) = (f * ¢;)(z), where we use the notation
Yy (t) = y%w(%) In this way the integral of (LH) remains:

[ wsew w0 = [T ()0 %

where ’-’ indicates the variable with respect to what we are calculating the convo-
lution. We observe that (L) is a function that depends on t. We will prove that
it is equal to f seeing that they have the same Fourier transform. We calculate
the transform of (C7):

| e

Making the change w = y& we retrieve the condition of admissibility, so that (L)

~ OOAw2 ~
fio [T 0 - o

This proves the reconstruction formula. To prove the isometry we have to ob-

l\.’)IH
MIH

A ~ d ~ o d
Yoy >w@©£=f@%;wwmﬁf (1.8)

takes the form:

serve that the Fourier transform of W f(x,y) with respect to the variable x is

yéqz(yf )f({ ). Using Plancharel formula and Fubini theorem we can see that:

W f(a,9)]1? = / / mvxyFmF— / / Iy )ﬂ@ﬁ@%
- [“iweor [ W%N@&—wwwmﬁ
—00 0

That is what we want to prove. [l

Remark. The equality (L) is known as the Calderon formula, that in [Cal64] find
the same formula from another perspective. Years later, Grossmann and Morlet,
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who did not know the work of Calderon, proved it in [GrMS84] from the point of
view of the signal processing.
We have supposed, in the definition of wavelet transform ands in the proof

of the theorem, that fooo Md& = ¢y = 1. If this was not true, the wavelet
transform has to be defined as:

1

Ve

In this way the reconstruction formula continues beeing valid. It is only necessary

W(z) (f,9z)

to take into account the constant ¢, in the proof.

We compare the reconstruction formulas given here with the Wiener theorem
In all cases, under different conditions about the analyzing function, we can
generate all the space L?(R) using all the action (all translations, the translations
and modulations or translations and dilatation in each case). The main difference
with respect to using only translations is that in the Gabor or wavelet transforms
we have an explicit and rigid (there is conservation of the norm) reconstruction
formula.

A way to interpret theorems [[T4] and is to think that the isometry says
that both transforms give a rigid frame of L?(R). The reconstruction formula is
the continuous equivalent to the reconstruction formula of frames, with the dual
frame equal to the original one.

Theorem says that there are not discrete frames of translations, that is,
that T'(, A) can not be a frame for any function ¢ € L*(R) and any discrete set
A C R. This result is also true in the continuous version (A = R), thinking in the
concept of continuous frame.

Proposition 1.16. There are not continuous frames of translations. That is, there
do not exists ¢ € L*>(R) such that for every f € L*(R) has sense the formula:

f= /[R (f. 0a)pn da

or in an equivalent way:

1= 17 2) = | [ stz a0

Proof. We calculate directly:

[renedtrae = [ [ rpl=aiplt - a)dida
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We can think the integral in x as an scalar product. We take Fourier transform
and we apply Parseval. Then the former equation remains:

[ #t) [ e g dedu
R R

The integral in U is the Fourier transform of f. In this way we obtain:
[ pope i f-g) e = [ 1p0) R o

It is clear that the last equation can not equal in general any f € L?(R).
We can deduce that there can not be equality of norms in a similar way, or
from the nonexistence of reconstruction formula. O

In these two definitions we have used the notation z = z + iy. It has to be
clear at all times that this is only a notation, that is, we are not thinking that we
will have analytical functions of complex variable, but it is a more compact way
to write the formulas. It is also necessary to take into account that we are using
the same notation for two different things. The one that we mean is that g, will
mean different things when we work with Gabor or wavelet transforms. Even it
changes the set where the z is defined. Any of both cases will be consistent with
the definition of ¢, for translations. Normally there will not be confusion and it
is simpler to see the similarities and to understand the theorems.

These two definitions are particular cases of actions of groups on L?(R). In the
case of the Gabor transform the group that is acting is the Weil-Heisenberg group
and in the case of wavelets is the affine group. The reconstruction formulas can
be deduced directly from the theory of group actions in Hilbert spaces, as well as
other properties that we will give later on.

As in the case of translations, we are interested in discrete sets of functions
that can generate L*(R). We give therefore the definitions corresponding to these
types of systems.

Definition. Let A = {2, },en C C be a discrete set and g € L?(R) a function that
we will call Gabor analyzing atom. We define the Gabor system G(g,A) as:

G(g,A) = {g:(t) = ¥™V'g(t —a);2 = +iy € A}

Definition. Let A = {z,},en € R x RT be a discrete set and ¢ € L?(R) an
admissible function that we will call analyzing wavelet. We define the wavelet
system W (v, A) as:

t—x

W) = {u0 =y 3o (0 )ismar e}
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In a general way we will consider analyzing functions with norm 1 and normal-
ized wavelets such that [ M d§ =cp=1.

As the continuous versions of these systems have much more structure than
its equivalent in translations, we will ask for more properties to the discrete sets.
Instead of asking when a system G(g,A) or W (i, A) generates L?(R), we will
search more structure here. We will ask when it can be a basis or a frame. The
questions are similar to those that we made in sets of translations. That is, to give
conditions on the analyzing function and on the set in order to obtain a basis or
a frame.

First of all we will consider sets A that are regular nets. In the case of Gabor
they take the form A = {am + ibn;n,m € Z} = {aZ x bZ}. The systems of the
form G(g,aZ x bZ) have been very studied in the last years. We can find several
results that give necessary or sufficient conditions so that these sets are bases or
frames. As an example, in [Dau92] we find:

Theorem 1.17 (Daubechies). Let G(g,aZ x bZ) be a Gabor frame. Then:
ab < 1 (1.9)
The constants of the frame A, B have to fulfill:

AgigB
ab

1
WGRAggimﬂrwmﬁgB
nez
1
VEER, AL~ g€ —mb))? <
EERAS =D [gE—mb)P < B
mEZ
The number % measures the density of the net. The condition (L) says that
there will not be frames nor bases for density less than 1, and that we will have
orthonormal bases when ab = 1. In the case of orthonormal bases we find a result
that tells that the function g can not be well located and soft at the same time.

Theorem 1.18 (Balian-Low). If G(g,aZ x bZ) is a frame with ab = 1, then:

/ PlgPdt =00 o / E2[G(6) 2 dE = oo
R R

This result, proved in an independent way by Balian [Bal81] and Low [LowS85]
in the case of basis, and generalized later to frames by Daubechies and Janssen
[Da.J93], is very important in order to the applications, since it tells that we can
not find orthonormal bases well located in time and frequency at the same time.
We will have to choose among good location or that there is not redundancy. We
can find several generalizations of this theorem.

Regarding sufficint conditions we can also find as an example:
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Theorem 1.19 (Daubechies). We define:

Blu) = sup Y lg(t —na)llg(t —na +u)|

Ostsa nel

and

If a and b fulfill:

1 . 2
Ay = 3 <Ogt1£a2|g(t—na)| —A) >0

€L

and
1 . 2
BO_E <0££a Eez\g(t—na)] —i—A) < 00

then G(g,aZ x bZ) is a frame. The constants Ay and By are respectively upper
and lower bounds of the constants A and B of the frame.

The proof of these results as well as a much more accurate and deep study of
the regular Gabor frames can be found in [Dan92)], or we can also quote [Chr(3]
in the extensive bibliography about the subject.

If we search sufficient conditions for orthonormal bases in regular nets we can
give a curious result that was not known until now. This result, tells that if the set
G(g,Z x Z) is orthonormal then it is a basis. It is interesting because it tells that
the orthonormality (independence of the functions) already gives the capacity to
generate when we use all the net Z x Z. The key is the Poisson formula.

Theorem 1.20 (Poisson sumation formula). Let f be a function for which we can
calculate its Fourier transform. Then:

S fm)= 3 Jm)

mezn mezZn

validates when the two sides of the equality have sense.

The idea is to apply this formula to the Gabor continuous transform of a
function, which is defined in two variables. We first give a technical lemma.

Lemma 1.21. Let g € L%(R) be a Gabor atom and Gf the Gabor transform of
f € L3(R) with respect to g. The Fourier transform (in two variables) of Gf is:

F(Gf)(&1, &) = (&) f(—&p)e* e
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Proof. We calculate directly:
FGHE&) = [ | Gllan)e ) dndy
/ / —27rzyt )dt e—27rz(a:§1+y§2) dx dy
R2
f( ) —2miy(Ea+t) / mef%rix& dx dy dt
R
/ —2miyéa / f —27rztye—27rzt§1 (é- )dt dy
=3(&1) /R e (& + y) dy = (Er) f(—Eo)e?mOE

that is that we want to prove. O

Theorem 1.22. Let g € L*(R) be a Gabor atom. If the system G(g,Z x Z) is
orthonormal then it is an orthonormal basis.

Proof. We will apply the Poisson formula to the function |Gf|?. Before calculating
we observe that |Gf|> = GfGf. Using lemma [[CZI] we have that:

F (G_f) (517 52) = /g\(—fl) (62)6727”'&62

Therefore:

F(GfP) (&, &) =
/R2 9la1)g(ar — &) f(—aa) f(& — ag)e 2Ter82e2milioz 2mit2on oy doy

Now we apply the Poisson formula to |G f|?:

> G mn)P = Y F(IGF1?) (m,n)

m,ne” m,neL

:/ §(%)§(a1 _ m)f(—ozg)f(n _ a2)6—27rimn627rimoz2 627rin041 dOél dOéQ
R2

= % ([ a@naten - mpemedan ) ( [ f-aa)fl = anjemne doy

= > (Tt +n), g(O) (), 2T f(t+m)

m,ne’l
=117

where we have used the condition of orthonormality in the last step. We have to

remember the definition of G f(m,n) to see:

ST OHF@), gt +m) P = > |G f(m,n))* = ||f]?

m,neZ m,ne’l
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that is the one that was necessary to prove that G(g,Z x Z) is an orthonormal
basis. O

In the case of wavelets the regular nets have the form {a’nb + ia’}; ez C
R xR*, depending on parameters a,b. We will call this nets hyperbolically regular,
since they have the property that the hyperbolic distance between the neighboring
points of this net is constant. Also they correspond with the extremes of the
partition in dyadic cubes of the half-plane, which have constant measure. In this
case these have also been the more studied sets. We can give necessary conditions
similiar to those that we have given in the case of Gabor transform. If we take an
admissible wavelet ¢ and we define ¢y, = [;° M d¢ and A = {a’nb + ia’}; nez,
we can state, as an example:

Theorem 1.23 (Daubechies). If W (1, A) is a frame for L?>(R), then the bounds
of the frame fulfill:

2ﬂ0¢

bloga S
VEER\ {0}, A<y S D@ < B

JEZ

It is necessary to observe that, unlike those that it happend in Gabor, here
there is not any restriction regarding the density of the net. In general we can
justify this fact with the following argument; if W (¢, A) is a frame with A a regular
net with parameters a, b, we define (t) = 'y%zb( t). Then W(zz K) will be a frame
with A a regular net with parameters a, 2. We can not do this reasoning when v
is normalized so that c;, = 1, but either 1t is not know any result that tells that
there are not frames under a determinate density.

Regarding sufficient conditions, we can also give examples:

Theorem 1.24 (Daubechies). We define:

Blu) = sup > [P(a’)[[th(a’€ + )|

0<é<a

JEZ
and .
k —k\ |2
A= ) Mz)ﬁ(Tﬂ
kEZ,k#0
If a and b fulfill:
do=7 |t Sl —a ) >0
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and

By = inf Y [(a’€)?+ A | < o0

1
b \ ogeg
<<a jez

Then W (g, A) is a frame for A a regular net with parameters a,b. The constants
Ay and By are respectively upper and lower bounds of the constants A and B of

the frame.

Another time, we can find the proofs of these results and a deeper study of
the frames of wavelets in [Dan92]. In the wavelet case the orthonormal bases
have been much more studied. By one hand we do not have any restriction of
the type Balian-Low. We can construct orthonormal bases of wavelets with good
time-frequency location properties. Moreover we have some structures that allow

us to create wavelet bases as good as we want in a simple way.

1.5.1 Multiresolution Analysis.

The multiresolution analysis are some structures introduced by Mallat [Mal9§],
formed by a series of subspaces with some properties that relate them. These
structures allows us to generating orthonormal bases of wavelets in an explicit way.
Most of orthonormal wavelets bases that are knew come from these structures that

now we will define and comment briefly.

Definition. A sequence {V;},cz of closed subspaces of L(R) is a multiresolu-
tion approach if the following six properties are satisfied:

V(. k) € 22, f(t) € V; & flt—2k) €V (1.10)
Vi E€Z, Vig CV; (1.11)
t

viez f eV e f(3) i (112)
lm V= () V= {0} (1.13)

j=—o00
lim V= J V| =L*®R) (1.14)

j——00 :

j=—00

Exists ¢ such that {¢(t — n)}nez is an orthonormal basis of V) (1.15)

These conditions are not independent among them nor are the minimum that
can be demanded, but this is not important now

We will call ¢ the father wavelet or scalar function of the multiresolution
analysis. We do not have to confuse ¢ with an admissible wavelet, since in general



24 1. Preliminaries.

it will not be. We have to observe that ¢ characterize totally the multiresolution
approach.

From this structure, using (L.I1l), we can affirm that there are closed subspaces
Wit1 € V; such that W, LV, ;. This implies:
Vier = V; & W (1.16)

Moreover we obtain that the W; are orthogonal. Using (LI3)), (CI1d) and (LTA)

we can affirm that:

L*(R) = é@ W; (1.17)

j=—o00

Using (CI2) we see also that:
t
VikeZ, f(t) e W; & f <2—k> € Witk (1.18)
Using (CIH) we can see that there is () such that:

{Y(t — n)}nez it is an orthonormal basis of ¥y (1.19)

This ¢ can be calculated explicitly from ¢. We join (LI7), (CI8) and (CI9) to

see that the set:
1 t—20
5={z= ()}
2 JNEZL

is an orthonormal basis for L?(R).

We will call multiresolution analysis to the structure formed by the W;’s and
1. We can check that ¢ is an admissible wavelet. There are many examples of
wavelets coming from multiresolution analyses. They are a very useful tool and
there is an extensive literature that studies them. We can find the details of this
construction using the same notation in [Mal98].

The bases that give the multiresolution analysis correspond with the transla-
tions of the wavelet 1 for the regular net:

A={2n+i2"}; ez CR x RT

We have to comment that the wavelets that we construct by the multiresolution
analysis are not normalized so that ¢, = 1 and we do not have any contradiction
with theorem [[Z3]
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1.6 Phase Spaces.

The classical tools of the harmonic analysis are only useful to study the regular
sets, both in the case of translations or in the Gabor and wavelet transforms.
To study the rest of cases we will have to introduce new concepts that allow us
to use other tools, as the complex analysis or the theory of Hilbert spaces with
reproductive kernel. The phase spaces are sets of functions that will be from great
importance during all the work. In an informal way, these spaces are formed by,
when an analyzing function is fixed, the continuous transform of all functions.

1.6.1 Translations.

Our goal is to describe a space of functions that is formed by the continuous
transform of all functions. Under this so little precise idea the one that we search
is a set of functions that allows us to transform proposition [Tl in results about
uniqueness and zeros sets of these spaces.

We think that we have a fixed (candidate to) generator ¢ € LP(R). We want
to attempt to know for which discrete sets A the system T'(p, A) generates LP(R).
By duality this will be equivalent to look at the scalar product of the translations
of ¢ with functions of the dual space 5 (R). The Holder inequality says that for
every x we can define the following function:

Tf) = [ 50—t

when f € L” (R). Moreover it is bounded and it is continuous. In this way we can
think that T'f is the continuous transform of f for the analyzing function ¢. We
have to notice that we define the continuous transform of the functions of the dual
space of that which we want to generate. This is consistent with the one that we
have made in the definition of the Gabor and wavelet continuous transform, since
L?(R) is a Hilbert space and it is its own dual.

Definition. Given a function ¢ € LP(R), 1 < p < oo we define its phase space
H,=H as:

H, = {F :3f € L” (R) with F(z) = /Rf(t)go(t —x)dt = (f(t),p(t — x))}
where p’ is the dual exponent of p.

These spaces will be very useful to study our problem. There is a very direct
relationship between the properties of generation of T'(¢, A) and the values that a
function F' € H can take in the points of A. They are necessary a pair of definitions

to formalize these ideas.
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Definition. Given a vectorial space of continuous functions H we will say that
a discrete set A is a set of uniqueness for H if the values of any F' € H in A
determines F' completely.

This is equivalent to F'(A\) = 0 for every A € A implying F' identically 0.

Definition. Given a vectorial space of continuous functions H we will say that a
discrete set A is a zero set of H if there is a function F' € H such that F/(\) =0
for every A € A and F(x) # 0 if x ¢ A. That is, F' cancels in A and in no more

place.

The following results, although simple, will be from great utility, and they
put of manifest the great importance that the phase spaces have in the study of

generators by translations.

Proposition 1.25. Let H be the phase space for translations of a function @ €
LP(R). T(p,A) generates LP(R) if and only if A is a set of uniqueness for H.

Proof. This is trivial if we observe that the equivalence of the end of the definition
is the duality condition [Tl O

Proposition 1.26. Let H be the phase space by translations of a function ¢ €
LP(R). T(p,A) generates LP(R) if and only if A is not included in any zero set of
H.

Proof. If A belongs to a zero set there is f € LP' (R) such that (f,¢,) = 0 for every
A€ Aand f#0 (Tf can cancel in more points). The duality condition [[LT] says
that in this case T'(¢, A) can not generate LP(R). This condition also says that if
T (¢, A) does not generate LP(R), A belongs to a zero set of H. O

These two results, although we have proved them in a different way, are equiv-
alents. If we can know the sets of uniqueness or of zeros of the phase space we have
solved the problem for a fixed . This will not be possible normally. Moreover it
is necessary to comment that if A is included in a zero set, T'(¢, A) can then not
generate. But his does not mean that A is a zero set. This will be anothe obstacle
in our study.

The first step to characterize these sets is to describe the phase spaces, or more
that to describe them, to recognize them. This will not be possible in general. But
even in the best cases we will not have finished the work, since it will be necessary
to know afterwards which are its sets of uniqueness (or of zeros). Characterizations
of these will be simple almost never. The cases in that we will be able to solve
this problem will be those that the phase space has very good properties. If, for
example, this space is formed by analytical functions (or even it is a known space)
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we will be able to attempt it, but this is not any guarantee of exit. We will see in
the next chapters that with the Poisson function as well as with the Gaussian one
it appears spaces of analytic functions, and that in the first case we characterize
the sets of uniqueness and in the second we just can give partial results.

When it is difficult always to describe the phase space we will have the option
to include it in some more treatable space. Or also we will be able to see that
it contains some set of functions that we know well. This way to work will not
be able to solve completely the problem, but it will help to giving partial results.
That is, we will often use the following results.

Proposition 1.27. Let H be the phase space by translations of a function ¢ €
LP(R). We suppose that there is a space (set) of functions E such that H C E. If
A is a set of uniqueness for E, then T'(¢, ) generates LP(R).

Proof. If A is of uniqueness for F, the values in A determines all the functions of
FE, and in particular all the functions of H. O

Proposition 1.28. Let H be the phase space by translations of a function ¢ €
LP(R). We suppose that there is a space (set) of functions E such that E C H. If
A is contained in a zero set for E, then T'(p,A) does not generate LP(R).

Proof. As A is in a zero set for E, there is F' € E such that F'(A) = 0 for every
A € A. This F also belongs to H, and therefore A is also in a zero set for H. [

1.6.2 Gabor.

In this case, as we are in a Hilbert space, it will be simpler to define the phase
space.

Definition. Let g € L?(R). We define the phase space of the Gabor atom g, H,
(or H) as:

Hy,={F(2) € L*(C) : 3f € L*(R) with F(z) = Gf(2) = (f,g.)}

This space has good properties. Theorem [[T4] says that all its functions are
square integrable in C. Moreover it is a Hilbert subspace and all its functions are
continuous. Precisely it is a Hilbert space with reproductive kernel.

Proposition 1.29. The phase space H, of a Gabor atom g € L*(R) is a Hilbert
subspace of L*(C) that is characterized for the following reproductive kernel:

kg(Z’ZO) = k(Z’ZO) = kzo(z) = <gzo’gz>
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That is, F' € H, if and only if:
F(z) = / F(2)k(z, z0) dx dy (1.20)
C

The Gabor transform with respect to g is an isomorphism of L*(R) in H,.

Proof. We introduce the reconstruction formula in the definition of the transform:

Gra) = [ ( [ Gt ds dy) G (0 dt

Exchanging the integrals we have:

G1(ea) = [ 61 ( [ i) dody

Therefore k replays all the functions of the space. As it belongs to this space we
can affirm that it is its reproductive kernel.

The isomorphism is deduced from theorem [[T4], since H, inherits the norm
from L2(C) and || f|| = ||Gf]|- O

Remark. We can think in the reproduction formula (LZ0) as a convolution. The
argument is the following one, if we take the definition of k& we have that:

/{?(Z, ZO) = <QZa gzo> = eQm‘x(y—yo)<g’ gzo—z> = QQWix(y_yO)k(ZO - Z)

where we have defined k(z) = (g,9.) = k(0, 2). If we introduce this to the repro-
duction formula ([CZ0), this takes the form:

F(z) = /((:F(z)e%m(y_yo)k(zo — z)dxdy

that is practically a convolution, except for the exponential factor, that has mod-
ule 1. This class of convolutions are called twisted convolutions. Writing the
reconstruction formula in this way will be much more usefull.

We have to take into account that we are using k to designate the reproductive
kernel thought in two variables as for the kernel of convolution, which only depends
on a variable. We have to be a little attentive to avoid errors, although normally
there will not be confusion.

As the space in that we will work is formed by continuous functions and it
has reproductive kernel, we can sample the functions in any point. Given a set
of points of C we can consider, for each I' € H,, the succession of values that F'

takes in this set.
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Definition. Given a discrete set A = {\,}necz C C we will say that A is a sam-
pling set for H, if there are constants A, B > 0 such that:

AIFI? < STIFOW)2 < BIFIP VF € H,
nez

These sets are very important since they correspond with frames:

Proposition 1.30. Let A C C be a discrete set and g € L*(R) a Gabor atom.
G(g,A) is a frame of L*(R) if and only if A is a sampling set for H,.

Proof. This fact is easy to prove observing that Gf(z) = (f,g.) and that ||Gf|| =
| f]l. As we have bijective correspondence among H, and L*(R) by the Gabor
transform, we can write:

STIGFNP =D 1 f. a0

AEA AEA

for every f € L*(R) or for every Gf € H,. Therefore the frame condition and that
of sampling are equivalents. ]

With this result, to describe the sampling sets of H, is equivalent to describe
the sets A for which G(g,A) is a frame. And if we can demonstrate that for a
certain Hy there are sampling sets, there are then sets A for which G(g,A) is a
frame.

Related with the sampling sets we have the one that we could call the dual
concept, which are the interpolation sets:

Definition. Let A = {\,},en C C be a discrete set. We will say that A is an
interpolation set for H, if for every succession {a,}nen € I? exists a function
F € H, such that:

F(\,) = ay Vn e N

We say that these two concepts are dual since if we look at the sampling
operator in H, for a set A = {\, }nen:

M:H, —I?
Fr— M(F)={F(\,)}nen

This operator is injective if A is a sampling set, and exhaustive if it is an interpo-
lation set. These operators correspond with the synthesis operators in L2(R) for
the sets of functions G(g, A). With this duality it is easy to see that Riesz bases
correspond with the sets that are sampling and interpolation sets on time.

As we have isomorphism between L?*(R) and H, also we have the following
equivalence, which is evident from the definitions:
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Proposition 1.31. Let g € L?(R) be a discrete set and A C C. G(g,A) is a frame
(or a Riesz basis) of L*(R) if and only if {kx}rea is a frame (or a Riesz basis) of
H,.

In view of these results, it is clear that a well knowing of the phase space of
a Gabor atom will be very useful to prove the existence and to describe the sets
that can cause a frame or a Riesz basis. Now we want to find atoms with a phase
space with good properties. In general these phase spaces are already better than
a general Hilbert space. We only find continuous functions and moreover they are
characterized by a reproductive kernel, which gives a lot of structure. Informally
speaking, we can say that all what it happens to the kernel inherits the whole
space.

In spite of these good properties, we will not be able to improve know results
for general Gabor atoms. What we will make is to ask to its reproductive kernel
(that it is equivalent to put conditions about g) that it has good integration and
discretization properties.

Definition. We define the Feichtinger algebra as the set of functions g € L*(R)
such that:

k(z) = Gg(z) = (g,9.) = / g(t)e ™MW g(t — x)dt € L*(C)
R
We will designate this set as A.

These are the functions that we will use for analyzing, since they will cause
phase spaces with the wished properties. This set was introduced by Feichtinger
and Grochenig in the theory of representations studied in [FeG89), [Fe(GRI-2] and
[Gro91]. Among the most interesting properties of this set we can declare that
(f,g.) € L*(C) if and only if f,g € A. This fact gives a simple way to recognize
the algebra if we know any of its functions.

A trivial example of function that belongs to the Feichtinger algebra is the
Gaussian function:

o(t) =2ie™™"

This function will play a very important paper in this work. The advantage of
this function is that we can calculate explicitly the reproductive kernel of its phase
space, which is k(z)67%|z|26*’”'my. Also we will be able to describe the phase space
very well. It will appear the Fock space of entire functions, where we will be
able to apply the techniques of the complex analysis. As a matter of fact in this
particular space the sampling and interpolation sets had already been described,
and therefore the problem that we consider is already solved.
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For discretizate the reproduction and reconstruction formulas it is necessary
to be able to control the punctual values by the continuous values of the functions.
For making this we have to define the one that we will call the local maximal

function, which gives us a greater control of the function:

Definition. Given a continuous function F' defined in C we define its local max-
imal function as:
MF(z) = sup |F(w)|
weB(z,1)

where B(z, 1) is the ball of center z and radius 1 in C using the Euclidean distance.

This function amplifies the exceptional points of the function F'. Informally
speaking, if F'is big in a point M F is big in a set of positive measure.

The spaces for the that we will be able to discretize the reproduction formulas
are those for which the maximal function of the reproductive kernel is integrable.
Surprisingly this happens if g € A.

Proposition 1.32. Let g € L?(R) be a Gabor atom and k the reproductive kernel
of its phase space. If g € A then Mk is integrable in C. That is, Mk is integrable
if k is.

This result confirms that the set A is the suitable one to work.

The ideal situation belongs if we can describe perfectly the phase space in any
way that allows us to know its sets of sampling. These sets have been studied
in the spaces of harmonic or holomorphic functions. In some of them complete
characterizations of its interpolation and sampling sets have been given. But as we
will see later on, we will only be in this case when the Gabor atom is the Gaussian
function. In this case the phase space corresponds in direct way with the Fock
space and they share the sampling and interpolation sets.

1.6.3 Wavelets.

Regarding wavelets we find a similar situation to that we have commented on here
for Gabor. We have to take into account that now the phase spaces will be defined
in R x RT instead of C.

Definition. Let ¢ € L?(R) be an admissible wavelet. We define the phase space
of the wavelet ¢, Hy, (or H) as:

Hy={F(z) € *(RxRT): 3f € L*(R) with F(z) = Wf(z) = (f,¢.)}

As in the Gabor case, this space is also formed by continuous functions, but
now in L? (]R x RT, %) Also it is a space with reproductive kernel:
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Proposition 1.33. The phase space Hy, of an admissible wavelet ¢ € L*(R) is a
Hilbert subspace of L*>(R x RT) that is characterized by the following reproductive
kernel:

k‘w(% ZO) = k(Z’ZO) = kzo(z) = <71Z)20’¢Z>
That is, F' € Hy if and only if:

F(z) = /RX]R+ F(2)k(z, z0) dzjy (1.21)

and the wavelet transform with respect to v is an isomorphism from L*(R) to Hy.

The proof is identical to that of theorem and we will not repeat it.

The first significant difference between both transforms is that in this case
(CZ1) is a true convolution, but with respect to the hyperbolic (or affine) group.
If we define zg - z = yoz + xo (where the juxtaposition is the usual product of C) we
can give a group structure to R x R*. In this group the identity will be i = (0, 1)

z—20

and zy Lo, = . This group is not commutative. Its invariant measure (by
0

translations with respect to the group) is different for the right that for the left.
We will work only with left translations. In this case the invariant measure will
be dm(z) = % In this way we can write:

k(z’ ZO) = <¢z0’7pz> = <¢z—1-z0’7p> = k(zil : ZO)

where we have defined k(z) = (¢,v,) = k(0, z). As in the Gabor case, we introduce
this into the reproduction formula of (CZI):

dx dy
Y2

Plao)= [ GRG0

where we find a formula of non commutative convolution because the group is not
commutative, but that will have most of the properties of the usual convolutions.

When giving conditions of integrability or describing the maximal function
it will be important that the structure of R x RT is different of that of C, but

everything is until then identical.

Definition. Given a discrete set A = {\,}nez C R x RT we will say that A is a
sampling set for Hy if there are constants A, B > 0 such that:

AIF|IP <Y IF)P < BI|F|® VF € Hy,
nez

Proposition 1.34. Let A C RxR" be a discrete set and 1) € L*(R) an admissible
wavelet. W(g,A) is a frame of L*(R) if and only if A is a sampling set for H,.
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The proof is identical to the Gabor case. The definition of interpolation sets
and the symmetry among the bases generated by 1 and the ones generated by the
reproductive kernel also are identical.

Definition. Let A = {\,},en C€ R x Rt be a discrete set. We will say that A is
an interpolation set for Hy, if for every succession {a,}nen € I? there exists a
function F' € Hy, such that:

F(\,) = ay Vn e N

Proposition 1.35. Let 1 € L2(R) be an admissible wavelet and A C R x Rt q
discrete set. W (g, A) is a frame (or a Riesz basis) of L2(R) if and only if {kx}rea
is a frame (or a Riesz basis) of Hy.

When asking for conditions of integrability of the kernel, in the wavelet case
we have an equivalent notion to the Feichtinger algebra considering those wavelets

for which its kernel is an integrable function:

Definition. We define the set of wavelets with integrable kernel as those
admissible wavelets 1) € L?(R) such that:

B(=) = Wy(2) = (i) = /R vty (==

) dt € L' (R x Rﬂ%)

We will designate the set of all the wavelets with integrable kernel as B.

This set preserves some of the properties of the Feichtinger algebra, but not all
of them. For example, if (f,1.) € L'(R x RT) for a ¢ € B, then (f,¢,) € L}(R x
R™) for any other ¢ € B. But however we can not insure that (¢, 1,) € L'(RxR¥).
This is because in the Gabor case Gf(z) is integrable if and only if Gf(—=z) is it.
However in wavelets W f(z) can be integrable and W f(2~!) not. This is one of
the differences of the structure of the group.

Regarding discretizations, it is also necessary to define the local maximal func-
tion. We have to take into account that we have to use the hyperbolic distance.

Definition. Given a continuous function F defined in R x RT we define its local

maximal function as:
MF(z)= sup |F(w)]
weB(z,1)

where B(z,1) is the ball of center z and radius 1 in R x R* using the hyperbolic
distance.
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The set of wavelets such that the local maximal function of its kernel is inte-
grable differs from B, and we will call it MB.

As in the Gabor case, we will want to describe as well as we can the phase space
of a wavelet, to be able to describe its sampling and interpolation sets. Casually
we find a set of admissible wavelets for which the phase space corresponds with a
space of holomorphic functions. The functions are the Pisson-type wavelets:

90 = (6 +i) %
Ca

and theirs phase spaces correspond with the Bergman spaces of the half-plane.
These wavelets are not real, but this is only a technical question. We can always
take their real part or their imaginary part and give the same results, since the
real part of a holomorphic function determines directly its imaginary part.

Under certain conditions also we will have a result of uniqueness, although it
will not be so good as in the Gabor case.
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Generators by translations.
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Chapter 2

Generators for L'(R).

We have commented in the preliminaries that when studying the generator systems
in the way T'(¢,A) it appear different questions. Two first that we can consider
are which sets A we will be able to use, and which functions ¢ will allow us to
generate. These questions can be studied separately, but they are very related.

The characterization of the sets A that accept generators for L!(R) we can be
found in [BOUO6] and [Brn06]. In this pair of articles these sets are described in
terms of the densities of Beurling-Malliavan, of the spectral radius of A or as sets
of uniqueness of certain classes of functions. In the first section we will give the
concrete result.

When we regard the characterization of the generators we do not have so
good news. This problem has been less studied and it is not know any complete
description. Wiener’s theorem already gives a necessary condition that for the time
being is the only one that is known. The examples and results that are known for
the time being lead us to bringing up the following conjecture:

Conjecture. Let ¢ be a generator for L'(R). Then $(¢) # 0 for every ¢ € R and:

log (O]
/R 1+e

This last integral is known as the logarithmic integral of @. It turns up in
several fields of the mathematical analysi. For example, the monograph [Koo92]
is dedicated to study this integral. There are several reasons that make us think
that this conjecture is a certain. On a part we have two special cases (generators
¢ with decresing Fourier transform or sets A contained in a half-line) in that it
is already known that the divergency of the integral is necessary. We devote a
section to explaining these cases briefly.

Moreover, all the examples of generators for L'(R) that are known fulfill this
condition. As a matter of fact they are part of a special class of generators,

37
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which we will call almost—analytical. Another section of this chapter is dedicated
to studying these generators. For this set we will be capable of giving sufficient
conditions closer to the necessary ones deals in [Bru06] (where already they were
introduced) when constructing them.

We will also study another special class of generators, called analytical, and
that they are a subset of the former ones. These are relevants because they are
simple to construct and they have phase spaces with good properties.

Another interesting problem is to attempt to describe which sets A fulfill that
T(p,A) is a generator system, when we fix ¢. We will give some sufficient condi-
tions when the generator with what we work is almost—analytical or analytical.

The two next chapters take care to study this problem in very special cases.
In chapter B we explain the characterization of the sets A that it cause a generator
system for the Poisson function that is obtained in [BrM(O7]. We will generalize
afterwards this description to other functions closer to the Poisson function.

The last chapter of this part studies the same problem, but this time for the
Gaussian function. Some partial results were already known for this function. We
will tune more the necessary as well as sufficient conditions so that a set gives
place to a generator system with the Gaussian, but we do not have any complete
description.

2.1 Characterization of the sets of genera-
tors.

We have already commented that one of the first questions that we can consider is
when, given a discrete set A C R, there is a A-generador of L'(R). This question
is solved in [Bru(6] and [BOUO6]. The theorem that they give is the following one:

Theorem 2.1 (Bruna, Olevskii, Ulanovskii). For a discrete set A C R, the fol-
lowing conditions are equivalents:

a) There is a A-generador ¢ for L'(R).

b) The spectral radius of A is +oo.

1
c) A is a set of uniqueness for an almost—-analytical class C{M,} with M;} — oo.
d) A is a set of uniqueness for a generalized Brenstein class.

Remark. The generalized Brenstein classes [BOUQO6] and the almost—analytics ones
are very closed. In both cases, if A is a set of uniqueness for one of these classes
we can then achieve a A-generador in the corresponding class.
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The spectral radius of A is defined as the following supreme:
sup{T > 0: {e=¢} A generates L*(0,7)}

That is, it mesures the capacity of generation that has the set of exponentials with
parameters in A. For example, the spectral radius of Z is 2w. This coincides with
the density of Beurling-Mallavin. In this way we have a more geometric formula
more to calculate the spectral radius. We will not enter in details about this
subject.

We will be interested in describing the functions that can make the role of a
generators of L'(R). This problem is difficult of solving directly. In this section
we will limit ourselves to studying a special type of generators. The sets that
accept generators are described in ZTlin terms of uniqueness sets of certain classes
of functions. The one that we can make is to search conditions on ¢ so that the
phase space of this function is included in these classes. Afterwards we will be
able to apply the proposition to prove that there are discrete sets A such that
T(p,A) generates L'(R). We will focus on the almost-analytical classes. Until
now, all the generators of L'(R) that are known are contained in these classes. We
will call them almost—analytical generators.

Wiener’s theorem [L2 gives the first condition so that a function ¢ is a generator
of LY(R). In the case L'(R) this theorem tells us that the function ¢ has to have
Fourier transform different of zero in every point. This condition is necessary and
independent of which class of generator we search, therefore we will always have
to have it present.

The rest of conditions that we will give will be conditions of decrease of the
Fourier transform. We will find that as more decrease has the transform, more
sets A will accept to be able to generate L!(R). It is important to comment that
for a lot that decreases we will always have to have present that it can not take
value zero. This says, for example, that we can not think of generator with Fourier
transform with compact support.

The conditions of decrease of the transform correspond in an informal way
with conditions of regularity of the function ¢. This makes the generators that we
will work to have very good conditions of derivation. As an example of this fact
we will comment that the almost—analytical generators are always C'°.

When we speak about necessary conditions here it is important to comment
that these will not be necessary conditions for ¢ to be a A-generador, but they will
be necessary so that it is a generator of a certain type (precisely almost—analytical).
For the time being necessary conditions for a function to be a generator of L!(R)
in general have not been found (except for the Wiener’s theorem), and as we have
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commented formerly, all the generators that are known are from the same type
that we will describe.

2.2 Divergent Logarithmic Integral.

Theorem will say that if ¢ is an almost—analytical generator, then:

/ log [7(&)]
R 1+&2

In fact it will say more. Not just this integral is divergent, but there is a logarith-
mically convex majorant with the same property. This condition is necessary so
that ¢ is an almost—analytical generator. We can propose also if it is necessary in
general. This is for the time being an open problem, but there are two cases in
that it is a certain. This makes us think that the conjecture will be a certain in
general. Moreover one of the cases puts restrictions on the function and the other
one about the set.

We go to comment on them now separately. The first case corresponds to
generators ¢ such that ¢ is even and decresing in the positive semiaxis. This case
is already commented on in [Bru(6], and we reproduce here the argumentation
without important changes. The idea is the following one, we suppose that for
any ¢ there is a function f € L*°(R) such that f *¢ is suported in (—¢,¢). If this
happens ¢ can not be a generator, since A should be a set dense everywhere and
could not be discrete. Now it will be necessary to search necessary conditions so
that this does not happen. The entity criterion is given by the theory of multipliers
of Beurling-Malliavin. We need first a definition.

Definition. We say that a weight w(§) > 1 accepts multipliers if there is a
entire function G, of arbitrary exponential type e such that w(£)G<(§) is bounded
or belongs to LP(R).

Proposition 2.2 (Bruna-Ulanovski). If |p|~! accepts multipliers, then o is not a
generator.

Proof. For € > 0, let G. be the function that gives the definition. Then G.(§) =
h(&)p(&) with h bounded. Then:

60 (22) <o (25) g

: 2
is also bounded. As h(§) (%) is in L'(R), we can write f € L>(R) as like the

Fourier transform of a function. This says that f *x ¢ is the Fourier transform of
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. 2
G (&) <%> , that has exponential type 2¢. This makes f *x ¢ to be supported in

(—2¢, 2¢), which proves the theorem. O

So it is a necessary condition for a weight to accepts multipliers:

logw(§)
/]Ril_i_g2 < 00

This does not help us, although it makes us believe that the conjecture is true. But
it results that if w is increasing and even this condition is also sufficient. The details
can be found in [K0092]. Therefore, if |¢| is a decresing function in the positive
semiaxis, the divergency of the logarithmic integral is a necessary condition so that
@ is a generator. It is not difficult to see that it is not necessary to require that
the transformed one is even.

The other case corresponds to sets A contained in the positive half-line. We
suppose that we have a function ¢ € L?(R) such that

log |B(5),
| <

and $(€) # 0 almost for every &. Then there is a function § of H?(R) (the Hardy
space of the half-plane restricted to the real line) such that |p| = |0|. Form
theorem T(p,A) generates L2(R) if and only if T(é\, \) also generates L?(R).
But é\(t) = 0 for every t < 0, and therefore we can not generate every L?(R) only
with positive translations, since any linear combination will cancel in the negatives.

For L'(R) we have to use the theorem [ and to make convolution with P (the
Fourier transform of the Poisson function), which has finite logarithmic integral.

This is a particular case of the study of the invariant subspaces for translations
of HP(R) and HP(D). This problem has been studied by many people, and today
still continues being an important research field. The monograph [Nik86] is an
excelent reference about this problem.

2.3 Almost—analytical Generators.

Definition. An almost—analytical class C{M,,} associate to the positive num-
bers (M,,) consists in the set of functions f € C*°(R) such that:

|f")(x)‘§cf5?Mm n=0,1,2,...,z €R

and in more it is fulfilled than f™(0) = 0Vn it implies f = 0 for every f € C{M,}.
This is the case if and only if:
o0

Z 11200

n=1 Mn
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We can assume that the M,, are logarithmically convex. That is, My = 1, M2 <
Mn—an+1-

1
Remark. If we take the log—convex normalization we have that the succession M}
1
is increasing. When (%) » is a bounded succession we have the analytical classes.
When £™(0) = 0Vn does not imply f = 0 for the functions of the class we find

the Denjoy-Carleman classes.

These classes have typically discrete sets of uniqueness. It is for this fact that
they are interesting for us. There is not any characterization of these sets, however,
for a fixed general almost—analytical class. Theorem 3 of [Bru(6] gives a sufficient
condition that we replay next.

Theorem 2.3 (Bruna). An almost-analytical class is C{M,}. We write:

k

=Y

n=1
Let A be a discrete set and na(r) = |AN[—r,7]| its counting function. If A fulfills
that:
) n
lim sup ———= = o (2.1)
T

r—00

then A is a set of uniqueness for C{M,}
Moreover, if f € C{M,} fulfills that || f™||ec < CyBy M. Then:

Mnys(r)] < 2epyr
where ng(r) is the counting function of the zeros of f.

Proof. The idea is to reclimb the Bang’s lemma [Banh3]. As it is presented in
[NSV(4] this lemma says that if f € C°°[—1,1] fulfills that ||f™|e < M,, the
cardinal of its zero set (counting multiplicity) can not overcome its Bang’s number.
This number is defined as the bigger N such that:
Mnfl
Z L < 2e

log || f]| 5" <n<N

For f € C{M,}, it is fulfilled that ||f™]/s < CyBFMy. If ng(r) is the counting
function of the zeros of f, reclimbing the lemma of Bang we have that:

M(ns(r)] < 2e8r
This already proves the second part of the theorem.
For the first part it is only necessary to observe that if A fulfills (Z1]) it can
not exist any function that cancels in this set and this demonstrates that it is of
uniqueness. [l
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In [Hir50] they also study the zero sets, but focusing on analytical classes. The
idea is to generalize a result that it says that if f fulfills:

|F™ ()] < Cpk™n!

then:

2log na(r)

lim sup <k

r—00 7t
The functions that fulfill this type of bound have an analytical extension on the
band |3z| < % These will be the class of functions that will appear in the following
section. If we look at these classes, is already giving a similar bound, since
for M,, = n! M[k] ~ logk, but we have to take care with the constants that
can appear. The advantage of lies in that it is applicable to general almost—
analytical classes.

The way to see the connection among these classes and to construct generators
is the following one. We start with a discrete set A that accepts generators.
Theorem BTl says that A is of uniqueness for an almost—analytical class C{M,,}.
The way to obtain the generator is to construct a function ¢ € L!(R) such that:

L*(R) x ¢ C C{M,}

where @(t) = ¢(—t). We suppose that this is fulfilled. Then the phase space of
¢ is included in C{M,,}. We can use now proposition or directly we take a
function h € L*°(R) such that:

/ WPt —Ndt =0, AeA
R

The function:

Th(x) = /Rh(t)ap(t —x)dt

belongs to C{M,}. As A is of uniqueness for this class this implies that Th = 0.
We apply lemma, to see that h = 0.
Because of duality this argument tells us that ¢ is a A-generador.

Proposition 2.4. Let C{M,} be an almost-analytics class and ¢ € L*(R). It is
equivalent
L*[R) xp C C{M,} (2.2)

to that
/ ™ ()] dt < B"M,, n=0,1,2,... (2.3)
R

where @™ is the n’th derivative of .
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Proof. We start with (3] implies [Z2)). For f € L*(R) we take

Tfa) = [ SO d

To see

(T )™ (x)] < C;B" M,

it is only necessary to derive under the integral and to bound f by its infinite
norm.

For seeing the other implication we have to introduce a norm to C{M,,} in the
following way:
sup |F| > "

F| =su
Il = sup (22

If we apply the closed graph theorem we see that:
107 f  Plloo < A™|| flloo M

As this is fulfilled for every f € L*°(R) and 0™ f * ¢ = f * (0"¢) we already have
that ¢ has to fulfill Z3). O

Remark. Let’s notice that if (23 is fulfilled, for any function f € L*°(R) we have
the bound:

(TH)™ @) < [ flloo8" M

This means that the same 3 is valid to all the functions of the phase space, while
in the definition of almost—analytical class this constant depended on the function.
In particular we see that we do not equal the class C{M,} and the inclusion in
(22) is strict. As already we have commented in the former chapter, this provokes
that there can be sets of uniqueness of the phase space of ¢ that are not of C{M,,}.
As a matter of fact theorem already gives examples of this type.

In [Bru06] is constructed a function ¢ fulfilling (Z3]) in the following way. Given
an almost—analytical class C{M,,} we consider the Ostrowski decresing function

O<@(§):inff\§/j—’2§1

From this we define

0<w()= /:0 O(s)e *ds

that fulfills that w(§),|w'(§)] < O©(§). The generator that we are searching will
have as Fourier transform $(¢) = w(€)e¢". Defined in this way ¢ is C™ since
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—

£np(€) is integrable for every n. In more ™ (£) = (—2mi&)"P(€) fulfills

w(6)] < e €2me O () < (2m)" Mye €

—

o) (5)‘ < (nl2mg|"w(©) + |2mE]"w (€) + 2mg M w(€)) e

< (n(2r)" My + (2m)" M) e + (2m)" M [éle

— — —/
This implies [|¢™ |1 < C(27)"M,, and ||¢™ |2 + [[¢™ |2 < C(27)"M,,. We apply
Il < € (190 + @Y1l (2.4)

to 1) = ¢™ and we see that it fulfills £3)).

We want to study this class of generators, but in more general terms.

Definition. We will say that ¢ is an almost—analytical generator if there is an
almost—analytical class C{M,} and (3 > 0 such that:

/ o (t)] dt < B"M,, n=0,1,2,... (2.5)
R

or in an equivalent way:

L¥(R) ¢ C C{My}

We have already commented that in [Bru06] is demonstrated that if A accepts
generators for L'(R), then we can construct an almost-analytical A-generador.
Now we want to find conditions on ¢ so that it is an almost—analytical generator.
The first obvious condition is that @(§) # 0 for every £ by the Wiener’s theorem
Apart from this, it is seen [Koo92[Brn06] that a necessary condition is the
divergence of the logarithmic integral of the Fourier transform of ¢:

“log|p(€) _
/0 1+ %

This is a condition of decrease, since it asks the logarithm to be big and negative,
that it is equivalent to the Fourier transform of the function being very small (@
is continuous and is in L?(R)). But this condition is not sufficient, since we can
find examples of continuous L!(R) functions f such that the logarithmic integral
of fis divergent but however the function is not C°°. Our idea is to arrive at a
necessary condition a little better than this, that is already obtained in [Bru(6]
although is not declared of explicit way, and a very next sufficient condition. The
concrete statement is the following one:
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Theorem 2.5. Let ¢ € L'(R). If p is an almost-analytical generator then there
exists a function H(&) > 0 such that % 18 logarithmically convex and:

“logH(E) ..
/0 1 e d§ = —o0

so that:
0 <[p(&)| < H([¢])

It is a sufficient condition so that o is an almost—analytical generator that there is
a function H (&) with the former properties such that:

0 <[] < H(l)
2" < H([¢])

To prove this theorem we will give a series of results that have interested in
themself. We will begin following the outline of [HaJ94], who searched conditions
so that a function did not have zeros of infinite order.

Lemma 2.6. Given a function o € L'(R) such that $(€) # 0 for every & it is a
sufficient condition for ¢ € C'* with bounded derivatives that exists an increasing
function w(§) going to infinite such that:

B < H(I€])
with H the function defined as:

H(E) = e P&) — e—A—ff 2l gy

This condition is also necessary for ¢ € C with " € LY(R) for every n.

Remark. The function H defined in the lemma has the property that % is a

logarithmically convex function. As we are interested in strictly positive functions
with limit zero, any logarithmically convex function can be written in an analogous

way as %

Proof. If a function ¢ is C*° with integrable derivatives the Fourier transform

fulfills that |£"f(£)| is bounded for every m. As the functions in that we are
interested are always different of zero, we can take logarithms for obtaining:

log |p(¢)| < K, —nlog|é|  Vn

If we look at the second part of this inequality, we can define p(§) = sup,,(n log|{|—
K,), which will be a convex function of log¢{ (eP logarithmically convex). This
function can be written as:

Swlu
p(§) = A+/ Ldu (2.6)

1 u
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where w(u) will be an increasing function with infinite limit (we are thinking of
& > 0). Therefore the necessary condition for ¢ to be C*° with o € L'(R) is
that there exists a incresing function w(u) going to infinite so that:

2(¢)| < e7P®)

with p defined as in ([Z6]). We have to see that this condition is sufficient for ¢
to be C*°. We observe that, given an n, there exists ¢, such that w(u) > n for
U = ¢p, since w grows towards infinite. This says that if £ > ¢,:

3 3
/ Mdu}n/ l(1u:n(10g£—logcn)
c cn U

u

n

Taking this into account, if & > ¢, we have that:

¢ wiw) en
[€7p(€)| < e AT T du  emAem T SE dugh oA

If € < ¢, (positive), then we bound directly:

€ w(u)
|£n90(£)| < CZB_A_L Tdu < G_Acn

n

Joining both parts we have the bound that we searched:

€"8(&) < e~
that says that ¢ is C"°° with bounded derivatives. U

Remark. As the bounds in L!'(R) norm give us bounds in L°(R) norm of the
Fourier transform but the invers is not true, the result that we have given is not
symmetrical, and as a matter of fact we can not improve it without supposing
some extra condition of the function.

We need that the derivatives are in L'(R), and now we just have the existence
of the derivatives. To obtain the L!(R) bound from these we need a bound of the
same type for the derivative of @ in order to use (ZAI).

Lemma 2.7. Let ¢ € LY(R) for which there is a function H as in[Z1 such that:

P12 < H(I¢])

Then ¢ € C*® and ¢ € LY(R) for every n. Moreover in this case there is K > 0
such that:

le™lly < K"t

where ¢, fulfills that w(u) = n if u > ¢y,.
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Proof. We consider ¢ = ¢™). Using the bounds that we obtain in the proof of
we can give the following inequalities:

~ 1
< —A 21) (™ n+2 H H
H¢H1 e ( 7T) (Cn+cn+2) 1+ |£|2 1

~ 1
! -4 -1 +2
19/l < e (nei=) 4+ (4 Ve + D) |7

and using (Z4]) we have the bound that we searched:

HQPH)H1 < KHCZE

0

Now it is necessary to remember that for ¢ to be an almost—analytical generator

it has to be fulfilled {3 for an almost—analytical class C{M,}. In an obvious

2
2
C{M, }to be almost—analytical we need that > M, " is divergent. We will be able

to make this if and only if:
1
E Tz =X (2.7)

n>2 CnJrS

way we will have to choose 6 = K and M,, > ¢ But we remember that for

Lemma 2.8. We suppose a, > 0 for every n. Then the character of the series
2

(an) and (a,lfz) s the same one. That is:

Zan<oo<:>Zayll+% < 00
n n

~ 1+2 e S
Proof. We define a,, = an . Tt is trivial that the convergence of (a,) implies that

of @, since for n big enough a,, < 1. Now we suppose that > a,, is divergent. Here
we have to sort out the a, such that a, > 2%, which we call b,, with b, = 0 if

2 b, 1
anbﬁ 221 :Zzbn

For seeing that this last sum is divergent we define ¢, in a complementary way to

an < 2% In this way:

by. That is, a, = b, + ¢,,. It can be seen easily that > ¢, is convergent, and as
Y an =) by + Y ¢, we already have that ) b, is divergent. With this we have
proved that > @, is divergent, that completes the proof. O

Proof (of the theorem [Z1). We begin by proving the sufficiency. The former lemma
is useful to study the character of the series > é instead of (7). If we look to
this series we have that:

1 1 [ Cn,,00
LR SR TRSTU
2 1 u2

C
n>1 n
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This last integral coincides by the comparision criterion with:
o u o
/ 2onz1 X[;n,oca( ) du / w(g) Ju
1 u 1

If we remember the definition of H (), by integration by parts, we see that the

one that we are studying is the convergence of the logarithmic integral of H:

[P e [T R s [T

Therefore, é is divergent if and only if the logarithmic integral of H(§) is
divergent, and in this case we will be able to find an almost-analytic class C{M,,}
such that L= (R) x ¢ € C{M,}.

To see the necessity we define H({) = inf, % (the called Ostrowski func-
tion). This function is already logarithmically convex, and the divergence of the
logarithmic integral is equivalent to the condition of almost- analicity [Koo92]. O

Theorem EZH allows us to give examples of generators of L!(R)in a simple way.
But the reality is that the majority of generators that leave in a direct way are from
a much better type, since, as we will see in the next section, its correspond with
analytical classes. To give examples of non analytical almost—analytical generators

we have to construct a w(u) > 0 such that:

/Ooiz;)du

is divergent, but w(u) << u. We can give as simple examples:

G

or

B(e) = e I e

These two examples fulfill the mentioned conditions. In the second case we can
choose C{M,,} with M,, = (nlogn)™, which is the typical example of non analytical
almost—analytical class. Another method of giving examples is to calculate the
Ostrowski function directly for a given almost—analytical class. For example:

a(e) = int B

But either it does not seem that simple expresions of ¢ can be found in this way.
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2.4 Analytical Generators.

A special case of almost—analytical classes are those that we will call analytical
ones. These classes are characterized by the fact that its functions are not just C*
but are analytical functions.

We have given the description of these classes in the former section. We will

1
say that an almost—analytical class C'{M,} is analytical if (%)" is a bounded

succession.

Definition. We will say that ¢ is an analytical generador if there is an ana-
lytical class C{M,} and a 8 > 0 such that:

[ @lde< oM, n=0.1.2....
R

or in an equivalent way:

L>(R) x ¢ C C{M,}

The Poisson function is the first example of analytical generator:

1 1
w142

P(t) =
The sets A for which T'(P, A) generate L*(R) are described in [BrM{7:

Theorem 2.9 (Bruna-Melnikov). A discret set A = {A\,}nez C R fulfills that
T(P,A) generates L'(R) for P(t) the Poisson function if and only if:

Ze_%‘)‘"l =00 (2.8)

nez

The same statement is true for LP(R).

We Will treat this example with much more detail in the following chapter.
We go now to study the analytical generators in general. Let’s focus in how
can be the majorant H in the case of analytical classes.

Theorem 2.10. Given a function ¢ € L*(R), if ¢ is an analytical generator then
there are A,C > 0 such that:

0<|3()] < Ae= Kl

for every € € R.
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Proof. As ¢ is an analytical generator, there is an analytical class C{M,} and
B > 0 such that:

[l wlae< 5,
Taking Fourier transform this implies that:
|(2mE)"P(E)] < 5" My,
We take logarithms on both sides of the inequality and we can affirm that:
log |5(¢)| < nlog B+ log M, — nlog 2r¢| (2.9)

We remember that, by Wiener’s theorem, @(§) # 0 for every ¢ and therefore
the logarithm is always well defined, exept maybe of the case £ = 0. As we are
attempting to prove an assimptotic inequality this will not be a problem.

1
If C{M,} is an analytical class, (%) " is bounded. Applying Stirling formula

and taking logarithms we can give the following bound:
1
log M,, < 3 log 27n 4+ nlogn 4+ nlogk;
We introduce this to (23] to see that:

1
log |p(§)] <nlog B+ 3 log 2mn + nlogn + nlog k1 — nlog 2m|¢|

1
§§ log 27 — n(log €| — (k2 + logn))

We calculate sup,, nlog || — n(k2 +logn), which is taken in n = elELQ . In this way
we can bound:
~ 1 iq €l
log |p()] <5 log2m — —- <10g €] — (kz + log el+k2)
1 €l
=35 log 21 — pE

We define C = ﬁ and we take exponential. It is only necessary to add the
constant A to solve problems when £ is next to zero and we have proved the
theorem. 0

This result gives the necessary condition to obtain an analytical generator and
it briefs us of how has to be the majorant in this case. From here it is simple to
find the suffivient condition. It is just necessary to hve the same control for the

derivative of @.
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Theorem 2.11. Given a function o € L'(R), if there are A,C > 0 such that for
every £ € R

| <
5(6)] < AeCH (2.10)

then ¢ is an analytical generator.

Proof. The idea, as in the almost—analytical case, is to apply (24l with ¢ = ap”).
Using (ZI0) and applying lemma 7 with H(¢) = Ae~Cl¢l we have that:

le™ Il < K"ents

where in this case ¢, = &. We choose M, = (%)n+2 and we use the Stirling

formula:
2
M,\ " nt2en n nne
— <k ——m———— <k —s— <k
<n! ) s <C"+2n"\/27m = 1Cl+%(27m)% S
that it tells that we are in an analytical class. O

The phase spaces of the analytical generators have very good properties. In
particular its elements are functions that have an holomorphic extension on a band
|Sz] < C. Moreover they are included in the phase space of a (concrete) dilatation
of the Poisson function. For this concrete case (when the generator is a dilatation
of the Poisson function) we know all the sets of uniqueness of the set of transforms,
because they are described in [BrM(7| by the condition that gives theorem A
is a discrete set of uniqueness for the phase space of one dilatated of the Poisson

I LS

AEA

function if and only if:

where the constant C' is the parameter of dilatation with respect to the Poisson
function. Like this we obtain, by an argument of spaces inclusion, a sufficient
condition for A in order to T'(¢, A) generates when ¢ is an analytical generator.

Corollary 2.12. Let p € L*(R) be an analytical generator such that |p(€)|, |7 (€)| <
e ClEl. Let A be a discret set such that:

E e_%w =00

A€A

Then T(p, A) is a generator system of L'(R).
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In the case of the Poisson function this condition was necessary and sufficient,
but in general it will not be necessary. For example, in the case of the Gaussian
function (¢(t) = e*“tQ) we are under these conditions and it has many more
sets that generate. This happend because the set of functions with holomorphic
extension to a band is the worst analytical class that we can find, in the sense that
it is the one that has less sets of uniqueness.

This is a general fact in almost—analytical generators. The sets of uniqueness
of L*°(R) * ¢ coincide exactly with the sets A such that T'(¢, A) is a generator
system of L(R). If we know that L>®(R) x » C C{M,} we can affirm that any
set of uniqueness of C{M,} will be it of L>°(R) * ¢. But as the inclusion can be
strict we do not have a bijective correspondence among the sets of uniqueness. It
is for this reason that it is very hard to give necessary conditions on A for T'(y, A)
to be a generator system of L'(R) when we have fixed . Either we do not know
any characterization of the sets of uniqueness of a general almost—analytical class,
except for the case in that class is analytical, and in this last supposition just in
some concrete cases.

It is for this reason that the result of [BrM07] it is of special importance.
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Chapter 3

Poisson type generators.

3.1 Poisson function.

We have commented in the former chapter that one of the first examples of ana-

lytical generators is the Poisson function:

1 1
Pt)=>—
®) w142
We remember that the sets A for which T'(P, A) generate L!(R) are described in
[BEMO7:

Theorem 3.1 (Bruna-Melnikov). A discrete set A = {\,}nez C R fulfills that
T(P,A) generates L*(R) for P(t) the Poisson function if and only if:

Ze_gl)‘”‘ = 00 (3.1)

nez

The same is true for LP(R).

The Poisson function is one of the simpler analytical generators that is known.
By convolution with L>°(R) it will cause one of the more general analytical classes
that we can find. Moreover it has the property that all sets that they generate
have been able to be characterized. This result is attained thanks to the fact that
its phase space has been very well described. The proof consists of two parts (as it
is usual whenever a total description is obtained from the sets that cause generator
systems). First it is searched a good description of the phase space. In this case
we will see that this coincides with the restriction at a straight line of a space of
holomorphic functions. Afterwards it have to be characterized the subclass of the
sets of uniqueness of this space that interest us. We can solve this second part

25
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thanks to the fact that we find a Hardy type space. Translating the problem to
the disk we can give a description of the uniqueness sets using the tools of complex
analysis (mainly the Jensen formula and the Blaschke products).

We start with the description of the phase space. The way to make it is the
following one. We remember that the phase space of P for LP(R) was:

1 f@)
H=<F:F(x)= | ———2——dt, | LY(R
{ (z) /Rﬂ'(t—x)Q—i—l , for onef € LI( )}
where ¢ is the dual exponent of p. We can think without losing generality that f
is real, since if we prove that T'(P,A) generates the real LP(R) also we will have
the result for the complex one.

Let hq(Ri) be the space of real harmonic functions of the upper half—plane
such that:

Jullg =sup [ u(e+ ig)[tds < oo
y>0 JR

and hoo(]Ri) the space of real harmonic and bounded functions. A function of this
space can be expressed as:

1 f(t) .
u(z):;/Rmdt z=x+1y
with f € LY(R) and real, and moreover it is a one to one correspondence. This
proves that the restriction to the straight line 3z = 1 of h%(R?) coincides with the
phase space of the Poisson function. In an informal way we can think that they
are the same one and we are searching the sets of uniqueness of h%(R?) contained
in &z = 1.

To determine these sets we have to change again of space. The idea is to
complexify the expression of a function of the phase space to find a holomorphic
space of functions instead of harmonic ones:

ﬂ@z%éaf%%jﬁ (3.2)

Using the correspondence of the phase space with h? (]R%_), we can give a description
of the set of functions that appear when complexify. We name B on the band
|Sz] < 1 and let EY(B) be the space of holomorphic functions in B such that
satisfy:

sup [ [F(o-+ i)' de = |[Flf < oc
lyl<1/R

F(Z)=F(z), z€B

For E*°(B) we change the first condition for RF bounded.
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Theorem 3.2 (Bruna-Melnikov). The map u — F for which u(x + i) = F(x),
z € R is a one to one correspondence from hi(R%) onto E4(B), 1 < q < 00.

Note. The proof of this theorem is new, and does not coincide with that of [BrM(O7].
The idea about this proof was proposed by Joaquim Ortega Cerda,and we are
thankfull to be allowed to reproduce it here.

Proof. The injectivity of this map is obvious. We go to see that an F' defined as
in (B2) belongs to EY(B). F' is holomorphic and is well defined for every |y| < 1
because R(1 + (z — 1)?) = 14 (z — t)*> — y® > 0. Also it is easy to see that
F(Z) = F(z). We write F' in the following way:

F(z):zim,/Rf(t){t_i_i—t_i+i}dt:Cf(erz‘)—Cf(z—z')

where C'f is the Cauchy transform
1)

2 Jpt —w

Cf(w) = dt, w¢R
If f € LIYR), 1 <q< oo, Cfis in the Hardy space HY(R%) [Gar(7] and it fulfills
the bound:

‘/ICTCE+%qu¢v<L/|f@ﬂPdw
R R

With this we have that F' always belongs to E9(B) if f € L4(R).
To see the other inclusion we take a function F' € E4(B). The idea is to write

F(z) =G(2)+ G(Z) (3.3)

with G a function of the Hardy space HY(II) of the half-plane IT = {Sz > —1}. A
function of this Hardy space fulfills that it is holomorphic and moreover

nwazwgﬂmmwww<w
y>—1JR

As G(z) belongs to HY(II7), II™ = {Jz < 1}, it is clear that an F' as in B3
always belongs to F4(B). If we look at it when x € R

2 RG(t)
Flz)=G Gx)=2RG(z) = — | —————dt
(@) = Gle) + Ga) = M6(w) = = [ —FED
that is from the wished type, since RG(z + i) € h9(R?). Therefore, to prove the
inclusion it is only necessary to see that every F' € E9(B) can be written as in
B3)). We will achieve an expression of this type for the usual procedure. First we
will make the decomposition in the category C* and afterwards we will solve a @
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for achieving the analycity. We define an auxiliary decreasing function 9 € C*°(R)
such that 9(t) = 1if t < 51, 9(t) = 0if t > &, and ¥(—t) = 1 — 9(¢). In this way,
if we take:

it is fulfilled:

G(2) + G(Z) = F(2)9(S2) + F(2)9(—S2) = F(2)0(Sz) + F(2) (1 - 9(32)) = F(2)

In more G fulfills the wished norm bounds, because it inherits them of F' and ¢
cancels from % The only obstacle is that it is not holomorphic. To solve this
problem we will add a factor « to him by solving du = OF1®¥. We achieve this
factor making convolution with the Cauchy kernel:

u(z) = L/ Flw)d(Sw) dm(w)
21t J¢

zZ— W

where dm(w) is the area measure of C. There are not problems when calculating
this integral since, although F' is just defined on the band, ¥’ is 0 out of B. In this
way the function G that we are searching will be:

G(z) = F(2)9(3z) —u(z)
We go to check out that all conditions are fulfilled. We look at first:

—— —1 [ Flw)?'(Sw) —1 [ @) (Sw)

u(z) ==—— ———~ dm(w) = — —————= dm(w)
2m J¢ Z—W 21t Jo zZ—W
- 1 Cx o /(Cx
_ZL [ EOVESS) = 2L [ EEVES) 4
2m J¢ zZ—S 2 Jo Z—s

=~ u(?)

This implies that the decomposition continues being valid. It remains us to see
that G € HY(II). We see first that is holomorphic:
_ 1 ) _
0G(z) = Q—F(z)vﬂ (Sz) —du(z) =0
i
since we have defined u as the Cauchy integral of F(z)¥’'(3z), which solves the 0.

To see: )

Hmuzsmp(/uxx+wnwm>f<x
R

y>—1

we apply Minkovski. If each one of the addends fulfills this bound, G will also
fulfill it. We already had the part corresponding to F'(z)J(3z). Then we have to
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bound u(z).

/|u x + iy |qdac—/
g

The integral in a coincides with the Cauchy transform of F in the straight line

q
dz

/!
/ F(a+ b)Y’ (b) dadb
2mi r T+ iy — (a +1ib)

1 b
/2 9 ()= Flati)
= 271 Jp x + iy — (a +ib)

q
dzx

Gz = b. Making a change of notation we can say:

q

/\u(w—i—iy)\qdm :/ ‘ j V' (b)CFy(z +i(y — b)) db| dx
R R|JS

We apply Holder to the integral in b:

/Rru<x+z'y>rqu</R</f

2

1 1
L
19 (b) [P db) /2 ICFy(a + i(y — b))|? dbdz
-1
2
As ¢ € C, its derivative is bounded and we can forget about the first integral.
For the second we apply Fubini and we remember the Cauchy integral is bounded
by its border values:

// ICFy(x + iy — b)) |q|dbdx</ /|Fx+zb|qudb /||F||qdb

since b € (5, 2) and F' € E9(B). Moreover this bound is independent of y, and
we will be able to bound the supreme in the same way.

With this we have proved that G € HY(II) and we have seen the double inclu-
sion. For the case E°°(B) is necessary to use the original proof of [BrMO7]. O

Remark. The main advantage of this proof with respect to the original of [BrM(7]
is that it can become generalized easily to several variables. We have to observe
that in this case we do not restrict to the real part of the function but we use the
module of the function to define the norm and the space.

Proof of theorem [Z1l. As |F|? has a harmonic majorant in B, we can deduce that
if ¢ is the conformal map from B in to the disk D = {z : |z| < 1} defined by:

ez” +1
then every function H(w) = F(¢~'(w)) with FF € E9(B) will be in the Hardy
space of the disk H4(D) (the converse is not true). For ¢ = co we define H(w) =

exp(F(¢7! (w))) — 1.
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We define I' = ¢(A) C D. In this way H cancels in I'. We can also see:

2+
Zlog Z |Z;| ~2Y eI

~el AEA
We apply now the Jensen formula:

1 1

27
— < — log | H (¢)| d6 < log | H
—<g [ sl Il

log |H(0)| + Zlog
yel’

Without losing generality we can think that H(0) # 0 and we obtain the bound
of BJ) if ' is contained in a zero set of any function of EY(B).

It remains to see that if the summation in ([BII) is bounded, then there is a
function in EY(B) such that cancels in A.

The > rlog \71\ ~ Y er 1—|7| < oo condition is the Blaschke condition, that
guarantees that the product:

w= [ 22

er I =qw

is convergent (it is necessary to multiply by w if 0 € T"). Defined in this way,
B(w) =0 if and only if w € T, |B(w)| < 1 for every w € D and |F(w)| = 1 almost
for every w € dD. As Sy = 0 for v € I' we have also that §(w) = f(w).

We suppose that H is a holomorphic function of the disk. If we define F(z) =

H(¢p(z)) then g(s) = F(s+i) =H (%) will be in L4(R) if:

S+1

1 |dw|
gsquZ—/ Hw)|!— <
Jlsras=— [ g

If we choose H(w) = (1 —w?)B(w) we will be under these conditions and we have
also the symmetry condition. With this we have proved the theorem. O

We can compare this result with the one which we would obtain just using
that this phase space is contained in an analytical class. The class that we have
to choose corresponds to take M,, = n! or M,, = n™. In addition we can see that
every function F' of the phase space fulfills:

|[F™(z)| < Cpn! Vn

since they are restrictions of analytical functions in the band |3z| < 1. The results
declared in [Hirh(] say that the zero set of a function F' in this class has to fulfill:

21
i sup 21287

r—00 Tt

<1
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Moreover this condition is very precise, since if the inequality is strict for a set
there is a function that cancels in this.

This says that if there is € > 0 such that logna(r) > (1+4¢)5r for every r > rg
big enough, A will be a set of uniqueness for this class. We sort the elements of A
by increasing module. Looking at the inequality that A fulfills we can say that for
k big enough it will have to be fulfilled:

logk > (1 +e)g|)\k|

or in an equivalent way:

1 _logk
kT 1te = ¢ 1+ < e*%P\k‘

We observe that this condition, which will be sufficient so that T'(P, A) generates
L'(R), implies that the summation in ) is divergent. If we look at it well both
conditions are very close but non identical. Moreover the phase space is included
in the analytical class, but it can not equal it. This makes that the necessary
conditions for uniqueness sets of the class do not transmit to the phase space.

3.2 Poisson type functions.

Our following step will be to generalize this result to a special class of functions
that we can call Poisson type functions.

Theorem 3.3. Let ¢ € L'(R) be a function for which there exists constants
A, B > 0 such that:

A < [P(6)] < BemE (3.4)

We also suppose that:
7' ()] < Ce?H

Then the set T(p,\) generates L'(R) if and only if:

S

AEA

Lemma 3.4. T(P,A) generates L?(R) if and only if T(1, A) generates L*(R) with
Y(t) = P« P(t).

Remark. Theorem Bl says that the discrete sets A for which T'(P,A) generates
L?(R) are the same than in L' (R).
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Proof. As we have described the sets A for which T(P,A) generates L%(R), we
have to prove that T(¢, A) generates L?(R) if and only if:

3o

A€A

It is clear that this condition is sufficient, since @ is a convolution of P with
a function of L'(R) and we can apply theorem [CAl For the necessity we will
revise the proof of theorem Bl The idea is to use duality, and to see that if
Y e e 2\l < 0o then we can find f € L2(R) such that (f(¢),9(t — A)) = 0 for
every A € A with f # 0.

We start again with h?(R%). We remember that a function of this space can
be expressed as:

—l 7f(t) z=x+1
u(z) = /R(a:—t)Q—{—det =z + 1y

with f € L?(R) and real, and moreover it is a one to one correspondence.
The system T(3, A) will not generate L?(R) if and only if there is g € L?(R)
such that:

/g(t)w(t —Ndt=0 VAEA
R

where we can think that g is real. If we develop this integral we have that:

/g(t)zb(t—)\) dt:/g(t)(P*ﬁ)(t—A) dt
R R

L e et
__/ ()/1+(t—)\—5)2 y
2m|t—w|
//1+w )\ dw dt

7T/(Q*P)()Wl_)\)gdw

We have to find a harmonic function

u(z) = 1/1&7( 1) dt

x —1)% 4 y?

that cancels in A+ i for A € A and so that f = g P. In [BrM(7] it is proved that
there is f € L?(R) such that u(\ +i) = 0 for A € A. We have to prove that we
can take this f as g * P with g € L*(R).

We remember that if:
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Theorem says that the map u — F when u(x + i) = F(z) is a one to one
correspondence among E?(B) and h*(R?).

Then we want to find F' € E?(B) such that F(\) = 0 for every A € A and that
it can be written as () with f = g « P for some g € L%(R). We can think (&)
as a scalar product in L?(R). We use the Fourier transform and we apply Parseval
theorem to see that:

F(z) = /R Fleye2miél 2rint ge

By analytical continuation we obtain:

F(Z) _ / J/c\e—27r\§\627riz§ d¢
R

where we want that f(f) = %E(F?Q with g € L?(R). That is, we search F € E?(B)

that can be written as:

1 g .
F(Z) _ ;A 19—5_52.2 e—27r‘§‘627rlz§ d§

with g € L?(R). If F” € E?(B) then we can write it as:
F”(Z) _ / f(é—)e—%r\{\e%riz{ d¢
R
with f € L%(R). But on the other hand we see that:

F’/(z) — /Rf(g)(gmg)%%gezng de

~ ~

and therefore f(¢)(2mi€)? = f(¢) € L?(R). This allows us to write:

floy = L 4r2f(€) - f(§)

472 1+&2
with 472f— f € L2 (R). In this way we have reduced the problem to find F' € E?(B)
such that F(\) =0 for A € A and such that F" € E?(B).

Now the idea, as in the proof of Bl is to translate the problem to the disk.
We remember the definition of ¢, the comformal map of B in the disk:

e2? 41
We define I' = ¢(A) C D as before, and we remember that:

1 x
og — ~ 77}‘<oo
Stog 2 e T

~vel AEA
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that is the Blaschke condition. This guarantees that the product:

R e

er Ml =w

is convergent (it is necessary to multiply by w if 0 € T").
We suppose that H is a holomorphic function of the disk. If we define F(z) =
H($(2)) then g(s) = F(s +i) = H (E—ID will be in L2(R) if:
e

E]

[spas=2 [ HePGEL <o (3.9)

This condition also had to be fulfilled in Bl but now we need to ask more to the
function. We calculate the second derivative of F":

Te2”? ? 72e3%(1 —e2”?
F”(Z) _ H/,(¢(Z)) <m> +H’(¢(Z))7 (eéi +1)3)

In an equivalent way, for h(s) = RF”(s +i) to be in L?(R) we will have enough

with:
+)E-1) [ |d
/|z|:1 H"(z (o1 1) + z—l))2 1= < 00 (3.7)
iz D~ D((-1) —2z+1)) s N
/|z|1 5 (i(z+1) + (. +1))° 22 ° (3.8)

Therefore we have to find a holomorphic function H in the disk with H(vy) = 0
for v € I, H(Z) = H(z) and so that (88), 37) and BX) are fulfilled. What we
will make is to choose H(z) = (1 — 22)"3(z) with n big enough. We see first the
bound of the derivatives of 3:

ot T ( —vz) ATy AT 1= A2

The product is bounded by 1 independently of v almost for every z. In more, for
|z2| = 1 we have that |1 —~z| > 3|1 — 2?| and |1 — 42| < 2(1 — |7|). Therefore:

2K
18'(2)] < 22‘2 Z’l Y| < 22‘2 Z — vl < ST—=2p

vel’

where we have found again the Blaschke condition. For the second derivative we



3.3. Rational functions. 65

have:

_ 1-~2 — 1 —~2 A z—A
ﬂ”(z):Z Z 2t 71 Y2 73 H < +

_ 2 _ 2 _
2 Pl T el (e, AL T
2 2
v 1—v —Az—A
T
— 3 —
2, M T

that we can bound using the same ideas as in the case of the first derivative:

12K2
/!
< [
8" &N < T

If we choose H(z) = (1 — 2%)*3(z) we will be in the mentioned conditions. F(z) =
H(¢(z)) and F”(z) will be in E?(B) with F(X) = 0 for every A € A. In this way
we have proved that T'(¢, A) can not generate L?(R) if 3,5 ez < oo and we
obtain the necessity. O

Proof of theorem [Z23. The sufficient condition is deduced from theorem E.TT1

For seeing that it is necessary we suppose that T'(p, A) generates L'(R). Using
theorem [ we have that T'(¢* P, A) generates L2(R). If we calculate the Fourier
transform of ¢ * P we see that:

v
1+&2

6727‘"6'

= e

Using [LH ¢ * P and P % P have the same sets of generators in L?(R). By the
former lemma these coincide with those of P and T'(P,A) also generates L?(R).
This tells that the summation has to be infinite. O

3.3 Rational functions.
A special case in that we can use are some of the rational functions of L!(R).

The case of functions of the type:

o0 =

is solved by dilatation and shifting of P. But the same one we can say of functions
of the type:
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whenever k; # k; if ¢ # j. If we calculate Fourier transform we see that:

N
B(¢) = Z anle—2nkn|§|6—2mmn§
n=1 n

For |¢| big enough we will have that |§(¢)] =~ e~ 2 Kl if k = inf k,,. If $(€) # 0 for
every £ we can apply theorem and we obtain:

Theorem 3.5. Let
N

plt) =) m

n=1 "
with k; # kj if ¢ # j, ki > 0 for every 1.
We suppose that p(t) # 0 for every € € R. Then T(p,A) generates L'(R) if

and only if:
Z e~ 2l = 00
AEA

with k = inf k,,.

As a matter of fact in this theorem the condition k; # k; is only necessary
for the smallest k;, since this will be the dominant factor. Also when this is not
isolated we can find cases in that we will be able to describe the sets that they
generate. We consider:

N C
olt) = ; 1+ (t— )2

The Fourier transform of this function will be:

N
B(&) = me 2NN " g em2mmné = =27l (¢)

n=1

If all z,, are like x,, = i for i € Z, P, is then a periodic trigonometric polynomial,
and therefore we will only to ask that if it is different of zero in every point of
the period. If this is not the case we will have an almost—periodic function that
in general we will not be able to bound inferiorly, although sometimes it will be

possible. The most general result that we can give is the following one:

Theorem 3.6. Let

N M c
‘P(t) = Z Z k‘% — (tmm

_ 2
n=1m=1 xn,m)

with 0 < k; < kj if i # j.
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We suppose that 3(t) # 0 and |Py(€)] = | M_| ¢y me 2™ 0mé| > C > 0 for
every £ € R. Then T(p,A) generates L'(R) if and only if:

Z e T = oo
AEA
In the rest of cases it will be difficult to give results, and each particular
case will have to be looked separately. In a general way whenever we see that
15(€)] < Ae *1lél we will be able to give sufficient conditions about A and when
we have |3(€)| > Be ¢l we can give necessary conditions. If k; # ky we will not
be able to give a complete characterization, but we will obtain partial results.
An example of the same style than these but where we will be able to give a
complete result is the following one. We take ¢ = P — P” as analyzing function.
The Fourier transform of this function is:

o) =1+ 471'252)(,5(5) =1+ 477252)6_“‘5\

that is different of zero in every point. The results mentioned before say that for
T(p,A) generates LP(R) it is needed that:

> o
AEA

with C = 1, and it is a sufficient condition that it happens for C' > 1. We will
improve now this last condition in order to give a complete characterization for
this case. The way for obtaining this result is the same that we are usually using;
we will see that the phase space is contained in a bigger space but with the same
sets of uniqueness than E9(B), and we will obtain the sufficiency. We already have
the necessity, but also we will be able to obtain it seeing that E?(B) is contained

in the phase space.

Lemma 3.7. Let ¢o(t) = P(t) — P"(t) with P the Poisson function. The phase
space of ¢ for LP(R) is the restriction to the straight line of:

EY(B) — EY(B)" = {G L G(2) = F(2) — F"(2) with F € Eq(B)}
with q the dual exponent of p and E1(B) the space defined in [ZA

Proof. This is clear if we take into account the definition of the phase space of

P. O

Theorem 3.8. Let p(t) = P(t)—P"(t) with P the Poisson function. Then T(p, A)
generates L*(R) if and only if:

E 67%‘)4 = 0

AEA
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Proof. We call H the phase space of ¢ for L?(R). If F € H, then thereis f € L?(R)
such that:

F:) = (ph = (F.8) = [ O +anetyem

If G € E?(B) then it is clear that G belongs to H looking at the former equation.

It is just necessary to take f(&) = %

using as analyzing function the Poisson function. This is valid when z € R, but

with the g that gives place to G

for analytical extension we have it on all the band. From here we can deduce
the necessary condition. If a set A is of zeros for E%(B) also it will be it for H.
Therefore, if the summation converges, A can not be of uniqueness for H.

For the sufficiency we go to see to which space belongs the second derivative
of a function of E?(B).

First of everything we observe that for a holomorphic function in a disk of
center 0 and radius R it is fulfilled that:

27 R S
|f( |2dA / / re |2d9dr—/ r |cn|2r2"
Joeal® >

where ¢, are the Taylor coefficients of f and we have used Parseval. We exchange
the summation for the integral and we can arrive to:

2 = 2 R 2n—+1 2R6
FEEdmz) =S el / PP L
/zgR nzzo 0 6

This argument works in any disk, even if it is not centered on the zero, and ¢y is
the second derivative of f in the center of the disk. This gives a punctual bound
of f” that we will be able to make uniform immediately in our case.

We take F' € E?(B). For any z € B the ball of center 2z and radius %

belongs to B and F' is holomorphic in this ball. Applying the former inequality

we can say that:

— 4 ”szz 4 L w2mw miz
[ a= P )R dn) <2 /]9(1_@‘)2/]9(&1_1,)\ﬂ )2 dm(uw) dm(2)

We apply Fubini and the former equation goes to being:

e /{zweB i) e

As {z:we B(z, 1_Tm)} C B(w,1 — |Sw|) and in this set

SR S S|
m (L= [Sw))? ™ 4r (1—y])?
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we can bound:

4dm(z) / 167 dm(z)
< ——= < 167
/{zweB 1)} T D2 S Jowijoup 71— [Su])?

Therefore we can affirm:

/B (1= [y 4| F"(2) dm(z) < 2° /B | () ? dim(uw)

This last integral is bounded, since:

1
[ 1FG)Rdm(2) //|F:c+zy Pacdy< [ IFIPdy = 2P

(we remember that ||F||?> were the supreme of the norms in straight lines y =
const.). This tells that F” is in a Bergman type space. We go to translate this
integral to the disk to give the results.

We can check out that if w = ¢(z) = Zgiﬁ then 1 —|y| > 1 — |w|. We define

H(w) = F"(¢~}(w)) and we can say that:

/ [H () (1 = ) dm(w) < /D <1—rwr>4\H<w>r2—,f”Z(;”3‘

< /B (1= [ F" (=) dim(2)

Therefore H is in the Bergman space of the disk with weight (1—|w|)?. A subset of
zeros contained in a diameter of a function of this space has to fulfill the Blaschke
condition [Kor7h]. We remember that I' = ¢(A) fulfill the Blaschke condition in
the disk if and only if:

Z e 2PN <

AEA

It is easy to see that F' is also in the Bergman type space of the band. As the
summation diverges A can not belong to any set of zeros of this space, and therefore
neither to £2(b) — E?(B)”. Then we have completed the proof of the theorem. [

Remark. We can give the same statement for L'(R). As we already had the
necessity, we only need to see the sufficiency, and for this we can use theorem [C41
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Chapter 4

Generator systems by
translations with the Gaussian
function.

In this chapter we will study for which sets A the set T'(p, A) generates LP(R)
when we restrict to the Gaussian function ¢(t) = 21e~™". This case can be
treated because we will find a space of entire functions, and we can use complex
analysis, mainly the Jensen formula, the Hadamard representation and the Lindel6f

theorems.

4.1 Growth and zeros of entire functions.

In this section we will revise a series of concepts and classical results about entire
functions. These results relate the growth at infinite of these functions with its
zeros, precisely with the amount of these. This will be the theoretical basis that
we will use to study the sets of translations of the Gaussian function that can
generate in LP(R).

For this summary we will follow [Lev96]. We will attempt to sustain the
notation. In this reference we can find all the proofs of the results that we present

here without it. We start with some definitions.
Definition. Let f be a entire function. We define:

My(r) = sup |f(2)|

|z[=r

71
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Definition. Let f be a entire function. We define the order (of growth) of f as:

log log M
p = limsup 808 ) 1)
r—00 log T

Intuitively it means that f grows like e””.
Definition. Let f be a entire function of order p. We define the type of f as:

log M
o = limsup 08 AT pf(r)

r—00 T
Intuitively it means that f grows like e"”.

Definition. Given a succession aj,as,...,an,... € C with lim, ., |a,| = oo,
an # 0 Vn, the convergence exponent of {a,} (p1) is the greatest lower bound

of \’s such that: )
— <0
2

If n(r) is the counting function of {a,}, the convergence exponent of {a,} then
coincides with the order of n(r):

) logn(r)
p1 = limsup ———=
00 log r

Definition. Given a discrete set A C R with counting function n(r), we define

the upper density of A with respect to p as:

A+(A) = lim sup _n(:)

r—oco T

and the lower density as:

A~(A) = lim inf M7

r—oo T

A? will be the (upper or lower) density of the zero set of f.

Remark. If the convergence exponent of A is less than p, automatically both densi-
ties are infinite, and if it is greater they are equal to 0. For this motive p does not
turn up in the notation. It is easy to prove that even if the convergence exponent
is equal to p, if Y 1/|A,|? < oo, then both densities are also equal to 0.

The fundamental result that relates the growth of a function with its zero set
is the Jensen formula:
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Theorem 4.1 (Jensen). Let f be a entire function such that f(0) # 0. Let
{am}men be its zero set and n(r) the counting function of this set. Then:

R, 21 ‘
/0 gdt:%/o log | f(Re™)| dy —log | f(0)]

or in an equivalent way:
log 0)| = 5 | Tloglf(Re)dy + Y log 2l
2T 0 R
lam|<R
The first corollary that is deduced in trivial way of this result says, assuming
f(0) =1, that:
er t er t
log My (er) > / wdt > / n(t) > n(r)
0t Lt
and we obtain:
n(r) < log My¢(er)

This inequality gives a direct relationship between the zero set of a function and
its growth. We can deduce now the Hadamard theorem:

Theorem 4.2 (Hadamard). The convergence exponent of the zero set of a entire
function does not exceed its order of growth.

For improving this result we have to construct functions with a prescribed zero
set. We can make this with the Weierstrass products:

Definition. We define

1 —wu, p=20
(1—u)exp(u+§+---+ﬁ), p>0

G(u7p) - {

We name Weierstrass primary factors to this functions.
For a set {a,} C C such that Y |a,| "' < oo with p a non negative integer
we define the Weierstrass canonical product associated to {a,} as:

() = HG(:—n,p)

Under these conditions the product is uniformly convergent in closed disks and
therefore defines a entire function in C that only cancels in {a,}.

The Borel theorem gives the order of these products:
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Theorem 4.3 (Borel). The order of convergence of a canonical product is equal
to the convergence exponent of its zero set.

Practically we only are interested in this type of functions. We see this thanks
to the Hadamard decomposition:

Theorem 4.4 (Hadamard). A entire function of finite order p can be represented

as:
oo
_ m_ Py(2) G(i )
£) =P [ G (o
n=1
where a1, ag, ... are the roots of f different from zero, p < p, Py(2) is a polynomial

in z of degree q < p, and m is the multiplicity of the root at the origin.

If we multiply two entire functions f and g, the order of the resulting product
will be the maximum of the orders of f and g. The Borel theorem calculates
the order of a Weierstrass canonical product, and that of the exponential of a
polynomial is trivial. In this way it is not very difficult to calculate the order of a
function when we have the Hadamard decomposition.

To calculate the type will be more difficult in general. If in the Hadamard
decomposition the degree of P, is bigger that the order of the zero set then is
trivial to calculate the type, which is the coefficient of the maximum degree term
of the polynomial. If we are not in these conditions we will need the Lindelof
theorems:

Theorem 4.5 (Lindelof). Let f be a entire function with Hadamard decomposition
— ymoPal2) <i )
flz)=zme"D ] @ P
neN

with Py a polynomial of degree q. If the degree of Py is less or equal to p + 1
(integer), the order of convergence of the zero set of f (A = {an}nen) s also p+1
and Y |an| Pt < oo, then f is a function of order p + 1 and minimal type if
bp+1 =0 or of mean type if bpi1 # 0, where Py(z) = by +biz+ --- + byz9.
Theorem 4.6 (Lindelof). Let f(z) be a entire function of entire order p with
Hadamard decomposition:

fz) = emebottzre i TT 6 (2 )

an

such that > m = 00. Let:

bp—l—l Z a,?

lan|<r

6f(r) =

, 0 = limsup dy(r) (4.1)

and vy = maX(A;{,Sf). Then vy and the type of f are simultaneously zero, infinite
or positive numbers.
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The second Lindel6f theorem relates the type of f with the density of its zero
set and the compensation condition (Il). But we obtain that the type will be
finite and positive if the density and (EJl) also they are it. In [Lev96] we can find
explicit bounds looking at the proof of the result, but these are not very good.
The following definition will be very useful to study the functions of mean type
(finite and different of zero).

Definition. Let f be a entire function of finite order p. We define the indicator
function of f (with respect to the order p) as:

log | f(re")]

hy(0) = limsup 7

It is not very difficult to see that hyy(0) < hy(0) + hg(8), and we can also give
the bound hyy4(0) < max{h¢(0),hye(#)}. For a function of mean type [Lev80] can
also be proved that this function is bounded from up and below. We can also see
that:

suphs(0) = oy
0

This tells that if we know hy we have the type of f. Moreover this bounds the
indicator function. We define the auxiliary function:

_ log|f(re”)]

hyr(6) o

)

Definition. Let f be a entire function of finite order p. We will say that f has
completely regular growth if almost for every 6 there exists the following limit:

lim Ky, (6) = hys(6)

rT—00

or in an equivalent way, if:
log | f(re?)| = h¢(8)r” + o(r?)

The Jensen formula BTl says us that:
N 2m 1
) [ by (000 - B0
0

rP rP

where N¢(r) = for ﬂtf—t) dt, with ny the counting function of the zero set of f. Using
this we can give [Lev8()] the following results to bound the density of the zero set

of a function of mean type.

Theorem 4.7 (Levin). Let f be a not identically zero entire function of order
p > 0. Then:
2m
limsupnf—(r) < %/ h¢(6)do
0

X
r—00 rP 27
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Theorem 4.8 (Levin). Let f be a not identically zero entire function of order
p > 0. Then:

r—00 rP = 21

2m
liminfnf—(r) < ﬁ/ hy(6)do
0
We have equality for functions of completely reqular growth and only in this case.

Definition. Let A be a discrete set of C of finite order p. Let n(r;1,12) be the
number of points of A in the sector {z : |z| < r,¢; < argz < ¥2}. We define the
angular density of A:
. Y,
Ap(Y1,92) = lim n(rivs, ¥2)

r—00 rP
when this limit exists almost for every 1,15 € [0,27). In this case we will say
that A has angular density.

The equation:
A1) — A(2) = Ap(Y1,¢2)

defines a function A(#) (except a constant) which we will use as angular density.

It can be proved that a function of non entire order has completely regular
growth if and only if its zero set has angular density. For functions of entire
order (those that will interest us) the result is a little more complicated, since it
is necessary the convergence of (EI]).

Theorem 4.9 (Levin,Pfluger). Let f be a entire function of integer order p with
Hadamard decomposition

f(z) = et Tl o (=, p)
n

We suppose that its zero set {an}nen has angular density and there exists the
following limit:

o = lim (1), Op(r) =by+= 3 an? (4.2)

r—00

Then f has completely reqular growth and we can calculate its indicator function:

6
he(0) = /0 (0 —v)sinp(yp — ) dA() + 75 cosp(f — O¢)

-2

with b, = Tfeigf. In these conditions limsup, ., h¢,(0) converges uniformly in
h¢(8) almost in every [0, 27].
It is more, if f has completely reqular growth then its zero set fulfills the con-

ditions mentioned here.
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4.2 The Fock space and the L?(R) case.

The tools that we have commented in the former section will be useful for studying
the zero sets of the Fock space. These sets are related with the sets A for which
T(¢,A) is a generator system for L?(R), which is the first case that we will treat.
We begin defining this space.

Definition. We define the Fock space of entire functions as the set of functions:

F= {f . f is entire and| f||% = / |f(z)|26_7rlz|2 dm(z) < oo}
C

This is one of the classical spaces of holomorphic functions. It has been studied
from different points of view. For example its sets of sampling and of interpolation
are characterized, which will be very useful when we study the Gabor transform.

But now we are interested in its zero sets.

Definition. We will say that A = {a,}nen is a zero set of the Fock space if
df € F such that:

z€A
z¢& A

That is, there is f € F such that f cancels in all A and nowhere more.

The Bargmann transform gives the relationship among the Fock space and the
systems of translations of the Gaussian functions:

Definition. Given f € L%(R), we define the Bargmann transform of f as:

N

Bf(z) =2 /Rf(t)627rtz7rt272rz2 ”

Theorem 4.10 (Bargmann). The Bargmann transform is an isomorphism be-
tween L%(R) and the Fock space:

1Bfllz = lIfll2

The proof can be found in [EolI89]. If now we calculate this transform for a

value z € R we see that:

Biw) =2t [ senet=ista =t [ e ()
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Therefore the Bargmann transform of a function f in the real axis is the scalar
product of this function with a translation the Gaussian function ¢, multiplied by
a constant that is always different of zero:

3 (f, b

This says that Bf(z) = 0 if and only if (f,#,) = 0. As L?(R) is a Hilbert space,
using duality we can prove the following statement:

N

Bf(zx)=2

Proposition 4.11. The set T(p, A) generates L*(R) if and only if A is not in-
cluded in a zero set for the Fock space.

Proof. Using duality we have that T'(¢, A) generates L?(R) if and only if (f, p)) =
0 for every A implies that f = 0. As the Bargmann transform is an isomorphism,
this last condition is equivalent to F'(\) = 0 for every A implying that F' = 0 for
every F' € F. But if A is in a zero set we have that there is F € F, F # 0, with
F(X\) =0 for every A € A. O

This relation justifies that we become interested in the zero sets of this space.
Zhu already studied them in [Zhu93], where it proved the first results that we will
give here. He also gave examples that proves that a subset of a zero set does not
have to continue being it. Later, in [Tun05] is proved that a set of interpolation
either is necessary that it is a zero set for the Fock space.

The Jensen formula and the rest of theoretical results that we have remembered
in the former section related the order of growth of a function with the convergence
exponent and other properties of its zero set. The following result gives the way
to use these theorems.

Proposition 4.12 (Zhu). If f € F then f has order less or equal to 2 and if it

has order 2 has type less or equal to 5.

Proof. We define:
With this definition we have f, € F and in more ||fy,| = ||f]- As fu is a
|2

holomorphic function we have that |f,|* is subharmonic and therefore:

Ful0) = [ e 510P

2 2m . - |2
g/ ‘f(relw + w)67§‘w|2fﬂ're 1*/’w‘ d'l/)
0

1 0 2 2T
=— re "
™ Jo 0

=2 [ (e wpe e

s

. . |2
Flre™ +w)e FlvlP=mre T gy

2 2
e 2 gz

1 lzwl? 1
— [l e as = 2
T Jc m
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Therefore:
1 ™ 2
£ < gl s

that proves the result. ]

Remark. It is easy to see that if a function f has order strictly less than 2 then
J € F, and if f has order 2 and type strictly less than 7 then also belongs to F.
However, among the functions of order 2 and type 5 there is that they are in the

Fock space and other that not.

Theorem 4.13 (Zhu). If A = {an}nen is a zero set for the Fock space, the con-
vergence exponent of A is then less or equal to 2. That is:

1
Z <00 ¥e>0
neN ’an‘2+€

Proof. 1f the convergence exponent of {a,, } is greater than 2, its Weierstass product
will have also order greater than 2. Therefore any function of finite order that
cancels in {a,} will have order greater than 2 and will not be able to belong to
the Fock space. O

This gives a necessary condition for being a zero set for the Fock space. We
can also give sufficient conditions.

Theorem 4.14. Let A = {ay }nen. If

1
Zw<oo

neN

then A is a zero set for the Fock space.

Proof. We take directly the canonical product of the set A. If the order of con-
vergence is strictly less than 2 then the Borel theorem says that the order of
this function is strictly less than 2. Therefore it is in the Fock space. However, if
the order of convergence of A is exactly 2, as it is an integer, we can use the first
theorem of Lindelof that says that the function will have order 2 and type 0
and therefore also will be in the Fock space. O

The translation from these results by the Bargmann transform give automati-
cally necessary and sufficient conditions for a set A to generates with the Gaussian
function.
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Theorem 4.15 (Zalik). We consider a discrete set A = {\, }nen. It is a necessary
condition so that a set of functions T'(p,\) generates that:

>0

T
2

neN |>\n|

It is a sufficient condition that for some ¢ > 0:

> o =
neN ‘)\n‘2+8

Proof. We take the necessary and sufficient conditions for a set to be of zeros for
the Fock space and we use EETT1 O

We can find this result in [Zal78], where is proved using techniques close to
these, but without using the isomorphism with the Fock space.

It rest to study the case in that > W < oo for every € > 0 but > ﬁ = 0.
This case has to be treated more carefully. These last results tell that if the
convergence exponent of A is greater than 2, then T'(¢, A) generates and can not
be contained in any zero set of the Fock space. And if it is less, then it does not
generate and it can be a zero set. It left the case equal to 2, which is the critic one
and had not been studied until now.

4.3 Sets with order of convergence 2.

For studying the critical case we have to introduce a concept that allows us to
differentiate discrete sets. The densities defined in the first section will play this
role.

Theorems LT3 EET4 and EETH classify all the cases except convergence exponent
equal to 2 and density greater than 0. Using the Hadamard factorization we can
see that given a set A with convergence exponent 2 we will always be able to
construct a function of order 2 such that its zero set is A. We are interested in
the type of this function, since this will help us to know if it is or not in the Fock
space.

In this sense the Fock space is entailed in a very particular way and that
complicates the study of this problem a lot. The main obstacle comes from the fact
that a subset of a zero set for the Fock space does not have that to be necessarily
a zero set of the Fock space [Zhu93]. However, we can give restrictions about the
density that can have a zero set.

Theorem 4.16. If A is a zero set for the Fock space, then AT(A) < er and
A~ (A) < 7.
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Proof. The indicator function of a function of the Fock space is bounded by 7. If
we introduce this in theorems B and we obtain the bounds for the upper and
lower density respectively. O

This tells that if a set A has densities above these values it will not be able to
be a zero set nor be able to be contained in any of them. We can also state the
following result referring to generators:

Theorem 4.17. Let A C R be a discrete set. If A=(A) > or AT(A) > er then
T(¢,A) is a generator system for L*(R).

To obtain necessary conditions we will look at sets with angular density, since
these allow us to calculate the indicator function of any function that cancels in
these set.

If we have a discrete set A € R such that AT(A) = A~(A) # 0 and we calculate:

1 1
— = —s =00
Lv L

The second theorem of Lindel6f says that this set will ever not be able to be
a zero set of a function of the Fock space. The way to act in this case will be
to construct a function with a zero set I' that includes this first and so that the
condition @32) is fulfilled (as a matter of fact we will make d; = 0). In this way
we will be able to calculate the indicator function and to know if the function is
in the Fock space or not. This will be useful to give necessary conditions so that
T(¢,A) generates L%(R).

Lemma 4.18. Let A C R a discreet set such that:

+ —
lim n’(r) = lim n”(r)
r—oo 12 r—oo 2

=A

where nT and n~ are the counting functions of the positive and negative part of
A respectively, and we are asking for the existence of the limit as well as the
coincidence.

Then there is a entire function f of order 2 and type mwA such that f(\) =0
for every \ € A.

Proof. We construct the set I' = AUe2’A. In the conditions of the statement this
set has angular density
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Moreover,

Z %:O Vr

Yyel, |ly|<r K

since in the summation we find each term in the way A2 with A € A with positive
and negative sign and we have cancellation. We are therefore in conditions of using
theorem with the function

£(z2) = HG(%,Q)

For this function dA(0) = 22:0 ) kn (spreading in a 2m-periodic way) and we can
calculate its indicator function:

h¢(0) = 2rAsinf cos
when 0 € [0, 5], and it spreads in a §-periodic way to the rest of [0,27]. As

sup hy(9) = 1A
0€[0,27)

we see that f fulfills the conditions of the statement and it cancels in A. O

Theorem 4.19. Let A C R be a discrete set such that T(¢,A) generates L*(R).

Then:
1

2
Proof. We suppose that both AT(AT) and A*(A~) are less than 1 — e. Adding

points we can construct A such that:

AT(AT) > 6 AT(AT) >

DO | —

AT(AT) = AT(AT) = % —€

The former lemma tells that there is a function in the Fock space (it has type less
than §) that cancels in A. The isomorphism of the Bargmann transform says then
that there is a function f € L?(R) orthogonal to T'(¢, A) and this can not be a
generator system. O

4.4 The L}R) case.

The isomorphism given by the Bargmann transform only is useful to study the
generator systems of translations of the Gaussian function when the space in that
we work is L?(R). If we want to generalize the results obtained to the other LP(R)
spaces we will find with two clearly different cases depending on if we search

necessary or sufficient conditions.
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We can define the Bargmann transform of any function of LP(R), 1 < p < oo,
and see that the functions that we obtain are entire, of order as much 2 and type
bounded by 5. As the only property of the Fock space that we have used for giving
conditions was that we were under these assumptions, this reasoning will allow us
to generalize the sufficient conditions for all LP(RR).

If we are interested in the necessary conditions the situation is not so good. To
prove these results what we made was to construct a function in the Fock space
that canceled in a set that does not fullfill these properties. The isomorphism of
the Bargmann transform said then that there was an orthonormal function to the
set of translations of the Gaussian function. We will just be able to make this in
L?(R). We will be able to generalize the necessary conditions to the L!(R) case
using theorem [[4l and observing that the convolution of a Gaussian function with
itself is another Gaussina function.

Lemma 4.20. Let f € LP(R), 1 < p < 0o. Then the function

=

Bf(z) =2 /Rf(t)627rtz—7rt2_%22 gt

is an entire function and

™ 2
IBF(2)] < |Iflpllpllqe3 !
. 1 1 _
with > + 1= 1.

Proof. If we look at the Bargmann transform of f we have that:

Bf(z) = e2* /R Ft)e ™2 gy

that is a convolution of f with an entire function. As the integrals will always be
well defined this convolution defines an entire function in z for every f.

For the bound we observe that:

2 2 2 2 ;
e27rtz—7rt -5z :e%\z\ e—T((t—:L‘) eQﬂandty—ma:y

and therefore:

BRI < 3 [ oIl a
R
Here we apply Holder and we have the bound of the statement. O

Theorem 4.21. Let A C R be a discrete set. If A=(A) > m or AT(A) > er then
T(p,A) is a generator system for LP(R), 1 < p < co.
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Proof. We fix 1 < p < oo and suppose that there is f € LI(R) (
that:

/ FOo(t—Ndt=0 VYreA
R

This is equivalent to the existence of an entire function of order 2 and type 5
(or less) that cancels in A. But using theorems 7] and we see that under

the conditions of the statement this function has to be null and T'(¢, A) generates
LP(R). O

We only will be able to generalize the necessary conditions to the L!(R) case.
We observe first that if we define:

(ba * (bb(t) = M

Theorem 4.22. Let A C R be a discrete set such that T(¢,A) generates L'(R).
Then:
AT(AT) >

DN | =
N | —

Proof. 1f T(¢,A) generates L*(R), T'(¢4, L A) also generates for any a > 1. Making
convolution with ¢, theorem [Asays that T'(¢, 2 A) generates any LP(R) (1 < p <
o). In particular it generates L?(R) and theorem gives the condition:

1 1 1
AT(ZAT) > 6 AT(=A7) > 3
a

1

2 a

But as AT(1AT) = Q%A+(A+) and the same one happens with A~. As this has
to be fulfilled for every a > 1 and we have the proof of the statement. O

As we see, we arrive to the same conditions, both necessary and sufficient, for
A than in the L?(R) case. It seems difficult to arrive to a complete description of
the sets which they allow to generate due to the complicated structure of the zero
sets of the Fock space. This description should depend on the density of the set.
We can try a partial description restricting just to sets where both densities (the
upper and the lower ones) coincide, but this does not help us very much, since it
can be contained in a zero set where these do not coincide.

A problem that seems to be more reachable is the following one:

Question. T'(¢, A) generates LP(R) independently of p?



4.4. The L'(R) case. 85

That is, the sets A for which T'(¢, A) generates LP(R) are the same than in
L(R) for any 1 < p,q < o0?

When we look to the Poisson function this result was true, but here, for the
time being, we can not give an answer. The Bargmann transform, which allows
us to know the phase space, only is a one to one correspondence in L?(R). Even

so it seems that it can give a valuable information about the rest of phase spaces,
when we work in LP(R) with p # 2.
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Part 11

Frames in L*(R).
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Chapter 5

Gabor transform.

5.1 Discretization in (Gabor phase spaces.

We introduce the Gabor transform in order to use the L?(R) Hilbert space struc-
ture. In this case we will be interested in finding bases and frames instead of sets
of generators, since for these last it is not necessary to introduce modulations,
because with translations it is enough.

We comment first on the notations that we will use in this chapter, and that
we have defined in the preliminaries. When we work with Gabor transform we will

take z = x 4+ iy € C and we will write

p(2)f(t) = f:(t) = ™V f(t - x)

We will also use the notation dm(z) = dz dy to designate the area measure of C. In
this way we define the Gabor transform of a function f € L?(R) for an analyzing
Gabor atom g € L?(R) as:

Gf(z) = {f.g:) = /R F(t)e 2Tt — ) dt

Theorem [[I4 says that Gf € L?(C) and ||Gf| = ||f||, with the following recon-

struction formula:
10 = [ [ Gt vrer®

When we fix the analyzing atom g, theorem says that the set of functions of
L?(C) that are transformed of some f € L?(R) form a Hilbert subspace character-
ized by a reproductive kernel. This says that if

H={F(z) € L?*(C) : 3f € L*(R) with F(2) = Gf(z) = (f.9:)}

89
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then:
F(z) = / F(2)e™ W00k (29 — 2) dm(2)
C

with k(z) = (g,9.). This formula is special type of convolution called twisted
convolution.

Using these notations we can deduce that:

Gfe(2) = (fagr 92) = T (f g, ) = TH0WVGf (2 — 2)

In this way, to be consistent with the notation and the definition of the transform,
we have to define the translations in C of a function F € H (or in L*(C) in a
general way) as:

Fo(2) = 2@ WY B (5 — z)

since in general the function F(z — zp) can not belong to H. Taking this into

account we can write the reproduction formula in a bit more compact way:

F(z) = / F(2)k,(z0) dm(z)
C
and moreover we have invariance of the norms:

I = 1= | = LAl = 11 £z

if FF=Gf.

It is necessary to observe that these translations do not coincide in general
with the usual translation of C. But if we look at the module of the function (with
what we will work usually), then we have an equality:

[Fzo ()] = [F'(z = 20)]

The phase space has good properties of continuity. Since we have invariance by
translations, the functions of the space will be uniformly continuous, with unifor-
mity not just with respect to the distance of the points, but also with respect to
the function. We formalize this idea with the following result:

Proposition 5.1. The module of the Gabor transform is uniformly continuous.
In other words, given e there exists 0 such that if |z1 — zo| < 0, then for every
FeH:

F(z) = {f,92)

it 1s fulfilled that
IF(21)] = [F(22)|| < |IFlle = [ flle
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Proof. Calculating directly and using the properties of the scalar product we see
that:

IF(21)] = [F(22)|| =||Fs (21 = 22)] = |F5, (0)]|
g’F@(Zl - 22) - FZQ(Z)’

:|<f22agZ1*22> - <fz2,g>|
<N faallllgz1—20 — gll = [ £1lllg21—20 — 4l

and the result is deduced from the continuity of the translation and modulation
operators in L*(R). O

Remark. Modifying a bit the proof it can be checked out that F' is continuous, and
as F'(z) — 0 when |z| — oo (this can be deduced directly from the definition of the
transform, or in a simpler way, from the fact that |F| € L?(C) and it is uniformly
continuous) we will also be able to prove that F' is uniformly continuous, but §
will depend on F' and will not obtain a result as good as the heading here.

A curious property of these spaces is that they do not contain functions with
compact support.

Proposition 5.2. Let g € L*(R) be a Gabor atom and f € L*(R) a function
different of zero. Then Gf(z) can never have compact support.

Proof. We suppose that G f(t) has compact support contained, for example, in
[0,1] x [0,1]. If we look at the formula

GI:) = [ s gy di
R
as Gf(z) =0 for every y if x ¢ [0, 1], we can affirm that:

f)g(t —z)=0

as a function, for every x ¢ [0, 1], since its Fourier transform is zero. This says
that both f and g have compact support. By Parseval theorem:

Gf(z) = e2miov /R Fl&)emmeg(—¢ — y) de

We can deduce that both fand g also have compact support and this is a contra-
diction. O

We will not use this result during our study, but it helps us to understanding a
bit more the structure of these spaces. Moreover it tells that taking separate sets
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has possibilities of exit. If it exists in the phase space some function with compact
support and we take a separate set A C C, just a finite number of translations of
gx would not be orthogonal to a function f € L?(R). This makes very difficult to
generate f from the translations of gy with A € A.

Even though no function can have compact support, we can find atoms for
which there are functions in the phase space with support in a band. For example,
if both the atom g and f have compact support, G f will be supported in a vertical
band. The same happens with Fourier transform with compact support. And
we can find atoms with compact support and very good localization in time and
frequency (those that we are interested to).

The zero set of a function of the phase space will usually be a union of curves.
That is, we can think that it has dimension 1. In the former examples, in the band
where the function G f is supported the zeros are usually also entailed in this way.

For example, we take the expression of the reproductive kernel of the phase space

of the Poisson function P(t) = 1 —L; that can be calculated in a explicit way:

1420
mo—2mly| (L 4 e ?TY :
k(2) = z€ oA ify =0
- 7, —2nly| 1 e—2mizy .
z€ P i a7 ify <0

We observe that the zero set of the kernel is a joint of curves closer to hyperboles.
There is a case where the zero set is discrete, the phase space of the Gaussian
function, which we will treat in the next section. We can think in an informal
way that all its elements are entire functions (we will formalize this idea later on).
But this case seems to be an accident. There is not know any other case with this
property. In the last section of this chapter we will see that for a class of very good
atoms we can prove that the zero sets of the phase space have as much dimension
1 and it does not seem that we can improve this result except for a very particular
examples (which are not known yet and it is not clear that they exist).

In this part of the work we will look for frames of L?(R), which are a special
class of generator systems. Therefore the discrete sets A that we will construct
avoid the zero sets (they are never contained in them). This will be difficult
because the zero sets of the Gabor transforms are very big with respect to the zero
sets that we found in the case of translations.

We are interested on studying when a system G(g,A) is a basis or a frame
of L?(R) for a Gabor atom g € L?(R) and a set A. In this case the set will be
uniformly discrete (or separated) and it will be contained in C. Later on we will
see why we restrict to this class of sets. We have commented in the first chapter
that, fixed g, G(g,A) is a frame if and only if A is a sampling set for the phase
space of g. In this chapter we will study this type of sets. We will give necessary
and sufficient conditions for a set A to be a sampling set. We will study at the
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same time the interpolation sets of the phase spaces. Sampling and interpolation
are dual concepts. We study interpolation sets because it helps to understand
better the structure of the spaces as well as the particularities of the problem.

If we look at the condition of sampling we see that we have to bound the

STIFOE =3

AEA AEA

summation )

/ F(2)kx(z) dm(z)
C

where we have introduced the reproduction formula, since the idea is to bound
this summation of independent way of F'. The following step will be introduce the
absolute values inside of the integral. But this will give us an inequality that just
will be useful in one of both bounds. Big part of the work of this chapter will be
to attempt to control the loss of information on making this step.

The general idea will be to obtain an equivalence of the type:

7P = [[| [ P dn) "y~ Y

A€A
where we see again that the problem is to know how much information do we lose

2

/ F(2)kx(z) dm(z)
C

when we discretize the reproductive kernel (that is, to sample it in a discrete set).
We will search conditions on the reproductive kernel k (or in equivalent way, on
g) to be able to assure the existence of sampling sets. We will have to restrict to
atoms for which the kernel is an integrable function. That is, those atoms that
belong to the Feichtinger algebra A.

After fixing an analyzing atom g € A, we will attempt to give necessary and
sufficient conditions for a set A to be a sampling set in the corresponding phase
space. As a matter of fact, when we prove the existence of sampling sets already
we will give enough conditions so that a set is it.

Regarding necessary conditions we will only reproduce the ones already ob-
tained by Ramanathan and Steger in [RaS95]. These characterize the sets that
can be sampling sets for some phase space through their uniform densities (which
we will define later on). This is a very strong result, since the necessary condition
does not depend on the atom that we use for analyzing, and is necessary for all
the atoms of L?(R) and not just for the Feichtinger algebra.

5.2 Another time the Fock space.

We will give in this section the best example of Gabor atom that is know when we
look for phase spaces with good properties of sampling and interpolation. As we
have said before, the study of these concepts corresponds with the study of frames
and bases former by translations and modulation of the atom.
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Sampling and interpolation sets have been studied in different spaces of holo-
morphic functions. In this section we will study the particular case of an atom
where the phase space corresponds with the Fock space of entire functions (that
we have defined in the former chapter). In this space there are described the sets
of sampling and of interpolation. We will remember the definitions and some of
the properties declared formerly to improve the understanding.

We will work again with the normalized Gaussian function:
olt) = 21
Calculating directly we see that:
0. (t) = 2§e2m‘yt¢(t — )= 2%627rity—7r(t—$)2

We introduce this calculation in the definition of Gabor transform. In this way we
obtain for every f € L?(R):

==

Gf(z) = (f. ) =2 / f(tye~2mitv—(=a)® gy (5.1)

We can think that this functions are in the Fock space. We remember the definition

of this space:

Definition. We define the Fock space as the following set of functions:
F= {F . F is entire and ||F||% = / |F(2)]2e~™ " dm(z) < oo}
C

The Bargmann transform gives the relationship betwen this space and L?(R).

Definition. Given f € L?(R), we define the Bargmann transform of f as:

NS

Bf(z) =2 /Rf(t)e%rtzm?ng &t

This transform is an isomorphism between L?(R) and F [FoI89]. For this

reason this space is called also the Bargmann-Fock space. If now we look again at
[ET) we see that:

Gf(z+iy) = e_§|$+iy|26_”$ny(x —iy)
or in a equivalent way:

Gf(z) = e 31 e B (2)
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Therefore we have that ez/*"e~Tizv g f(z) € F, and for every function F € F
exists f € L?(R) such that Gf(z) = e_g‘Z‘Qe“ixyF(z). Moreover we can prove:

ICFEP = /C GF (=) dm(z)
- / e 3 e (2)|? dim(z)
C
:/ F(2)Pe ™ dm(z) = | FI[%
C

The former correspondence is an isometry. We can think in an informal way that
the phase space of the Gaussian function is the Fock space. It is important to look
at the correspondence among reproductive kernels. The reproductive kernel of the
Fock space is:

TZZ0

kr(z,20) = e
and the reproductive kernel of the phase space of ¢ is:

kg (2, 20) = e~ 5 (21*+120]?) pri(zoyo—2y) ,—7Zz0
We can write it in a one variable function:
ky(z) = e alal g mizy
and in this way we obtain that:
ky(z,20) = eQﬂixO(yO_y)k¢(z)

In the Fock space we have a complete characterization of the sampling and in-
terpolation sets. This characterization has been proved in an independent way in
[Sei92], [SeW92] and [Lyu92]. The characterization is given though a density that
we will define now.

The way to define these densities is the following one: given a uniformly discrete
set I' = {z;}jen, we fix a set @ of measure 1 and border of measure 0 (we can
think in a ball). We denote for n™(r) and n™(r) respectively the minimum and
the maximum number of points of I' that we can find in any translation of r@Q.

Definition. We define the lower and upper uniform densities as:

nt(r)
2

~ .. .n(r) .
D= () = hggolf —3 DY) = hgisogp .

In [Lan67] it is proved that this definition is independent of the choice of Q.
The difference between these densities and those which that we used in the study
of the sets of uniqueness of this space in the former chapter is that now we take
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supreme and infimum in balls centered on any point of C, and not just in the
origin. The idea is to make more uniforms the arguments for proving that a set
is of uniqueness. In this way we can prove that a uniformly discreet set I' is a
sampling set if and only if D™ (I") > 7 and it is an interpolation set if and only if
DT(T) < .

As a direct consequence of these results we have that there are not sets that
are sampling and interpolation sets on time. Or in an equivalent way, there are not
Riesz bases using translations and modulations of the Gaussian function. This fact
is not very good if we take into account that bases are minimum representations.
We find that any stable representation of L?(R) through the Gaussian function will
always be redundant. We will comment later on that if we want a characterization
only in terms of density it seems that there must not be bases.

In this particular case we can use the results of the former chapter, when we
studied the generator systems for translations in the way T'(¢,A). If we look at
the conditions that we obtained about the zero sets of a function of the Fock space
we can state:

Theorem 5.3. Let ¢ be the Gaussian function and A a discrete set (not necessarily

in a uniform way). Then, if:
or

G(¢,A) generates L*(R).

These results are in consonance with those that we have given about sampling
and interpolation (we think in sets in which the upper and lower density coincide),
but they are not so good. In the case of sampling there is a complete characteri-
zation, that we can not attain when we study the sets of uniqueness. One of the
reasons is that the condition of compensation of the zeros can not be avoided when
we search sets of uniqueness.

5.3 Analytical Gabor phase spaces.

The case of the Gaussian function is exceptional not just because its phase space
is formed by holomorphic functions. Also we can say that it is the only atom with
this property.

In this section we will use the conjugate space for convenience. This space is
the phase space, but evaluated in Z and using to analyze g instead of g. If we
look at the case of the Gaussian function, the functions of the phase space were
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anti—holomorphic. Working in this way the statement will be consistent with what
we have said in the former section.

This change will not introduce any substantial difference with respect to the
usual case.

Theorem 5.4. We consider the conjugate of the phase space of a Gabor atom
g € L*(R):

7= {P(2) = [ fO (e —a)at. | € I*R))

Then this space is a space of holomorphic functions with respect to a weight if and
only if g is time-frequency translation of the Gaussian function.

Proof. We suppose that there is a M (z) = M (z,y) such that:
M(z)F(z) € Hol(C) VF e H
Then
OMF(z) = /Rf(t)g(M(z)eQMtyg(t —xz))dt =0 Vf e L*(R)
This fact is equivalent to:
O(M(2)e*™g(t —z)) =0 VteR

We can calculate this derivative,

E(M(z)e%ityg(t — x)) = E(M(x, y))e%ityg(t — x)—%M(x, y)e%ityg'(t — )

—mtM (z,y)e*™ W g(t — )

This tells:
2(0M (z,y) — M(z,y)mt)g(t — x) = M(z,y)g'(t — )

where we have a differential equation in g that is not difficult to solve. If we make
the change t — x = w we obtain:

Jw) M)
o)~ My )

Then the solution is of the form

aM 10M\2 (1 8M~\2 , 2a0 OM
g(w) = Cem(w+a)?+257w _ Ce*”[(w”*; )2 (1582 22 M |

that is a translation of the Gaussian function. O
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Remark. We also have conditions on the weight. The solution of the differential
equation says that:
10M

- - =y

10M\> 229M
T M

—_——_— —_— 1 p—
i +7TM mlog C = Cs

since the function g can not depend on z nor on y. In the case of the Gaussian
function centered in zero the weight is:

M(Z) — eg\z\Qefwi:vy

where OM (z) = mx M (z) and both factors are canceled taking C' = e,

When we say that the solution is a translation of the Gaussian function we
have to comment that we admit complex translations, or in an equivalent way,
that they can be translations and modulations with real parameter.

Note. This result is also true if we ask for almost-regular functions instead of

holomorphic ones.

This result says that we will be able to apply the techniques of the complex
analysis in any other case. For this reason the results that we will obtain will not
be as good as the ones that exists for the Gaussian function.

5.4 Sampling results.

From now on H will be the phase space of a fixed Gabor atom g normalized so that
llg|| = 1. We will take z,w € C, with z = z+ iy and w = a+ib, with z,y,a,b € R.
We will use the equivalent notation when we have subscripts. We remember the
definition of uniformly discrete sets, which we will usually call separate.

Definition. Let I' = {z;}jeny € C. We will say that I' is an uniformly discrete
or separate set if there is ¢ > 0 such that |z; — z;j| > ¢ Vi # j.
We will refer to € as the separation constant of I'.

The following results prove that these are the only sets that we have to consider.
Lemma 5.5. Let F' € H such that F(w) = 0. Let z € C, then:
[F(w)? <NFIP(L = ko (2)]?) = IFI*(1 = guw, 92))

Proof. We consider H,, the set of functions of H that cancel in w. This is a Hilbert

subspace with the following reproductive kernel:

Dy (2) = Kz (2) — Kz (w)ki (2)
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To see this we have to observe first that ®,, € H since it is a linear combination
of functions of H and @, (w) = 0 for every zy € C. Therefore ®,, € Hy,.
If we take h € H,, we see that:

(hy @29) = (D kizg) — ko (w)(hy k) = h(20)

That is, ®,, reproduce the functions of H,,. As it belongs to the space, it is its
reproductive kernel.
As F belongs to H,, we apply the reproduction formula in this space.

[F(2)]? =[(F, @) < |[F|*(@2, @2) = [|[F|*®(2)

SIFIE (k) - b)) = IFIE(1 = P 2)P)

and we obtain the result. O

Theorem 5.6. Let I' = {z;};eny € C. If T is an interpolation set for H it is
fulfilled that T is a separate set.

Proof. By the closed graph theorem, if I' is an interpolation set, there is M > 0
such that V{an }nen € [? exists F € H with F(z,) = a, and ||F||> < M? Y, o lan|*.
That is, we can carry out the interpolation with bounded norm.

Let 2z; # zj. Thereis F' € H such that F'(z;) = 1 and F(z;) = 0 with || F|| < M.
Applying we have:

1= [F(z)]* < IFIP( = [kz, (2) ) < M1 = [k, (25) 1)

1 1
2 2
S 1=y (2)P 2 1 = () < 1- 5 = C <1

This means that if i # j, [(g2,,9:,)]> < C < 1. As the module of the kernel is
uniformly continuous, this fact implies the condition of separation, since C does
not depend on z; and z;. ]

Now we know that all interpolation sets are separate sets, and it only remains
to analyze the case of the sampling sets. Here the situation is a bit different.

Theorem 5.7. Let I' = {z;}jen C C. If T is a sampling set for H then T' is a
finite union of separate sets.

Proof. As T' is a sampling set, 3C' > 0 such that:

Y IE()P < ClIF|? (5:2)
T

If I is not a finite union of separate sets then for every N and every ¢ we can find
a ball B of radius ¢ such that [N B| > N.
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As |k, (2)| is uniformly continuous, 39 such that:

[z (20)] = [z (22)] < 1/2

if |21 — 23] < J, where this § does not depend on z.

We take this § and N > 4C'. Let B be the corresponding ball of radius § that
contains N points of the set. If w is the center of B, (B2) has to be fulfilled for
the function k(z) € H:

D k()P < Cllkw|?* = C
T

But on the other hand:

S hu()P = 3 ()P + 3 ()P > 30— 1/27 > Ny > ©
T

I'nBe rnB I'nB

and we have a contradiction. O

This result is the best that we can achieve in the case of sampling sets since
there are sampling sets that are not separate. For example we can join two regular
nets with different parameters, each one of them forming a frame, so that we do
not have separation.

Until now we have not asked the analyzing atom ¢ to fullfill any special con-
dition. To prove the existence of sampling sets and obtain sufficient conditions we
will have to suppose that g € A. That is, that k& € L*(C). We remember that
in [FeGRI| and [FeGRI-2| it is proved that if g € A then that the local maximal
function of k:

Mk(z) = sup |k(w)]
weB(z,1)
also belongs to L!(C). Therefore we have an extra of integration that allows us to
discretize.

Lemma 5.8. Let k such that Mk € L*(C) and A C C a separate set with separa-
tion constant €. Then:

e—2
> IR < = IME|y
AEA

Proof. We suppose without losing generality that § < 1. If we take two different
points v, A € A, as B(7,5) N B(\, §) = 0 we can bound:

e—2
PLIESY bt MH(2) dm(z) < —— [C ME(z) dm(z)

that is what we want to prove. [l
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Remark. In an informal way we can think that the bound that we obtain is inde-
pendent of A since it only depends on its separation constant.

The following results are used prove that a set next to a sampling set will also
be a sampling set. This result can be obtained using the theory of representations
of Feichtinger and Groshenig [FeGR9][FeGRI-2], but here we will use other tech-
niques, adapting the ideas of [OIS92] to of Gabor case. In this way we can give
explicit bounds only depending on the separation constants and on ||Mk|;. This
improvement will allow us to prove that every sampling set contains a separate
subset that is also a sampling set. This problem has also been studied in [SuZ(i],
[SuZ02], and [FeS06], where similar results are obtained, but using other technical,
and in the two first, changing the set of analyzing atoms.

We give the following result as an example. It tells that a separate set fullfill the
upper bound of the sampling operator. The proof is very simple but it illustrates
in a very good way the techniques that we will use throughout this section.

Proposition 5.9. Given an analyzing Gabor atom g € A and I' a separate set it
exists B > 0 such that:

Y IFMWP <B|FI? VFeH
~el’
Proof. Calculating directly we have that:

DO =3,

yel yel

2

/ F(2)ky (2) dm(2)

o) (o)

/yF S Jk(z — )| dm(z /yk J dm(z) < B|F|]?

JEN

since [ |k(z)]dm(z) < oo because the kernel is integrable and

D oIkE=nl= D kW)

vyel Ae(z—T

since z—I" has the same separation constant than I" and we can apply B8 to bound
independently of z. O

Remark. As we see in the proof, the bound constant depends on k in terms of its
L'(R)-norm and not in the L?(R)-norm. That is, it depends on ||k||;, discrete as
well as continuous. It is for this reason that we have to restrict to the study of
atoms of the Feichtinger algebra.
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Using the same ideas we can prove the result that we have announced formerly.
The only innovation here consists in the way to prove it.

Theorem 5.10. Let g € A be a Gabor atom of the Feichtinger algebra. Given
A = {zj}jen a sampling set for H there exists 6 > 0 such that if I' = {w;}jen
fulfills that |z; —w;| < 0 Vj, then T' is also a sampling set.

This result is deduced in a trivial way from the following pair of lemmas.

Lemma 5.11. Let A = {z;}jen and I' = {w;}jen be two discrete sets in C. Then
it 1s fulfilled that:

(Z|F<zj>|2> - (S |2)1 "’

JjEeN jeN

< dldQHFH VFeH

where di and dy are defined by:
o = sup; [ sy (2) — K(2)| dm(2)
o di =sup, 3 ey ks, (2) = ku, (2)]

Proof. Calculating directly we have that:

1/2 1/2
(Sirer) - (Zirwr) ' = )0~ 1))
jeN jeN
where || - ||2 means the {*norm, thinking (F' (zj))j as a succession.
I(F(zi);sllz = ICF (wi)sllz] <[[(1F ()] = [F (wi)D);l,

= (1w (27 = wi)| = [Fou, (0)]);]

due to the invariance from translations of |F|. We introduce the reproduction

formula,

(1P, (25 — wi)] = [P, O))5]],

-1

([ on @l - 7Y dm<z>)j
2

LN (170Gl - 2) = K2 () ]

w] ZJ “’J dm

w] dm(z)

1/2
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and in this way we have transported the problem to look at points nearby to 0
and to the reproductive kernel. We can use the Schwartz inequality,

1/2

X (1Pl 0, ()~ K (o)) ]

jEN

2 — z miz _—wi\Z) — z miz
<X [Py (2 = B ) [ [y, (2) = k(2 )

jEN

1/2

Now we bound separately,

Ve () = ke dm(z) <
and on the other hand

> /C\F(z + w;) k2, (2) — k(2)| dm(z)

jEN

<y /(c F(2) P ey s (2 — w5) — k(= — wy)| dim(2)

jEN

< /(c FR Y [k (2) — by ()] dm(z) < d3|[F?

jEN

and joining both bounds we obtain the statement. O

Lemma 5.12. Let A = {z;}jen be a separate, and we suppose that g € A.
For every € 3§ such that if I' = {w;}jen fulfills that |z; — wj| < 6 Vj then
dvdy < g, with di and dy defined as in [T

Proof. First we will see that we can make d; so small as we want if " is close

enough to A. To see this we write:

Ll )=k dm() = [

As k is integrable, there is R > 0 such that, if |a| < 1,

/ |k(z — a)ldm(z) < =
C\B(0,R) 4

627ri($raj)(yrbry)k(z — (25 —wj)) —k(2)

dm(z)
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In this way, if we assume § < 1, we have that:

J

:/ ‘62m(mra]~)(yrbj* )k(z — (2 — wj)) —k(z)
B(0,R)

+)
C\B(0,R)

</ ‘627rz‘(mraj)(yrbj*y) — 1‘ ‘k:(z — (Zj — wj))‘ dm(z)+
B(0,R)

2w —a;)(y;— j_y)k(z — (2 — wj)) — k()| dm(z)

dm(z)+

627ri($raj)(yrbry)k(z — (27 —wy)) — k(2)

dm(z)

€
+ /B(O,R)‘k(z — (zj —wy)) — k(2)|dm(z) + 3

For the first integral, we use that |z; — a;|,|y; — bj| < |25 — w;|. As |y| < R,
choosing ¢ small enough we can achieve !e%i(mf —a3) (Wi —bj—y) _ 1‘ < m for every
ly| < R. For the second integral it is only necessary to use that the translation
operator is a continuous in L!(C).

We go now to bound da. If v = sup,; [2; — 2| is the separation constant of
A, we assume 0 < ¢, and it is fulfilled that |w; — w;| > § Vi # j. That is, §
can be used as separation constant for A as well as for I'. As a matter of fact,
A, ={z—z}jen and I'; = {z — w,}en also have the same separation constant.
Here we can apply to prove that there is C' = C(%) such that ds < 2C.

If we join both parts we see that dy is bounded by C' when we take § small, and
dy can be made as much small one as we wish taking § small enough. Therefore

30 such that if |z; — w;| < Vj, it is fulfilled that dids < e. O

We can compare theorem with the stability results given for general Riesz
bases. If we look at and [LTTl we see that we can change the system, so that
the sum of changes is not big. In we change a little each vector, but we can
make it in an uniform way. This is much better, since the sum can diverge and we
however continue having a frame. In this result we do not ask for independence
because we work with frames instead of bases.

In theorem B we saw that everything sampling set was a finite union of
separate sets, but the former lemmas allow us to improve this result. The idea is
that a sampling set is a union of some very close sets, and lemmas and B.1T1
say that close sets give close information about the functions. That is, in a non

separate sampling sets we have repeated information.

Theorem 5.13. We suppose that g € A and a let I' = {z;}jen be a sampling set
for H.
Then T' contains a subset I' C T' such that I is a sampling and separate set.
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Proof. As T is sampling set we know by B that it is a finite union of separate
sets, and that there are A, B > 0 such that for every F' € H it is fulfilled that:

AIFIP <Y IF()P < BIFI?
JEN

For every & (we think in a very small §) we can define I' C T so that if I' = {w; }ien,
it is fulfilled that:

o B(w;,8) NI = {w;}
° UieN(B(wiafs) ﬂF) =A
e |B(w;,0)NT|< N

where NN is a constant that can be bounded by the number of separate sets that
form I'. We can make all this thanks to the fact that I" is a finite union of separate
sets. That is, the one that we make is to define I so that B (wj, ) only contains
w; of the points of f, every z; € I' is contained in a B(wj,d) for some w; € f, and
each one of these balls only contains a finite (bounded) number of points of I. We
can think that each z; belongs only to a B(w;,d). This is not true, but we can
assign an only w; to each z; when working.
Taking this into account we can write I' = Ujen{w}, . .. ,wlNi}, so that:

wh ¢ Tif k #1

wk € B(w;,0)

N; < NVi

The sets {w? }g;l are disjoint.
With this notation we calculate:

N;
Y IFGEIP =D Y IFwh)P

= wyel k=1

- 37 |35 (bt )+ iral

w;el Lk=1

N;
<N Y IF@)P+ 303 (IF@h)P = [F@w)?)

wiEf wiEf k=1



106 5. Gabor transform.

If we define w¥ = w! for N; < k < N we can write:

35S (IF@h)P = F(wh)P)

w;el k=1
:Zi(w )2 = |F(wh)?)
erk=l1
v
-2 S et 5 ]
k=1 wief‘
N 1/2 1/2
- [F(w [F(w))? ]
{(z o) (g )

(Z \F(wi-f)\?)m - (Z \F(w%>12)1/2]

The first parenthesis we can be bounded by 2BY2||F||, since they are partial
summations of I'. To bound the second parenthesis, in absolute value, what we
will make is to apply BITl to the sets {w¥};en and {w}};en. This says that:

1/2 1/2
<Z !F(wf)\2> - (Z !F(wil)\2> < didj||F|
ieN €N
where k is not an exponent but an index, and d’f, d’§ are defined by:
o (@5)? = supier [ ks () — k()| du(2)
o (d5)* =sup.cc Yjen |k3wf(z) - kwg(zﬂ
We define now:
e d; = sup,dt
e dy = sup, ds
We can bound independently of k:

1/2 1/2
(Z\F(Wf)!2> —<Z\F(w3)\2> < dida|F||

i€eN i€EN



5.4. Sampling results. 107

If we join all this bounds we see that:

S (IF@h)? = 1F(wh)?)

AF? <Y IF(z)P SN Y IF(wy)? +

jEN ieN ieN k=1
<N [F(w;)|* + 2N B 2dydy | F|?
€N
This implies
A —2NBY24,d,
N P> <) 1P (w)?
€N

As N, A and B are fixed, applying and we have that there is § small
enough such that I', previously defined, fulfills that there are A’, B’ > 0 with:

ANFIP <Y IF(w)? < B[ FI?
1€N

that is, [isa sampling set. O

Remark. This result tells us that when we consider atoms of Gabor in the Fe-
ichtinger algebra, the only discrete sets that interest us are the separate ones.

The results that we have obtained until now allow us to compare some sets
with other. But they are not useful when we ask if some set is a sampling set or
when we want to prove the existence of sampling sets.

The following step is to compare the discrete information with the continuous
one. Our goal i to prove that sets that, speaking in an informal way, have points
in all the plan are sampling sets.

Lemma 5.14. Let I' = {zj}jen be such that it is fulfilled that ¥j 3V; C C (open)
so that C = Ujeij, with z; € Vj and Ujen(Vj — z;) €V compact, V; N Vj, = 0.
Then it is fulfilled that:

71 (3 cj|F<z]»>|2>1/2

jeEN

< didy|F|

where:

o & = (sup.cy fio ks (w) — k(w)| dm(w)) "/

o dg = (supyec Syen fy, Woul2) — ()| dm(2)

and c; is the area of Vj.
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Proof. Calculating directly:

1/2|2 2
\\F\\—<ZCj!F(Zj)\2> 171 = [ 3" x, 21 F )
jJEN jJjEN
2 2
<H1F =S xr,OIEE| = [S0FE) - 1B, )
jEN jeN
= [0 - 1D ()] i) = 3 [ PG = ) am:
Clien jEN

Now we have to take into account that Vj is a neighbourhood of z;, and therefore

Vj — zj is a neighbourhood of 0, that moreover we have to remember that it

is contained in V. We write F_. (2) = (f-.;,9z). It is fulfilled that |F(z)| =
|[F_.,(z — 2zj)| and || F|| = ||[F__,||. If we take this into account, we can write:

> /MF )= 1B Pdm() = Y / SOOI

JEN jEN
Z / !F—zj( — F,(0)[*dm(z
D 3y N AL —k(w)\dm<w>)2 in(e)

=3 LRk =kt [ o - Haln ()] dgs)

JEN

We bound each part separately. If we take into account that z € V; — z; and that
Vi —z; €V, we can write:

|k (w) = k(w)| dm(w) < sup [ |ks(w) — k(w)] dm(w) = (d})?
J /

zeV
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It is only missing the second part:

S s o) = K G

JEN
_Z/V ./C|F(w+2j)|2|krz(w)—k(w)|dm(w)dm(z)

JEN

_Z/V [c|F(w)|2|kz(w—zj) — k(w — zj)| dm(w) dm(z)
jeN —Zj

= Z/V /(C |F(w)|2 ‘e2ﬂirjbl€z+zj (w) — 627Tirjbkaj (w)| dm(w) dm(z)
jeN —Zj

_ |F(w)[? [k (w) — ks, (w)| dm(w) dm(z)
-2, [
= @RS [ hula) — ol am(z) dm(w) < @511

JEN
as we want to prove. -

In this lemma we can think that V' is a closed ball of center 0. If the radius of
V' is small enough, which means that the set is dense enough, we are in conditions
of proving that I is a sampling set when g € A.

Theorem 5.15. Let H be a phase space of a Gabor atom g € A. There is §
such that if I' = {zj}jen is a separate set fulfilling the conditions of [5-14) with V
contained in B(0,0), then T is a sampling set for H.

Proof. What we will make is to bound df, and to make d} as small as we need in
BET4. For db, we fix w € C and we have that:

Z ko (2;)] dm(2) <Z/ ()] dm(z) + 3 Vil lku(z)

JeN JEN JeEN
<kl + X [Vl ‘/ MK(z — w)|dm(2)
jeN ]
—|[E ]l + M|

if § < 1. Therefore dy < (||k[[1 + |!Ml<:H1)1/2-

For dy we fix z € V and we calculate:

[ ks = k() o) =

X0 (1w — 2) — k(w)| dm(w)

C
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As k € LY(C), there is R big enough so that, for every z € V:

2
Lo k- aldm(w) < 5 (5.3)
C\B(0,R) 4

In this way we have that:

/c s () — K(w)| dm(w) < /B .

< / (emm(y*b) . 1( k(w — 2)| dm(w)
B(0,R)

62

2

™m0 () — 2) — k:(w)‘ dm(w) +

2
+ /B(O,R) |k(w — 2) — k(w)|dm(w) + 5

Now, as w € B(0, R) we have that |b| < R, and in an equivalent way |z|, |y| < d.
Therefore, if we take ¢ small enough, we have that ‘e%m(y*b) — 1‘ < M, which
bounds the first integral. We can make the second integral smaller than < choosing
§ small by the continuity of the translation operator of in L'(C). If we join all
this it is deduced that if § is small enough we can achieve d} < ¢ for any € > 0.
Therefore, applying B.14] we see that:

171~ (3 cj|F<zj>|2)1/2

jeN

< ekl + [|ME[L )2 F)

We take & such that e(||k||; + HMk‘Hl)l/2 < 1 and we obtain:

1/2
(1= <l = a1 1 < (Sl

jeN
< (1 (bl + 1K) 2) | )

Now it is only necessary to define A and B so that

(1 —e(|lFk]l1 + || ME]1)2)?

A=
sup;{c; }

and )
(L+ eIkl + |ME[1)"?)

infj{cj}

and we obtain:
A|FI? <Y IF(z))” < B|F|
jeN

Both sup;{c;} and inf;{c;} are bounded and are bigger than 0. O
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Remark. We have not used for the right inequality.

We will give now a result that gives a simpler way to recognize the sets that
are under the conditions of B.T4

Lemma 5.16. Let I' = {z;}en be a separate set such that 36 with the property
that Vz € C, B(z,0) NT # (.
Then I fulfills the conditions of [5.14

Proof. As I' is a separate set it is only necessary to see that 3V, (open), with
VinVi=0if j #k, C=U;enV;, (V; — zj) €V compact and | Njen (V; — z;)| > 0.

Let ¢ be the separation constant of I', b; = B(z;, 5). We define B; = B(2;,6).
We define the V; now:

o Vi =B\ Ujzb;

o Vi = B;\ (Ujxby) U@

We observe first that in each compact of C all these unions and intersections are
finite, and therefore the union is closed. This tells that the V; are all open sets,
and for construction they are disjointed.

As B; C uilek, and every z is in some Bj, we already have that UjeNVj =C.
As V; C B = (V; — zj) C (Bj — z;) = B(0,6) € B(0,0) that is compact. For
construction, B(0, §) C (V; — 2;) and we obtain the last condition. O

Joining the two last results we obtain a totally geometric sufficient condition
for sampling sets.

Theorem 5.17. Let H be the phase space of a Gabor atom g € A. There is §
such that if T is a separate set such that B(z,8) NT # 0 Vz then T is a sampling
set for H.

5.5 The necessary condition of Ramanathan-
Steger.

The last result of the former section says that a sufficiently dense set, where any
small ball always contains some point of the set, is a sampling set. The next
result, which can be found in [RaS95], goes in the other direction. Ramanathan
and Steger obtain a result of comparison that says that every complete set of
functions (with some restrictions) comes from a set of points with density bigger
than any set that generates a Riesz basis.
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One of the particularities of this result is that it uses the same notion of density
that we used in the Fock space, and that is useful for classifying the sampling and
interpolation sets into that space.

We give here the definitions and concrete results, omitting the proofs because
of the great importance that these have in the study of the problem that we treat
in this chapter.

We remember the definition of uniform density of a set in C. Given a discrete
set I' = {zj}jen C C,lwe denote for n*(r) the maximum number of points of T’
in a ball of radius r72 with center in any point of C, and n™(r) the minimum
number (the factor 72 is to sustain the same normalization as in [RaS95] but it is
not consistent with the one that we have given to the section B.2).

Definition. We define the uniform upper density of I' as:

n'(r)

DT (T) = limsup

r—00 r

Definition. We define the uniform lower density of I as:

- . .o.n(r)
D~ () :hggggf -
If both densities coincide we will say that I' has uniform density. It is easy to
see that a regular net in the way {am + tbn}, ncz has uniform density %.
For this type of nets we know that they can not cause frames (to be sets of
sampling) if DT(I') = D~ (T') < 1. The one that we will see is that this result can
become generalized to general sets.

Definition. We suppose that the set G(¢,I") is complete for a Gabor atom ¢ €
L?(R) and a discrete set I' C C. We will say that G(p,T') has the homogeneous
approximation property if for any fixed f and any ¢ > 0 there is a R > 0 such
that for any 2z € C, f,, can be approximate with error less than ¢ in L?-norm by
a vector of the space generated by:

{f::2€T'NB(20,R)}

Theorem 5.18 (Ramanathan-Steger). Let I' and A be discrete sets. We suppose
that there are two functions ¢, € L*(R) such that G(¢,T) is a Riesz basis and
G(p,A) is complete and it has the uniform approximation property.

i) If T and A have uniform upper densities given by DV (T') and D (A) then:

DY) < DT(A)
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it) If T' and A have uniform lower densities given by D~ (T') and D~ (A) then:

D™ (') < D (A)

This result is very interesting because it compares Gabor systems generated
by two different functions and two different discrete sets. We observe that we do
not ask for any special condition for the Gabor atoms. The proof that we find
in [RaS95] only uses linear algebra and for this reason this the result is easily
exportable to similar fields.

It is only necessary to know which systems fulfill the uniform approximation
property. In [RaS95] they give some results in this direction that we next replay.

Theorem 5.19 (Ramanathan-Steger). We suppose that G(p, A) is complete for
¢ € L2(R) and A a regular net. Then G(p,A) has the uniform approzimation

property.

This result, together with the fact that we know Riesz bases generated by sets
with density 1, allows to improve the existing results. We can affirm that not just
there are not frames coming from a net with ab > 1, but either that we will not

find complete systems.

Theorem 5.20 (Ramanathan-Steger). Let I' C C be a separate set. We suppose
that, for o € L?>(R), G(p,T) is a frame. Then G(p,T') has the uniform approzi-
mation property.

This result says that all sampling sets have density bigger than 1. We obtain
also the following corollary:

Corollary 5.21. Let ' be a separate set and ¢ € L*(R) be such that G(¢,T) is a
Riesz basis. Then I' has uniform density:

DHI) =D (I') =1

We can not affirm that, if D*(I') = D~ (') = 1, T only generates Riesz bases,
since if we add one point to a set these densities do not change.

In [RaS95) it is conjectured that D (T') < 1 implies that G(¢,T') is incomplete
for every ¢ € L2(R), but this is false, since the generators by translations are
particular cases of Gabor systems and we can find examples of complete sets with
D) =D~ (T)=0.

These results are generalized in [CDH99| to several dimensions and with unions
of nets that use different atoms. Also we have extensions of the concept of uniform
approximation to other types of frames (for example the dual frame of a Gabor
frame). We can find a good summary of this class of concepts and its applications
in [BCHLO].
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5.6 An interpolation result.

In this section we will give an interpolation in phase spaces result, inspired in
[Dya94]. We will prove that a set with enough separation is an interpolation set.

Theorem 5.22. Let g be a Gabor atom of the Feichtinger algebra. Then there is
Ry such that every set T' = {zp}ren with separation constant bigger than 2Ry is
an interpolation set for H, the phase space of g.

This Ry is the minimum R such that:

1
[ )ldm(e) > gkl
B(O,R)

If R = Ry the former integral is %Hk”l by continuity.

Proof. We remember that a set I' = {2;};en C C is an interpolation set for H
if for any succession of values (a;)jen € [? there is a function F € H such that
F(zj) = aj Vj € N. This is equivalent to see that there is F' € H such that:

/CF(z)k:(z,zj) dm(z) = (F\k;;) = a; VjeN (5.4)

If we take ¢ € L?(C) it works out that:

g(z) = / d(w)k(z,w)dm(w) € H
C
As a matter of fact 5 is the orthogonal projection of ¢ in H. We observe that:

<¢7 kzj> - <$7 kzj> VjeN

and it works out that to solve the problem (B4 for a function F' € H is equivalent
to find a ¢ € L?(C) such that:

/C¢(z)k(zj,z) dm(z) = (¢, kz;) = a; VjeN (5.5)

This is not strange, since the fact that I' = {z;};en is an interpolation set is
equivalent to the linear independence of the set of functions {kzj }jen, and this
does not depend on if we work in H or in all L?(C).
Therefore we want to see that, if I" fulfills the conditions of the statement, we
can assure that for every succession (a;);en exists ¢ € L?(C) that solves (B5).
To study this problem we call:

o= [k am(z) = [ k()] dm(z) = [kl
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Given a succession (c;)ren € 12, we consider the following function:

> Z
k
Z E XBk (Z)
k=1

Zkz

where By, will be balls of center z; and radius R > Ry (half of the separation
constant of I'). We define % =1if k,_(2) = 0. We have chosen R so that By,
zk

are disjoint. In this way it is clear that f € L?(C). Now we calculate and we have

that:
(f k=) Z bjkc

1k (2)
k= /Bk ak, (2)

Now we define the following operator:

with b, defined as:

T:12— 12
(ck)k — (Z bjkck>
k=1 j

to see that this is an operator is bounded we can calculate:

HT((Ck)k)HZ _ il‘gbjm < Z(Z 1| Z bkl )

j=1 k=1

On one hand we have that:

R > oy (2)] Kz, (2)
bl =
>l kz\/Bk =

Zkz

dm(z)‘ <1

On the other hand we see:

ZZ' binllexl” :Z lex Y bkl = Z e ey (2)] s, (2) dm(z)
B, k o
= J=1 = j=1 k Pzg

<Z|ck| Z/ Gz = )] 2

[e.e]

éZ’Ck’ Z/

Bk Zj

dm(w) < (e )
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Therefore the operator T has norm less or equal to 1. The following step is to check
out that this operator is invertible. We will make this seeing that ||[Id — T'|| < 1.

|1d—T|? = sup Z(Z (31— bye)ex|

I(ct)wll= Li=1 k=1

< sup Z(Z!%—byk!Z\%k—bkack\)

l(er)ell=1=1 "=t

We have to look at this expression in parts. We observe first that b;; > 0 and it
does not depend on j and that >, [bjx| < 1 and > [bjx| < 1. Taking this into
account we see that, fixed j:

D 105k = bjkl = 1= 2b5+ Y bji| < 2(1 —byy)
k=1

k=1

On the other hand we have, fixed k:

D 185k = bjkl = 1= 2bg + > bji| < 2(1 — bgr)
j=1

j=1
we call 3 = bj;, and we remember that it does not depend on j. Now we add this

bound to arrive to:
[1d =T <2(1 - B)

We need that 3 > % After making a change of variable, the definition of 3 is the

following one:
1

TaTn /B INCCIEIC

It is clear that if R > Ry it is fulfilled that 8 = B(R) > 3. If we are in these
conditions the operator T is invertible. That is, for every succession (a;)jen € 2

8=

there exists another succession (cx)ren € 12 such that T'((cg)ren) = (a;)jen. This
says that for every succession (a;)jen € [? there exists a function f € L?(C) such
that:

(f(2),k;(2)) =a;  VjeN

For that we have commented on formerly we can think that this f belongs to
H. O

These sets correspond with Riesz bases of the subspace that they generate,
since they can not be complete.
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5.7 Atoms with convex bound.

There is a class of Gabor atoms for which we can give some generator results.
Those are the atoms for which we can extend the phase space to an space of two
complex variables. This is not the same that we made in section In that
example the space was composed by entire functions in one variable. Here the
goal is more modest since we have proved that this example was unique. The idea
is to achieve a similar structure for being able to use the tools of the complex
analysis.

The atoms that we will consider have to have very good location in time as
well as in frequency. The way to obtain this is working with convex functions and
its conjugates.

Definition. Given a convex function ¢(t) we define its Legendre transform as:
¢(x) = supat — §(t)

5 is also a convex function and we will say that ¢ and 5 are conjugated convex

functions.

Using this concept we can give a result that says which class of functions we
will use.

Theorem 5.23. Let g € L*(R) be a function such that both g and § have an
holomorphic extension in the complex plane fulfilling:

19(2)] < Ce(39)—bo(R2)

G(w)] < Ceaa(%)efb%(%z)

with a,b > 0 and ¢, qu conjugated convex functions. Then the Gabor transform of
any function f € L?(R) with respect to g accepts an holomorphic extension in C?
and it fulfills the bound:

\Gf(z, w)‘Z < HfHZHe—b¢H1062a¢(%z)eba(%%w)ehr%w%z

Proof. First we see how we can complexify the first variable. We write directly:
Gf(evu) = [ e (e~ 2)
R

with « € R and z € C. This expression is well defined since g € L?(R) in any line
Sz = const.. Deriving under the integral we have that it is holomorphic in z. We
can see the extension in the other variable by a symmetrical argument.
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Now we will obtain the bound:

. 2 . 2
Gf Gz w)P = /R F(He2mtvg(t — zyde| < |2 / e 2ritwg (s — 22 dt

QP [ emomaemee o

ngH2C€2a¢(§z) / e47r(s+§Rz)%w672b¢(s) ds
R

First of all we put out of the integral the term e*™**3%  Afterwards we remember
that:

o(t) = supat — ()
x
We will use e ??(%) for integrating and we can bound:

e47rs%w—b¢(s) < ebg(%%w)
that completes the proof. [l

If we compare this case with the one studied in B2l where we used the Gaussian
function, we can see that:

Gf(z, w) = Bf(z — jw)B*%(ZQerQ)efmzw

where Bf was the Bargmann transform of f. In this way we see that in this
concrete case our entire function in two variables is in fact a entire function in a
variable (modified a bit) evaluated in z — iw. The bounds come in a fast way of
this formula. Moreover also we can observe that:

Gf(z, —u)e 3@ +u?) gmizu

will be an entire function in x + iu.

The way to obtain functions fulfilling the conditions from the former theorem
is to take g(t) = e P() with p a convex polynomial. To obtain the bound we inspire
in [BNWSRS]|, where some of these results are already given. In this way we take
a positive and convex polynomial vanishing at the origin p(t) = ZnN:1 ant™. A
convex polynomial vanishing at the origin is positive if and only if the first deriva-
tive at 0 also cancels. Therefore we can think that the two first coefficients of the
polynomial are 0. Moreover a polynomial of this type is practically symmetrical,

as it can be deduced from the following result:
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Lemma 5.24. Fized a mazimum degree N there exists C' (only depending on N )
such that:

N
p(t) < lan|t* < Cp(t)
n=2

Proof. The first inequality is trivial. For the second we define

N
U= {pconvex : degree ofp < N,p(0) = p'(0) =0, Z lan| = 1}
n=2

This set is compact (bounded and with finite dimension). Now, we define the map:
v -5 R
pr—p(1)

As p is convex and positive, p(1) = 0 implies that p = 0. In this way we can affirm
that:

m = inf p(1) = min®(¥) >0
peEV

Then we can deduce that:
N
p(l) >m=m) |a|
n=2
for every p € U. Now, we fix ¢t and we define ¢(x) = p(tx) = ZnN:2 apt™z". Then:

N
p(t) =q(1) = |an|[t]"
n=2

and we have proved the lemma. O

Lemma 5.25. Let p be positive and convexr polynomial vanishing at the origin and
of degree N. Then:

[Rp(2) — p(R2)| < ep(Rz) + Cep(Sz)

for every € > 0, and C. a constant that just depend of € and of the degree of the

polynomial.

Proof. We begin writing:

|Rp(z) — p(Rz)| < %Z an(z +iy)" — Z apx

n=2
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We go to develop this sum:

N

n—1 N
Z an <:c" +R Z( Z >xk(zy)"_k + %(zy)") - Z anz"”
n=2 k=1 Nn:2 o
<O fonl (X bt + o)
n=2 k=1

We take € > 0 (very small). If |y| < e]z| we see that:

|z F |y < |2 R < ela?

in this way we can affirm that in this case:

n—1

> laf*lyl" ™ < Nefa|"
k=1

However, if |y| > ¢|z| we bound

n—1

. N
Dol <yl
k=1

We take into account all this and use the former lemma to obtain:
N
[Rp(2) — p(Rz)| =< CNep(Rz) + C <? + 1> p(S2)
and we have proved the lemma. [l

Corollary 5.26. Let p be a convex polynomial vanishing at the origin. Then there
are a,b > 0 such that:

—Rp(z) < —ap(Rz) + bp(S2)

Theorem 5.27. Let p be a convex and positive polynomial vanishing at the origin.
Let be g = e P. Then there are a,b > 0 such that:

‘g(z)] ge—aw(agéﬁz)eblp(bggz)

IG(w)| <e1P(azRz) brp(b2Sw)

Proof. The bound of g is the former corollary. For the bound of g we first take

the function:

gg(z) — e—p(z)e—27ri§z
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We integrate this function into the square of vertexes ¢, —t, t + ih and —t + ¢h in
counter-clock wise. As g¢ is an holomorphic function this integral is 0. Now we
observe that:

h h
/ efp(t+is)6727ri§(t+si) ds| < efap(t) / 6bp(s)627r£s =0
0 0

when ¢t — oo for every £. For the segment from —t to —t + ih we can make the
same argument and in this way we see the coincidence of the integrals:

g(§) = / e~P(t) g2mandt gy — / o~ P(t+hi) o —2mig(t+hi) gy
R R

We will work with this second expression to compleixify the Fourier transform of
g. Therefore:

/g(w) _ / e—p(t+hi)e—27riw(t+hi) dt
R
We observe that this formula is true for every h. Then we can bound:

G(w)] < / e—ap(t) bp(h) 27 (tSw+hRw) 1 ebp(h)JrhéRw/ o—ap()+tSw gy
R R

for every h. we bound the first factor:

(R)+hRw _ ,~bsup, =R h—p(h) _ e—bﬁ(%)

inf e
h
Now we have one of the terms. To obtain the other one the method is similar:

/ ap( S gy o / (I 130 5p(1) —§0(0) gy < —4P(2SW)| 5P|,
R R

And we have proved the theorem. O

Now we have the existence of functions fullfilling the conditions of This
result said that we can think that all the functions of the phase space are en-
tire functions in two variables. We want to use this properties to give sufficient
conditions for uniqueness sets.

We remember how this is made in the case of functions holomorphic in one
variable. The zero set of a entire function is discrete and each zero has assigned a
multiplicity. If we define the measure p =Y A € AmyA, it is a known result that
if f has zeros in A with the given multiplicity, in the language of the distributions
we can say that:

Alog|f| = 2mp

If now we take the second Green identity:

/uAv—vAu: U— — V—
Q
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taking u = log | f| and v = 1 — |2|? in the unit disk we obtain:

4 [ toglfl 2 (L= WP)ma =2 [ togl]
D AEA l21=1

This is the equation that allows us to give conditions about the zero set if we have
the growth of f bounded.

What we will make is a similar reasoning in two variables. The zero sets of
entire functions of two variables is an analytical variety of dimension 1 that has
irreducible components Vi with multiplicity mg.

In this way, if {Vk, my} is the variety where f cancels with its multiplicity it
is fulfilled that:

d0log |f| =0

where 6 is a closed and positive current intrinsically associated to the variety that
has as expression
0= Z 0;xidz; A dzx
J,k

so that > 0y is the planar measure of integration in the variety. We have to
understand these formulas in the sense of the currents, which are the generalization
of the distributions. 99 log|f| = 6 is the equivalent in two variables to the formula
Alog|f| = 2mp.

Whit this language we can deduce the Jensen formula that will be useful for
us. We define the auxiliary (1,1)-form:

B =i00(|z” + |w|*) = i(dz A dZ + dw A dw)

This form fulfills:
OAB= (Zekk) dM

and it completes 6 to a volume form of C2. We take R (big) and § (small) and we
will describe the set in that we will integrate. We put:

2?2 22w P

TRTRTRTE

where z = x + iy and w = u + iv. In this way p = 1 defines an ellipsoid in C? that

p

have radius R over the real variables and ¢ over the imaginary ones.
It is also necessary to observe that:

— 1 1
d9p = <ﬁ +5
And also we can complete this form for obtaining a volume element:

- 1 1
ﬁ/\z@@p:<ﬁ+5—2

)(dz/\dz—i—dw/\d@)

)dM
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Moreover it is fulfilled [GrL.86]:
ﬂ A\ igp‘p:l = dA

the area element (in three real dimensions) of the surface. With these notations
Stokes theorem says that:

/ Gﬁ/\zﬁp:/ 3G/\6/\z’5p+/ GB N iddp
=1 p<1 p<1
We apply again this theorem to see that:
OG N B Nidp = aGAﬁ/\z’B(p—l):—/ (p —1)i00G A 3
p<1 p<1 p<1

since p — 1 cancels at the border. With this we arrive to:
/ GB Nidp = / GB Niddp + / (1 —p)idG A S (5.6)
p=1 p<1 p<1

This is the equation that will allow us to deduce a Jensen formula in two variables.

Theorem 5.28. We suppose that we have a Gabor atom fulfilling the bound of
theorem [ZZ3 (for example g = e™P with p a polynomial like those that we have
treated). Let F(z,w) be the entire extension in two variables of a function of the
phase space. Let V' be the variety of zeros of this function. Then:

, H'(VNR*NB(0,R))
lim sup

R—o0 R2 s Cf

where H' is the 1-dimensional Haussdorf measure, and we are making intersection
of V' with the plane Sz = Sw = 0.

Remark. This result bounds the 1-dimensional measure of the variety of zeros.
This is the type of result that we can wait. We have commented in the first
section that it is usual that the zero—variety of a function of the phase space is a
set of curves (sometimes it can be bigger, and in the case of the Gaussian function
it is a set of points). This theorem tells that the amount of curves (the sum of its
lengths) can not be arbitrarily big. We remember that the Jensen formula gives a
bound of the same type, but with the 0-dimensional measure, that is, bounds the
number of points.

Proof. We will bound the different integrals that turn up in (E8) for G = log | F|
with F' in the phase space. We begin by observing that:

G(z,w) < 2ap(3z) + b%(%%w) + ArSwiz



124 5. Gabor transform.

We first bound the integral on p = 1. If p = 1 then |Rz|, |Rw| < R and |Jz|, |Sw| <
0. Therefore:

G(z,w) < Cp + 2a¢(6) + b1 (4%5) + ArSwRz

and we obtain, using that 3 A i0p is positive, that:

GB Nidp < <2a¢( )—{—qu —5 )/ Aidp
p=

p=1

since the part corresponding to 4rSwiz is zero because we are integrating on a
symmetrical set. We apply Stokes again and we arrive to:

/p:1 GAAiDp < <2a¢(5) +b$<4%5)> /p<1ﬁ/\i(35p

This bound is useful also for the integral on p < 1. It is evident that:

1
252
/p<1ﬁ/\188p RS (R2+52>

And we obtain the inequality:
_ ~ (4 1
1—p)iddG A B < 2( C +2a¢(5) + bp(—0) | R*6* (= 5.7
[ =06 s <2k 2000 +16(0) )2 (g + ) 6)
We can find the inferior bound of this integral in [Ber78|, that says that:

SH'(VNR*N B(0,R)) </ i00G A 3
p<1

Therefore, if we bound the integral in p < 1 by the same integral but in p < % we

have that: 5 R
o gt (v AR2N B(o, —)) < / i(1— p)9G A B (5.8)
2 2 o1

We join (BX) with (B1) to obtain the inequality:

SHY(VAR2NB(0, R)) < 2 C+2a¢(25)+b$<4—”25) 2R)2(26)? [ ——— + —
TS b 2R)2 " (20)?

From here we arrive to:

C + 2ap(28) + bp(2r24)

2
5 S8R

H'(VNR*NB(0, R)) < inf
that proves the theorem. O

Now we can deduce the following result:
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Theorem 5.29. Let g be a Gabor atom fulfilling the conditions of 23, If A is a
separate set such that:

= 0

lim su —’A NBQO R)
R—»oop R?

Then G(g,A\) generates L*(R).

For the proof it is only necessary to use theorem and the bound of the
number of zeros which can have a function of this space that we have given formerly.
This result is not as good as the one that we can give in the Fock space,
where the functions were analytic in one variable. The advantage is that it is an

asymptotic result that works in a more general class of atoms.
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Chapter 6

Wavelets.

6.1 Discretitzation in wavelet phase spaces.

When we studied the Gabor transform we considered translations and modulations
of a fixed function. In the case of wavelets we change the modulations for dilations.
This modification, in a historical way, was introduced to save the problem that
supposed the Balian—Low theorem [LI8, and that did not allow us to find well
localized bases in time and frequency at time. The good properties of analysis
that presents this transform and the utility of the AMR have converted it into an
important field of work (of study as well as of application).

The main differences that we will find with respect to the Gabor transform
come from this modification. The first important difference was the admissibility
condition. The reconstruction formula is only valid for wavelets that fulfill:

_ [P
Cp = /0 ¢ dé < oo

We call H = R x RT. We remember the notations that we used for the wavelet
transform. If 2 + iy € H, we define for f € L*(R):

£ =y (=)

We will use dm(z) = d”;jy to designate the hyperbolic measure in H. If 1) is an
admissible wavelet and f any function of L?(R), using these notations, we can
define the transform of f with respect to the wavelet v as:

WG = (oo = [ io(EE) an

127
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If the wavelet is normalized so that ||¢)|| = ¢y = 1, theorem says that Wf €
L*(H) and |[W f|| = ||f|l. Moreover we can reconstruct f from the values of the
transform:

£(t) = /H W(2)(t)dm(z) VS

Here it is necessary to make some comments about the validity of this formula.
We have said that the admissibility condition is necessary, but it is not enough. If
Y € H*(R) (12(5) = 0 for £ < 0), then the reconstruction formula is only valid for
functions f € H?(R). If we want a reconstruction formula for L?(R) we have to
take 1 such that ¥ (¢) € R. In this way we can define the transform of a function
f € L?(R) that only takes real values, and the reconstruction formula is valid in
this subspace. From here it is not very difficult to see that we can extend the
transform to all L?(R) and everything works perfectly.

Taking this into account, we can define the wavelet transform in H2(R), L?(R)
to real values or L?(R) to complex values, taking the appropriate precautions.
The results that we will give during this chapter do not depend in general of in
which case we are, and therefore it will not be necessary to indicate it. The only
differences will be that the phase spaces do not coincide, although structurally they
will be identical. From now on we will think that 1 € L?(R) is real valued, and
we will define the transformed for f € L?(R) complex valuated, which is the most
general case. When 1 is real, k is also real and we can forget of the conjugated in
all the of reproduction and reconstruction formulas.

The notations that we are using are the same ones that we used in the former
chapter for the Gabor transform. This can bring in confusion sometimes, however
it helps a lot to seeing the similarities and differences between both cases. Also it
is more comfortable when working.

As in Gabor case, we fix an admissible (normalized) wavelet. Theorem
says that the set of transforms of all the functions of L?(R) form a Hilbert subspace
of L?(H):

H = {F(z) € I*(H) : 3f € L*(R) withF(2) = W[ (2) = (f,.) }

This is a Hilbert space with reproductive kernel k(z) = (1, ,), so that:

F(z) = /HIF<Z)k(ZOl - z)dm(z)

if and only if F' € H, with z; lz=2 ;OZ“, as we have commented in the preliminar-
ies. If we define the translations in H in this way (7,(2z) = 2z, ' - 2), this formula
is a convolution of F' with k, with the particularity that the group of translations

is not commutative. We can use the same notation for translations of a function
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of the space:
Fiy(2) = F(z5 " - 2) = W fo(2)

if F = W f. This is another of the important differences with the Gabor transform.
In the Gabor case we did not have a true convolution, since we have an exponential
factor. But however the translations were commutative. These differences will
make some steps be simpler. At the same time they will provoke that the results
obtained are not so good as in the former chapter.

There is some counterexample. In the case of uniform continuity, the fact that
the exponential factor does not appear makes the result be better. In H we will
use the hyperbolic distance d(z1, 22), which is invariant for left—translations. We
can also use the pseudohyperbolic one, which is simpler to calculate:

Z1 — %9
d(zl,zQ) = |/

z1— 22

The relationship between these two distances is:

1, 1+d
d(Zl,Zz) = —log M
2 1 —|—d(21,22)

that allows us to calculate the hyperbolic distance in a simple way.
After the definition of the distance, we can give the continuity result.

Proposition 6.1. The wavelet transform is uniformly continuous. That is, given
e > 0 exists 6 > 0 such that if d(z1,22) < 0, for every F € H,

F(z) = (f¢2)
it is fulfilled that |F(z1) — F(z2)| < || Flle = ||f|le.

Proof. We calculate directly:

’F(Zl) - F(ZZ)‘ :|<f7wzl> - <f7¢z2>‘ = ‘(faw,n —1/122>|
<A = s || = 1[0 = 1|

and the result is deduced of the continuity of the translation and dilatation oper-
ators in L?(R). O

As we see, the result is a bit better than in the Gabor case. In that case we
could just give this result for the module of the functions, due to the exponential
factor. This will be, however, the only case in that we will have better behavior
in the case of wavelets. Sometimes the proofs will be simpler, but the results will
not improve those of the former chapter.
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The way to act is identical to the Gabor case. We want to study when a
system W (1, A) is a frame for L?(R). We know that this is equivalent to search
the sampling sets of H. The way to make this is to discretitzate the reproduction
formula:

J

In this case, the equivalent to the Feichtinger algebra will be the set of wavelets

2

dm(\) = Z

AEA

2

/ F(2)k(A\™1 - 2)dm(2)
H

/ F(2)k(A™1 - 2)dm(2)
H

with integrable or strongly integrable kernel, depending on what we need, because
in this case this two sets do not coincide.

We will obtain identical sampling results than in the Gabor case. We prove
that a set that has points in any translation of a small ball is a sampling set
and therefore causes a frame. We give also explicit bounds of the constants of the
frame that depend on the L'(H)-norm of the kernel and its local maximal function.
These results can also be achieved, without explicit bounds, using theory of rep-
resentations, although the wavelet case (which corresponds to a non—unimodular
group) is not so studied. On the other hand, Sun and Zhou give sufficient condi-
tions close to those that we will give in this work, also with explicit bounds, but
asking to the analyzing wavelet to belong to certain Sobolev spaces. The bounds
depend on the norms in these spaces and the methods that they use in [SuZ03]
and [SuZ04] are different from the ones that we use.

Regarding necessary conditions, for the time being it seems unattainable to
find a result similar to On the one hand the definition of density is not clear
in H. Seip defines in [Sei93] a density for the Bergman space of the disk that by
conformal mapping can be translated to the half—plain. This allows to describe
sampling and interpolation sets in this space, which is related with the wavelet
transform, as we will see later on.

Heil and Kutyniok also study in [HeK03] and [HeK06] the irregular frames
of wavelets using a equivalent definition but with different structural properties.
The results that they achieve are also close to the ones that we give here, but
without explicit bounds. In their works they deduce a theorem of the type
Introducing a notion of homogeneous approximation they prove that every set
that causes a frame has to have positive density (with certain restrictions on the
analyzing wavelet). We also give a result close to this, using the same ideas. The
main difference is the wavelet representation that we use. Even though this seems
that it should be a minor question, since in principle both representations are
equivalents, when we work we have that the set of admissible wavelets that we can
use is different in each case.

Sun and Zhou, in the articles cited before, also introduce a density different to
the former ones, which they use for giving necessary conditions that do not defer
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a lot of the rest of works.

6.2 Rigidity of the Haar basis.

In this section we will give a curious result that gives a concrete example of the
rigidity of orthogonal bases. This was one of the reasons that brought us to
studying Riesz bases and frames instead of these.

We will fix in the Haar wavelet, that due to its simplicity it facilitates a lot
the calculations. We can think that this wavelet come from the Multirresolution
Analysis generated by the scale function ¢(t) = xjo,1)(t), even though we will not
need it. For comfort we will work in the real valued L?(R). In this way it is not

necessary to take into account the conjugate in the scalar product.

Definition. We define the Haar wavelet as:

Y(t) = X[o,%)(t) — X[ 1)(t)

In this way we have that:
;1
0:(0) = 47 (X)) = Xiosg a0
As we are interested in the orthogonality, we want to find the places where the
scalar product of the wavelet with a translation is 0. In other words, the places
where the reproductive kernel cancels. That is, we are interested on knowing when:

(V2,0) = /OO y%l <X[x,x+}2’—) - X[x+%,x+y)> (X[Og)(t) — X2 1)(t)> dt=0 (6.1)

b
oo 2 2

There are some trivial cases where this is fulfilled:

o v +y<0

ez >1

e x>0, z+y<3
ez>1 z4+y<1

e <0, z+42>1

e r+4<0,z+y>1

The two first cases correspond to the case in that both wavelets have disjoint
support. The other four are owed to the fact that one of the wavelets is totally
contained in one of the intervals where the other one is constant. But these are
not the only cases where the former scalar product is canceled. We have it left to
find two more cases:
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e Ifz<0,0<2+4< % and%<x+y<1wehavethat the scalar product

&) is:

1 z+Y % T+y 1
Y2 / dt—/ dt+/ dt | =y2 3z +2y—1) (6.2)
0 x+4 i

2
In this way, if y = 153 with € [-1,0], @) is 0.
e f0<z<i L<z+¥%<landl<uz+y we have that (EI) remains as

this:
1 i x+y 1 .
Y2 / dt—/ dt+/ dt | =y2 (2—3x—vy) (6.3)
x 1 z+¥
2

2

Therefore, when y = 2 — 3z with z € [0, ], (E3) is also 0.

Now we have obtained all cases in that (E1I) cancels (it is easy to check that there
is not any more). Calculating a little more we can see that the graph of signs of
the scalar product is the represented in the Figure 1.

4

35|

3

25

0.5 1 xT 15

Figure 1. Reproductive kernel of the Haar wavelet.

We can observe that in the first cases the regions are described by inequalities,
and they have infinite hyperbolic area. The two last come given by equations and
correspond to two segments. Informally we will name triangles to the firsts and

diagonal to the seconds.

Lemma 6.2. Let B = {1, (t)}., € A be an orthonormal basis of L*(R) such that
Y =1 € B. Then 1, ¢ B if z belongs to any of the diagonals.
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Proof. We will make it by contradiction. We suppose that there is v, with z € D

1-3
5 X

diagonal the reasoning is the same. We take the function:

the diagonal corresponding to y = with x among —1 and 0. For the other

f(t) = cixpern)(t) — C2X[x+%,%>(t)

taking c1, ca > 0 so that [ f(t)dt = 0 and ||f|| = 1. We go to calculate (f,.,)
now. As z € D we can affirm by orthogonality that it does not exist other z, € D.
If there is any other z, in the diagonal, its support will have to be disjoint with
that of v, and therefore also with f. Also we see that the 1, that have disjoint
support to 1 also have it disjoint to f, and those that are constants in all the
support of ¥ also are it in all the support of f. Therefore, in all this set, it
is fulfilled that (f,%.,) = 0 in a trivial way. On another part, (f,1.) = 0 by
construction. It only remains to look at the ), that have support contained in
one of the two halves where v is constant, that is, those that z, is in one of the
inferior triangles. But as 1, € B we can say that a v, with z, in one of this two
triangles also has to have its support contained in one and only one of the four
following intervals:

o 1 =0,z + 4]
e L=[z+%1]
o I3=[5,2+y]
o [y =[r+y,l]

since if not, they can not be orthogonal to v,. Now, those that have support
in I or I are automatically orthogonal to f because have disjoint support, and
those that are in Iy or I3 are it because they have support in intervals where f is
constant. Therefore the only element of the basis that is not orthogonal to f is 1,
which is different of f, and therefore |(f,1)| < 1. This is a contradiction with the
fact that B is an orthonormal basis. O

Taking into account that (¢, 1.,) = (¢ il 1), this result can become gener-
alized to any element of the basis, not exclusively to 1, and either it is necessary
that this belongs to the basis.

Lemma 6.3. Let B = {1, }.,cA be an orthonormal basis such that 1 € B. Then
its two songs ;o and Py /940 also belong to B.

Proof. We will see if only the left song belongs to it. We consider the 1, that
have support contained in the left part of ¢, the interval [0, %] (it is obvious that
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there is one). We take one of those whit minimum resolution, or the one that is
the same, one of those of support with maximum length. We name it 1,. If this
is the left song we have finished. If not, we will suppose that = > 0 (the same can
be made with z +y < %) We take the function:

f(t) = e1X(o.)(t) — X[z 1) (2)

with ¢1, 2 > 0 so that [ fdt =0 and ||f|| = 1, as in the former lemma. Using this
lemma and with a reasoning similar to that of before we can see that (f,1,, ) =0
for all the z, of A by the condition of orthonormality, but this contradicts the fact
that B is a basis. 0

As before, we can generalize this to any element of the basis. That is, this
result is saying that if 1, belongs to an orthonormal basis, its two songs ¥, y
and 1, Yiit also have to belong to the basis. As a matter of fact, we have proved
the following theorem:

Theorem 6.4. Let B = {1,, }.,ca be an orthonormal basis of translations of the
Haar wavelet. It is fulfilled that A is a hyperbolically reqularly net. That is, it is a
hyperbolic translation of the dyadic net.

This example is useful to check out the rigidity of the concept of orthonormal
basis.

6.3 The Bergman space.

In this section we will work with the Poisson wavelets. This is a family of admissible
wavelets that have the property that its phase spaces correspond with the Bergman
spaces of the half-plane. These are a family of spaces of holomorphic functions
that will play the role corresponding to the Fock spaces in the Gabor case.

As it happend in the Fock space, in the Bergman spaces we have characteri-
zations of the sampling and of interpolation sets. Even though the tools that are
used are typical of the complex analysis and are not applicable directly to other
wavelets, they give an excellent example to point the problem in the general case.

In this section we will work in an exceptional way with the wavelet transform

defined in H?(R).

Definition. For o > 1, we define the Poisson wavelet ¢“(t) as:

v () = (497"

where ¢ = ||(¢ +z)7aT+1H
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When we work we will think only in odd «, since they are the cases in that
they can be made the calculations. As an example we can say that for a« = 3,5, 7,

Co = \/g VE Y ?—g respectively. We have to take into account that these wavelets
T 2
are not normalized. That is, [} % d¢ =2c2 #1

Definition. For o > 1, we define the Bergman space of the half-plane A, (H)
as:

Ay (H) = {F analytical in H : /H |F(2) Py dm(z) < oo}

The norm in these spaces is:

P2 = /H IF(2)Py® dm(z)

Now, we will see that the phase spaces of the Poisson wavelets are contained
in these spaces. That is, we can think that the transform of a function f € H?(R)
for a Poisson wavelet ¢ is in A,.

If we look at the wavelet transform for the Poisson wavelet ¥® of a function
f € H%(R) we see that:

Wf(z) = /Zf(t)wl(t‘x i) T a

CaCq Yy

at+l o+l

:Ealca /_Oof(t)y%l(t—x—iy)‘ >y

_ /_OO Fwst—2)Fa =L /OO f(t)a - dt

CaCa

)
U
~

We define: .
F(z) = —— / Oy

Eozcoz —00 (t — z)aTH

(F is not the transform of f). The function F'(z) is holomorphic in a trivial way.
Using that W f € L?(H) we obtain:

20 = %Zsz: 2% dm(z
/H|F<z>|ydm<z>—/H\y F(2)|? dm(z) /HIWf()Id (2)

and therefore F(z) € A, and [|[Fllo = |[Wf|| = ||fl]. With the identification
Wf(z) = y2F(z) we can identify the phase space of a Poisson wavelet in the
Bergman space.

To see that we have equality we have to check that the reproductive kernels are
the same. We will make this only for odd a. We calculate first the reproductive
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kernel of the phase spaces.

N R S N
balezo) = 0,00 = [ o () T F () a
oo Yo Y
0 a N_oatl a at+l
:/ Yo (L —zo +yoi)” 2 y2(t—w—yi)” 2 dt
7‘35 a 4 1 a
= wyoy2(t—z) 2 (t—2) 2z dt
—0o0
a4 S a «
Zyogyg/ (t—72) T (t—2)""F dt
-0

This integral can be calculated when « is odd, and we obtain:

(W%, ¥2) = yg Y2 co2mi(z — 7)™
where ¢4 is a integer constant, that for a = 3,5,7 is —2,6, —20 respectively. The
reproductive kernel says that, fixed a:

W) = [ ufyEe2mito = 2) "W () dm(:)
i [ il )y BW ) dm(a)
i [ cmiCzo =27y W)y dm)

If we take into account that y = W f(z) = F(z) € Aq, we see that the functions of
A, that are transform of a function of H?(R) are characterized by the equation:

F(z) = /Hc;2m'(zo —Z) “F(2)y*dm(z)

But this is exactly the relation of the reproductive kernel of the Bergman spaces.
Therefore we can affirm that, under the correspondence 32 W¢(z) = F(z), both
spaces are the same.

Normally people work with the version in the disk of the Bergman spaces, that
for conformal mapping is equivalent to work in the half-plane. In this way we
define the Bergman spaces of the disk A, (D) (we sustain the notation because we
are speaking about the same) as:

A,(D) = {F(z) analytical en D : /D]F(z)]2(1 — 2™ du(z) < oo}

where

drd
W)= T
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that is the measure that works in this case. As we have commented, Seip charac-
terizes in [Sei93] the sampling and interpolation sets of these spaces. In his work
he consider the general case (LP or L* norms), but here we will comment briefly
his results in the particular case of L2. That is, of the Bergman spaces that we
have described.

In the disk we can work with the hyperbolic distance or the pseudohyperbolic
one, which is more practical. The second is defined as:

d(z,w) =

z—w
1—Zzw

The notion of separation of a set is exactly the same as in the plane or in the
half-plane:

Definition. We will say that a set v = {2;} is uniformly discrete if:

. f iy .
Jlgk d(zj, z) >0

These are the only sets that have interest in the classification. We define now
the upper and lower densities introduced by Seip for classifying the different sets.
For a uniformly discrete set I' = {z;} and 1 < r < 1, let be:

X legrg
5<|zj|<

D(RT):Q ‘Z1]| ’“1
08 1=,

For each z € D, we form new sets by translation:

Zi — Z
r,=<¢-
N {1—52]‘}

Definition. Given a set I' = {z;} we define its upper and lower uniform densi-

ties as:
D™ (I') = liminf inf D(T
() = linipf 1) D(T=.1)
DT (T) = limsupsup D(T,,r)
r—1 zeD
If D~(I') = DT(I') we will say that I has uniform density. In [Sei93] it is
proved the following statements:

Theorem 6.5 (Seip). A set I' of different points in D is a sampling set for A, if

and only if it can be expressed as a finite union of uniformly discrete sets and if it
a—1

contain a uniformly discrete set I" such that D~ (I") > 45
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Theorem 6.6 (Seip). A set I' of different points in D is an interpolation set for
Aq if and only if it is uniformly discrete and DT (T) < O‘T_l

As in the Fock space, in these spaces there are not sets of sampling and inter-
polation on time. Therefore we will not be able to find Riesz bases generated by
the Poisson wavelets.

6.4 Harmonic phase spaces of wavelets.

In this section we will characterize the set of admissible wavelets for which its
phase space is composed by harmonic functions in z.

In this section we will work in the real valued L?(R) space. If we take an
admissible wavelet 1, we want to know when there is a weight w(y) such that
w(y)W f(z,y) is a harmonic function for every real valued f € L?(R). This restric-
tion in the weight is related with the invariance by translations of the wavelet trans-
form, but it is not clear that there are not other weights and harmonic wavelets
in the general case.

Theorem 6.7. Let 1 be an admissible and real valued wavelet. Then there is a
weight w(y) such that the set of functions w(y)W f(z,y) for f € L?(R) is formed
by harmonic functions if and only if ¥ is a linear combination of R(t 4+ i)* and
St +14)* with o < —1.

Proof. We have to study when Aw(y)W f(z,y) = 0:

AW fa) = [~ fow ot () @

:/Oo f(#) (Ay;w(y)w(t;xD dt =0

—00

for every f € L?(R). This is equivalent to:

Ay lyyr () =0

and as it has to be valid for every t. By change of variable we arrive to:
-1 x
AyTly)( ) =0

If we name ((y) = y%lw(y), the one that we want is to find for which wavelets

1 there is 8 such that ﬁ(y)iﬁ(%) is a harmonic function. If we calculate we have
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that:
A (B () ) =200 (2) + W )
255w () + (% +1) e ()
Therefore we want:
250w () + 0" we() - 2%6’(@/)1&’(%)2
+(5+1) %5@)1//'(%) —0 (6.4)

z
Yy

28yt (8) + y2B" (y)(t) — 2yB (y)t' () + Bly)(t* + 1)y (t) =0 (6.5)

We make the change ¢t = £ and we multiply (34) by y? so that we obtain:

We introduce the change y = e* (we remember that y > 0) and y(u) = S(e*). In
this way we have that:

o 7(u) =e"B'(e") = yB'(y)
o ") = etFen) + ()" B"(e") = yB'(y) + y*8"(v)
and this makes that (63) remains:
()b() — () (90E) + 2060/(6)) + () (2 + 1) (5) + 26 (1)) = 0

We can think this last equation as a scalar product in R3:

(7" (), (), (), ($(1), =) — 269" (2), (8 + 19" (1) + 20/ (1)) =0 (6.6)

where this equality is independent of ¢ and u.

We call E to the subspace generated by (v"(u),7'(u),y(u)) when we vary u,
and F to the one generated by (v(t), —(t) — 2t/ (t), (t*)y" (t) + 2t/ (t)) when ¢
varying. Equation (B8) tells that £ LF. As both spaces are contained in R? we
can say that dim F + dim F' < 3.

This inequality gives a very small number of options. To start we have the
trivial cases, which do not have sense:

e dim F' = 0 corresponds with ¢(t) = 0.
e dim £ = 0 corresponds with y(u) =0 = w(y) = 0.

Therefore it only remains to consider two cases, dimF =16 dim E = 1:
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e Case dimF =1.

This means that there exist a vector (c1, ¢2, c3) and a function b(t) such that:

(), =(t) — 269" (8), (£ + )" (8) + 264/ (1)) = b(t)(c1, ¢, ¢3)

That is:

—(t) — 2t/ (t) = c2b(t) p = () _a

0 ol -
(2 + 1) (t) + 200/ (1) = e3b(t) Pt) -2t (t) e

The cases in that the denominator cancels are trivial. The former equality

says that:
C1 C1, .y (0 _Q%t
1 —) )+ L) =0= 2 = — at
(14 2o + i =0= 5= o =a

= logy = %tz +c=Y(t) = Ce2

But this case does not have interest, since it will not be an admissible wavelet

for real values of .

Case dim F = 1:

As in the former case, this means that there exist a vector (c1,co,c3) and a

function a(u) such that:

(7" (u), ' (u),y(u)) = a(u)(er, 2, c3)

That is:
v (u) = a(u)c ()
V() = alwes p = s =2
Y (u) e
Y(u) = a(u)cs

= logy(u) = Z—zu +c= Ce?glu = (6“)ZS C

If we undo the change of variable that we have made in ([6H) and we forget
12

about the constant (it is not important), we have that f(y) = ye2 = y*

(co # 0 always).

For this 3, using (E3) and that:

- B'(y) = oyt
- B"(y) = ala —1y*?
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we see that v has to fulfill:
2yt () + ala — D)y P(t) — 20yt () + y* (¢ +1) " (t) = 0

Simplifying y© and taking 1 (t) = (¢t + 1) we see that:

(t+i)%(a — 1) + (t + 1) (2ta — 20°%) + (t + 1) 2a(a — 1)(t? + 1)
=+ 2ala— 1)t —1+2ti — 26> = 2it + > +1) =0

Therefore (¢t + i)® is a solution of the equation. However we search real
solutions. Then we have to take R(¢ + ¢)® and (¢ + )¢, that, by the
linearity of the Laplacian, will also be solutions of the equation. As this
equation has order 2 and we have two solutions, we can say that the rest of
solutions are a linear combination of these.

As we are only interested in admissible wavelets of L?(R), we have to restrict to
the case a < —1. O

Remark. The phase spaces of these wavelets will be related with the Bergman
spaces, and we will be able to describe its sampling and interpolation sets from

the description in that space.

6.5 Sampling results.

The results that we will give in this section are practically identical to the sampling
results that we have given in the Gabor case, and the ideas are the same. The
differences between the proofs are due to the different structure of both transforms
and the respective phase spaces. Even if it is redundant, we will repeat the proofs
and we will put emphasis in the differences that can turn up.

As in the Gabor case, we establish first some notation that will simplify the
study. H will always be the phase space of an admissible wavelet ¢ normalized so
that |[¢]| = 1 and fooo M d§ = 1. In general, z,w € H with z = z+iy, w = a+bi,
fulfilling z,a € R, y,b € RT. We shall use the same notation when sub-indices
appear. We remember that when we speak about balls and about separation
conditions we have to use the hyperbolic distance, which we can calculate by the

formula:
1, 1+ |22
d(z1, 22) = = log — = —2-
SRR R =

With this distance the definition of separation remains:
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Definition. Let A = {z;};eny C H. We will say that A is an uniformly discrete
or separate set if there is € > 0 such that d(z;, zj) > € Vi # j.
¢ will be the separation constant of A.

As in the Gabor case, we need that the sets that we use have to be separated
sets. The first results prove that these are the only ones that have interest.

Lemma 6.8. Let F' € H be a function such that F(w) = 0. Let z € H, then:
[F@)? < IFIP (1 = Thw(2)7) = 117 (1 = [, 92)?)

Proof. We consider H,, the set of functions of H that cancel in w. This is a Hilbert
subspace with the following reproductive kernel:

Do (2) = Kz (2) — kzg (w)kuw (2)

To see it we have to observe first that ®,, € H since it is a linear combination of
functions of H and ®,,(w) = 0 for every zy € C. Therefore &, € H,,.
If we take h € H,, we see that:

<h’ (I)Zo> = <h’ kzo> —kz (w)<h’ kw> = h(ZO)

That is, ®,, reproduces the functions of H,,. As it belongs to the space we can
affirm that it is its reproductive kernel.
As F belongs to H,, we apply the reproduction formula in this space.

FEP =|(F0)P < |FP (@, 0.) = [F0.(2)
_ 2 5) — kz(w) 2 ) = 201 _ 22
SIFIE (k:4) iy ul)) = IFIE( = ()

and we obtain the result. O

Theorem 6.9. Let A = {z;};en € H. If A is an interpolation set for H it is
fulfilled that A is a separate set.

Proof. By the closed graph theorem, if A is an interpolation set there is M > 0
such that V{a,}nen € 1% there exists F € H such that f(z,) = a, and ||F||?> <
M?Y", cnlan|?. That is, we can carry out the interpolation with bounded norm.

Let z; # zj. Thereis F' € H such that F'(z;) = 1 and F(z;) = 0 with || F|| < M.
Applying we have that:

1= |F(z)]* < FIPQ = [ks, (2) ) < M2(1 = [k, (2)])

1 1
2 2
F 1= lkey(2)° 2 35 = ka(z) < 1- 75 =0<1
This means that if ¢ # j, |<71Z)Z¢’¢Zj>|2 < C < 1, and as the kernel is uniformly
continuous, this implies the separation condition, since C' does not depend on z;

and z;. O
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The sampling sets also have analogous properties than in the Gabor case.

Theorem 6.10. Let A = {z;}jen C H. If A is a sampling set for H it is fulfilled
that A is a finite union of separated sets.

Proof. As A is a sampling set, 3C > 0 such that:

Y IF(z)P < C|F? (6.7)
A

We will make it by contradiction. If A is not a finite union of uniformly discrete
sets is equivalent to that for every IV and every J there exists a hyperbolic ball of
radius 0, we call B to it , such that |[A N B| > N.

As k., (z) is an uniformly continuous function, 34 such that |k, (z1) —kz,(22)] <
% if d(z1, z2) < d, where this § does not depend on z.

We take this 6 and N > 4C. Let B be the corresponding ball of radius § that
contains N points of the succession. Let a be the center of B and consider the
function k,(z) € H. This function has to fulfill (E71).:

Z |ka(zj)|2 < Cllkal?> = C
A

But on the other hand:

Sl = 3 )P+ 3 k()P > 3 (1-5) 2 N > €
A

ANB¢ ANB ANB

and we have the contradiction. O

Remark. Here, we have used that we can make small |k, (21)—Fk,(22)| independently
of z, while in Gabor we had to consider the absolute value of the kernel.

We find again that this result is not improvable, since there are sampling sets
that are not separated set.

Now we have to restrict the set of wavelets that we use. Here we find one of
the main differences with the Gabor case.

The bounds that we will give when we will bound the sums will depend on the
L' (H)-norm of the reproductive kernel k and of its local maximal function:

Mk(z) = sup |k(w)| € L'(H)
weB(z,1)
where B(z,1) is the hyperbolic ball of center z and radius 1. The area of this ball
for the left invariant measure is 47 sinh?(3).

Unlike it happend in the Gabor case, the set of admissible wavelets with in-
tegrable kernel does not coincide with those that its kernel has integrable local
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maximal function (we will call them wavelets with strongly integrable ker-
nel). We will be able to discretizate the phase space in this last case.

We remember that the function k(2~!) € L'(2) and moreover its integral
coincides with the integral of k(z). As a matter of fact k(z7') = k(z) since
(,1,) = (¢,,1). This does not happen in general with other functions of H,
where F(z) can be in L'(H) or L?(H) and F(z~!) not.

Lemma 6.11. Let k be such that Mk € L*(H) and A C C be a separate set with
separation constant €. Then:

(sinh £)~2
Lo 7\|M’fll1

A€A

Proof. We suppose without losing generality that § < 1. If we take two different
points v, A € A, as B(v,5) N B(A, 5) =0 we can bound.

LY Z|B / dm(z) < S0 /Mk )dm(z

AEA A€A
that is what we wanted to prove. O
Remark. We see another time that the bound only depends on the separation
constant of A.

As in the Gabor case, We will give a series of results directed to prove that a
set close to a sampling set also is a sampling set. We will use the ideas of [OIS92],
that will allow us to know the bounds in an enough explicit way so that we will
be able to prove that every sampling set contains a subset that is both a sampling
set and a separated set on time.

Proposition 6.12. Given a wavelet 1) with strongly integrable kernel and A a
separated set there exists B > 0 such that:

SIFWP < BIF|? VF e H
AEA

Proof. Calculating directly we have that:

SIFWE =3 | [ FERG 0 dm(2)

AEA AEA
IP@PRGT Nldm(e) ) ( [ kDl dm(z)
AeA

/ FERY B )| dm(2) /C k()| dm(z) < B|F|]

AEA

2
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since [ [k(z)|dm(z) < co because the kernel is integrable and

D kETNI= D] k()]

AEA el

with I' = 27! . A, that has the same separation constant than A. Now, we apply
.11l to bound independently of z. O

Remark. As we see in the proof, the bounding constant depends on & in terms of
its absolute value and not in the square. That is, it depends on ||k||1, discrete as
well as continuous. It is for this reason that we have to limit the study to wavelets
with strongly integrable kernel.

Theorem 6.13. We consider an admissible wavelet with strongly integrable kernel.
Given A = {z;}jen a sampling set for H there exists 6 > 0 such that if I' = {w; }jen
fulfills that |z; — wj| < 6 V5, I is also a sampling set.

This result is deduced in a trivial way from the following pair of lemmas.

Lemma 6.14. Let A = {z;}jeny and T' = {w;}jen be two sets in H, then it is
fulfilled that:

(Z IF(ZJ-)I2>é - (Z |F(wj)|2>; <dido|F|| VF e H

JEN JEN
where di and do are defined as:
° d% = sup; f]HI k(271 - 2j) — k(2! ~wj)| dm(z)

o di =sup, Y enlk(z7" - 2) — k(=" w))]

Proof. Calculating directly we have that:

(= rwm?)% (= rF<wj>\2)% = Rl = (w351

jEN jEN
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where || - ||2 means the {*norm, thinking (F' (zj))j as a succession.
IF )i lla=I(F (wi))jllz| < NF(z7) = Fw;);lle

:‘ (/HF(z)k:(z_l -zj)dm(z)—/HF(Z)k(Z_l -wj)dm(2)>
(

Ill2

L FrG 2~ K6 wy)] (o))

NI

N

-Z (/H [F)|k(z"" - 25) = k(z7" - wy) dm(z)>2

jEN

where we have introduced the absolute values inside the integral because we will
use Schwartz inequality. We can bound the former equation by:

L;I/HU?(ZN |k(z7" - 2) — k(2™ .wj)|dm(z)/H|k(z_ c2) — k(2 ~wj)‘dm(z)]
We bound separately,

/H‘k:(z_l - zj) — k(z_1 -wj)‘ dm(z) < d%

On the other hand,

/H FR S [b (L 25) — k(e wy)| dim(z) < d3][F?

JEN
Joining both bounds we obtain the statement. O

Lemma 6.15. Let A = {z;}jen be a separated set, and we suppose that ¢ has
strongly integrable kernel.

For every € 30 such that if I' = {wj}jen fulfills that d(zj,w;) < 0 Vj then
dids < e, with dy and do defined as in[0.14)

Proof. First, we will see that we can make d; as small as we want if I is close
enough to A. But this is trivial, since we only have to observe that if |k(z)| is in-
tegrable |k(z~1)| also is, and that the translation operator is uniformly continuous
in L'(H).

We go now to bound dz. If a = sup;4; d(z, ;) is the separation constant of
A, we assume 0 < §, and it is fulfilled that d(w;,w;) > § Vi # j. That is, §
can be used as the separation constant for A as well as for I'. As a matter of fact



6.5. Sampling results. 147

A, ={z"1 z;}jen and T, = {z71 - w;}jen also have the same separation constant.
Here we can apply to prove that there is C'= C(%) such that dy < 2C'.

If we join both parts we see that ds is bounded by C' when we take small §,
and d; can be made as small as we wish taking § small enough. Therefore 3 such
that if d(z;, w;) < 6 Vj, it is fulfilled that didy < e. O

Remark. In these proofs we see that some of the calculations are simplifier due
to translations in H coinciding exactly with those that we apply to the functions.
But on the other hand they are more confusing because these are not commutative
and the structure of H is not as simple as that of C.

In theorem we saw that every sampling set was a finite union of separate
sets. Using the former results we can improve this statement. As in the Gabor
case, the idea is that a sampling set is an union of some very close sets. Lemmas
and [B.I4 say that closed sets give closed information about the functions.
That is, in a sampling non separated set there is repeated information.

Theorem 6.16. Let A = {2} en be a sampling set for the phase space of a wavelet
with strongly integrable kernel.
Then A contains a subset A C A such that A is a sampling and separated set.

Proof. As A is a sampling set we know by that it is a finite union of separated
sets, and that there are A, B > 0 such that for every F' € H it is fulfilled that:

AIFIP <Y IF(z)P < BIFI?
JEN

For every & (we think in a very small §) we can define A C A so that if A = {w; }ien,
it is fulfilled that:

o B(w;,8) NA = {w;}
o U;eN (B(wi,6) N A) =A
o |B(w;,6)NA| <N

where N is a constant that as a matter of fact can be bounded by the number
of separate sets that form A. We can make all this thanks to the fact that A is
a finite union of separated sets. That is, the one that we make is to define A so
that B(w;,d) only contains w; of the points of K, every z; € A is contained in
some B(w;, ) for some w; € /NX, and each one of these balls only contains a finite
bounded number of points of A. We can think that each z; belongs only to a
B(wj, d). This is not true, but we can assign an only w; to each z; when we work.
Taking this into account we can write A = U;en{wy, . .. ’szi}’ so that:
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o wl=w; €A
o wh g Nif k#1
o w} € B(w;,9)
o N; < NVi

e The sets {wf}évél are disjoint sets when we change 1.

With this notation we calculate:

N;
DUIFGE)P =] D 1P W)

zj€A wi€/~\k21
—be rwwﬂwmwmﬂ
w; EA k=1
N;
<N Y PP+ Y Y (IF@hP - 1FwhP?)
w;EA w; €N k=1

If we define w¥ = w! for N; < k < N we can write:

Zi( mwkzimmMmm
eA k=

wiek =1

N

ZE —DMM

k=1 "y, er w;EA

ﬁ%ﬁ fﬁ%wwﬂ
gymﬁﬂgwwf

We can bound the first bracket by 282 ||F||, since they are partial sums of A. To
bound the second bracket in absolute value, what we will make is to apply to
the sets {w”};en and {w} };en. This says that:

(j{:!Fﬁwa2> —-(j{:!Fﬁw3H2> < did§| F|

i€eN 1€EN

where k is not an exponent, it is an index, and d’f , dg come defined by:
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o (df)? = supjen [y [k(z7" - wf) — k(z7" - w])| du(z)
o (d5)% = sup,en Y jen k(27 - wf) — k(z71 - w})]
We define now:
e d; = sup, df
e dy = sup di
and we can bound independently of k:
1 1
2 2
(Z !F(wf)P) - <Z !F(wil)!2> < dids|| F|
ieN €N
Therefore, if we join all bounds we obtain:

N

> (1Ph)P —|PahP)

€N k=1

AFIP <Y PP < N Y IFw) +
JEN €N
SN |F(w;)|* + 2N B2 dydy | F||?
1€N

This implies
A —2NBY%dd;
O b < 37 P ()
€N
As N, A and B are fixed, applying and we see that there is ¢ small
enough such that A, defined at the beginning, fulfills that there are A’, B’ with:

A|FIP <) IF () < B'|IFIP?
1€EN

That is, Ais a sampling set. U
In this way we arrive to the same result than we had obtained in the Gabor case.

The following step is to compare the discrete measure with the continuum one in
order to demonstrate the existence of sampling sets and give sufficient conditions.

Lemma 6.17. Let A = {z;}en be a set that fulfills that Vj 3V; C H (open) so
that H = UjENVj, with z; € V; and UjEszl -V; CV compact and symmetrical
(around i), V; N\ Vi, = 0. Then it fulfills that:

171 (2 Cj!F(Zj)\2>%

jEN

< didy|P|

where:



150 6. Wavelets.

o & = (supeey fis |k(z - €) — k(2)] du(2))"/?

1/2
o dy = (supyep Xjen Jy, Ik(w - 2) = k(w2 dp(z) )
and c; is the (hyperbolic) area of Vj.

Proof. Calculating directly:

1 2
\IF\I—<ZCjIF(Zj)I2> 171 - [ x @1F e |H
JEN JEN
2 2
<|F ZXV WE ()| = Z(F(Z)—F(zj))Xw(Z)
JeN jeN
2
_ /H ST (F(2) = Fz))x(2)| dm(2)

jeN

We introduce here the reproduction formula for writing this last term as:

J

We apply Schwartz inequality to bound:

/ [ R
</H|k(w1 2) = k(w™ - z)] dm(w)>; ij(z)r dm(z)

As the V; are disjointed sets, we can introduce the square in the integral and we

2

> [/H F(w)(k(w™" - 2) — k(w™" - 2;)) dm(w)} i (2)] dm(2)

jEN

jEN

simplify the expression a bit:

/Z[/ [P ) [k(w™" - 2) = k(w™ - 2))|xv; () dm(w)

JEN
/{kz(w_l cz) — k(w™ ‘XV ) dm(w) | dm(z)
H

We sort out in parts. The second integral can be bonded by:

/H‘k:(w1 z) —k(w™t- zj){ dm(w) :/ {k:(fl 2j2) — k(til){ dm(t)

<sup/v<:ts () dm(t) = (d))?

£ev
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For the first one we make

| S IP )Pl 2) = kw2l (2) dm(u) dm()

JEN

AL !Z/\k kw2 i) dm(w)

JEN

< /H |F(w)|? sup [Z |/<: (w-2) = k(w - z;)| dm(z) | dm(w)

weH
<(d2)?|F|?

that is what we want to prove. O

Theorem 6.18. Let H be a phase space of a wavelet 1 with strongly integrable
kernel. There is 6 such that if A = {z;},en is a separate set fulfilling the conditions
of [6-17] with V' contained in B(0,0), then A is a sampling set for H.

Proof. What we will make is to bound d}, and to make d] as small as we want in
BI7 For db, we fix w € H and we have that:

Z/ ‘k:w z) — k(w - 2 ‘dm <Z/ |k(w - z)| dm(z) —|—Z|V||k:w Z;)|

JEN jEN jEN
S+ SVl [ MKl dm:)
jEN
=kl + MK

if § < 1. Therefore dy < (||k|l1 + | Mk|1)"/2.
By the continuity of the translation operator in L' (H) we can deduce that if &

is small enough we can achieve d} < e for any £ > 0. Therefore applying we
have that:

171 - (o) )

JEN

< e(lkl + M) 2 F)

We take & such that e(||k||; + ||ME||1)"/? < 1 and we obtain:

(1= <kl + Ik ) 171 <(S il )

jEN

1
< (1 (Ul + 1ME) ) 17
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Now we only have to define A and B so that

(1 =l + Iazkg) )’

SUPj{Cj}
1\ 2
(1 =(Ukll + 10k]) )
- infj{c;}
to obtain:
AIFI? < Y IF(z)? < BIIF|?
JEN
Both sup;{c;} and inf;{c;} are bounded and greater that 0. O

Remark. We have not used for the right inequality.

Now we will give a simpler way to recognize the sets that are under the condi-

tions of B.14l

Lemma 6.19. Let A = {z;}cn be a separate set such that 36 with the property
that Vz € C, B(z,6) N A # (.
Then T fulfills the conditions of [6.14

Proof. As A is a separated set we only have to see that 3V} open, with V;NV, = 0 if
j#k H= UJGNVJ, z;l -V; C V compact and symmetric, with | Njen z;l -Vj| > 0.
We define, if ¢ is the separation constant of A, b; = B(z;,5), Bj = B(z;,0).

J
We now define the V;:
o Vi =Bi\Ujz b

-1

o Vi = B\ (Ujzrbj) U (UleB@-)
We observe that in each compact of H all these unions and intersections are finite,
and therefore the union of closed sets is closed. This says that the V; are all open
sets, and for construction they are disjoint.

As B; C u{c:le, and every z is in some Bj, we have that UjeNVj = H, and
as V; C B = zj_l -V C zj_l -B; = B(i,j) € B(i,0) compact and symmetric,
and also for construction we have that B(ic/2) C zj_l - V; and we obtain the last

condition. 0

Joining these two last results we obtain a sufficient totally geometric condition
for sampling sets, identical to the Gabor case.

Theorem 6.20. Let H be the phase space of a wavelet v with strongly integrable
kernel. There is § such that if A is a separate set such that B(z,0) N A # 0 Vz
then A is a sampling set for H.



6.5. Sampling results. 153

We have proved that a set dense enough (with points all over the plane) is a
sampling set, but we do not have any notion about what kind of sets (of which
density) can be sampling sets. That is, we know that a very dense set generates a
frame, but we ask if a set that generates a frame has to be bit dense.

From the point of view of regular nets, we have seen that we can find frames
for any selection of parameters, which makes us thinking that we will not have a
result of minimum density, but although this, we can say something.

We will see a theorem analogous to EI8, that allowed us to compare Gabor
systems coming from different functions and sets. The situation, however, is not
so good in the wavelet case.

We have to observe that, even though we are using the notion of density in an
informal way, we have not given any formal definition of this concept (only in the
case of the Poisson wavelet). As a matter of fact we will not give it, so that the
results that we will have will not be directly of comparison of densities.

We will not be concerned with the homogeneous approximation condition,
since we will compare systems coming from the same function, and it will not be

necessary.

Theorem 6.21. Let v be a wavelet with strongly integrable kernel and we suppose
that W (1, T) is a Riesz basis and W (¥A) a frame of L*(R) with T' = {2;}en and
A ={w;};en separated sets of H.

Then for every a,r,e there is R such that:

(1 —¢)|B(a,7)NT| <|B(a,r + R)NA| (6.8)

Proof. Following the proof of we consider a € H. We define V,.(a) as the space
generated by:
{t.; : 2z € B(a,7) NT}

and we define W,.(a) as the space generated by:
{w, 1w € B(a,r) N A}

The balls and the radius that we consider are hyperbolic.
We consider the selfadjoint and positive operator T': V;.(a) — V,.(a) defined as
the composition of projections:
T = PVT (a) o) PW

r+r(a)

As W(9,T") is a Riesz basis, there are functions ¢; € H such that:

(Y2, P1) = 054
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These ¢; also form a Riesz basis. Therefore they are uniformly bounded in norm.
The former arguments imply that:

Tr(T)= > (T(@). )= D> (. — (T(Ws,) — ¥s,. 65)]

z;€B(a,r)NT z;€B(a,r)NT
> (1= Csup | T(¥z,) — vz 1) |Ba,r) N T
J

where C' is the upper bound of the norms of the ¢; and |A| is the cardinal of A if
A is finite.

We observe that the rank of T can not be greater than the dimension of
W,4r(a) and we have the estimation:

Tr(T) < dim W, g(a) < |B(a,r + R|NA)
Therefore we arrive to the inequality:

(1= Csup | T(,,) — s, ]1)[Bla,r) NT| < |Bla,r + R)N A
J

We have to see that if we choose R big enough we can make sup; [|T'(¢.;) — ¥, ||
as small as we want. To see this we observe that:

1T (02, = oy = | Pt o (P, ) (82,)) = Prncay ()| < 1P,y (882,) = 65

That is, we have to make || Py, , . (a))L (¥2;)]| small. If we use that {ty, }ren is a

frame, we can see that, using the dual frame, P, ra)* 1 (%z;) can be written as:

Py, pan (V=) = > APw nays ©z,)s Y, )On

keN

where the {bvk’s are the elements of the dual frame. Now we observe that:

<P( Wy r(a))+ (wzj) wwk> =

if wi, € B(a,r + R). In this way we have the former sum left:

> (P, ma (V) Puy ok

W EA,wkéB(a,T-i-R)

The {bvk’s are bounded in norm, therefore we have the bound:

1P, ¢ n(ay+ ()1 < > (25 Y )| = > k(27w

kaA,wk¢B(a,T‘+R) kaA,wk¢B(a,T‘+R)
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As 1) has strongly integrable kernel we obtain the following inequality:

> k(25! - w)| < C || My, my)e
wrEN,wr¢B(a,r+R)

1

where C only depends on A and on 1, but not on z;. We have also used that
z; € B(a,r). Now, if we take R big enough we have the bound that we wanted.
Therefore for every a,r, e there is R such that:

(1 —-¢)|B(a,7)NT| < |B(a,r+ R)NA]
that it what we want to prove. ]

If now we attempt to deduce a result of density as in we have the problem
that the hyperbolic area of a ball of radius r is 47 (sinh %)2 and we see that:

. (sinh )2
lim ———re
r—oo (sinh ~5*)

£1

This does not allow us to transform (G.8)) in an inequality among densities as in the
Gabor case. However, [E8) allows us to say that we will always have a minimum
of points in balls big enough.

6.6 An interpolation result.

In this section we will give an interpolation result in phase spaces as in B.22]
inspired also in [Dya94].

Theorem 6.22. Let v be an admissible wavelet with integrable reproductive kernel
k. Then there is Ry such that every set A = {zp}ren with separation constant
greater than 2Ry is an interpolation set for H, the phase space of 1.

This Ry is the minimum R such that:

1
[ @ldu) > 5kl
B(i,R)

and if R = Ry the former integral is equal to %Hk”l by continuity.

Proof. We remember that a set A = {z;}jen € H is an interpolation set for
Hy = H if for any succession of values (a;);en € [? there is a function F € H such
that F'(z;) = a; V5 € N. This is equivalent to see that there is F' € H such that:

/HF(Z)]{?(Zl - 2z5)dm(z) = (F,k;;) = a; VjeN (6.9)
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If we have a function ¢ € L2( ) we have that:
/ o(w L.o2ydm(w) e H

As a matter of fact gb is the orthogonal projection of ¢ in H. If we observe that:

<¢7 kzj> - <$7 kzj> VjeN

we see that to solve the problem (GU) for a function F' € H is equivalent to find
a ¢ € L?(H) such that:

/Hqﬁ(z)k(z_l - z;)dm(2) = (b, kz;) = a; VjieN (6.10)

This is not strange, since the fact that A = {z;}jen is an interpolation set is
equivalent to the set of functions {k., }jen being linearly independent. This fact
does not depend on if our looking at it in H or in every L?(H).

Therefore we have to check out that if A fulfills the conditions of the statement
we can assure that for every succession (a;);en there exists ¢ € L*(H) that solves
6T,

To study this problem we call:
o= [ k()| dm(z) = K],
H
Given a succession (cg)ren € 12, we define the following function:
o0
=y 2k
Q@
k=1
where the By will be balls of center z; and radius R > Ry, half of the separation

constant of A. We define % =1if k, (2) = 0. As the By, are disjoint we have
2, (2

that f € L2(H). If now we calculate we see that:

(f,kz;) Z bikck

XBk (Z)

zk

with the bj;, defined as:

= [ L)
ik —
B, @ kg, (2)

We define the following operator:

T:12 — 2

(k) — <i bjkck)

k=1
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To see that this operator is bounded we only have to calculate:

(el =3[ brece \Z(Db]k@w]kncm)
k=1

j=1"k=1

Now, on one hand we see that:

© e k(z7L. k(271 2)
> (bl = LD )dm(z) <1
k=1 B k(z - 2) @
On the other hand we have that:
SO lbjalleel® =" lerl* D 1bjl
j=1k=1 k=1 i=1
0 0 k(z, E(z! 2
=S laPY|[ Wy NS 2
k=1 =11/ B k(2 ) o
e’} e’} k Zfl
<Z\ck122/ G, )'dm<z>
k=1 j:l By, @

m(w) < l(er)el®

Therefore the operator 1" has norm less or equal to 1. The following step is to check
out that this operator is invertible. We will see this checking that ||[Id — T'|| < 1.

Z ik — bjk)ck

k=1

< sup Z<Z|5jk jk|Z|5jk —bjk||0k|2>
k=1

(er)ll=1 =1 \=1

2

=TI = s 3

lew)kll=1 121

We have to look at this expression in parts. We observe first that b;; > 0 and it
does not depend on j and that >, |bjx| < 1 and >, [bjx| < 1. Taking this into
account we see that when j is fixed:

D165k = bjel = 1= 2bj; + > [bjl < 2(1 — b)
k=1

k=1

On another part, when k is fixed, we can bound:

> 105k = bjkl = 1= 20 + > [bjil < 2(1 — by
j=1

J=1
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We call 8 = b;;, which we remember that it does not depend on j. Now we add
up this bound to arrive to:

Hd =T| <2(1-7)

Therefore we need that G > % After making a change of variable, the definition
of 3 is the following one:

1
= — k(z)|d

As we had chosen R > Ry it is fulfilled that 5 = S(R) > % If we are in these
conditions (a;)jen € [* we have that the operator 7 is invertible. That is, for every
succession it exists another succession (cx)ren € [2 such that T'((ck)ken) = (a;)jen-
This says that for every succession (a;);en € [? there exists a function f € L?(H)
such that:

(f(2),k(z; " 2)) =a; VjeN

For that we have commented on formerly we can think that f belongs to H. [

As in the Gabor case, these sets correspond with Riesz bases of the subspace
that they generate.
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