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Chapter 1

Wh y is water wet?

Statistical mechanics is the attempt to explain the properties of matter from �rst principles.
In the framework of the phenomenological theory of energyand matter, in Thermodynamics,

theseproperties were measuredand interrelated in a logically consistent manner. The resulting
theoretical body allowed scientists to write up exact relations between measured properties.
However, as long as the molecular or atomic nature of matter was not included in the theory, a
complete prediction of the numerical valuesof theseobservableswas impossible.

To take an example: the entropy di�erence S1;2 between two states of a system was opera-
tionally de�ned as the integral S2 � S1 �

R2
1 dQ=T (assuminga reversiblepath from 1 to 2), but

the numerical value of S could not be predicted even for an ideal gas. Similarly, thermodynamic
reasoningshows that the di�erence between the speci�c heats CP and CV must exactly equal
CP � CV = TV� 2=� T , where � and � T are the expansionscoe�cien t and the isothermal com-
pressibility, respectively; but a speci�c value for CP or CV cannot be predicted.

Let us dream for a moment: what if we could calculate, say, the entropy S of a pieceof matter
on the basis of microscopic considerations? Assuming we could �nd an explicit expressionfor
S(E ; V ) { entropy as a function of energyand volume { then this would give us accessto all the
richesof thermodynamic phenomena.All wewould haveto do is takethe inversefunction E(S;V )
and apply the thermodynamic relations T � � (@E=@S)V , CV � (@E=@T)V , P � � (@E=@V)S

etc.

Our project then is to describe the mechanics of an assembly of many (� 1024) particles with
mutual interactions. The only way to do this is by application of statistical methods: a rigorous
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analysis of the coupled motions of many particles is simply impossible.
It should be noted, however, that with the emergenceof fast computing machines it became

possibleto perform numerical simulations on suitable model systems. It is sometimessu�cien t
to simulate systemsof several hundred particles only: the properties of such small systemsdi�er
by no more than a few percent from those of macroscopicsamples. In this manner we may
check theoretical predictions referring to simpli�ed { and therefore not entirely realistic { model
systems. An important example are \gases" made up of hard spheres. The properties of such
gasesmay be predicted by theory and \measured" in a simulation. The importance of computer
simulation for research does not end here. In addition to simple, generic models one may also
simulate more realistic and complexsystems. In fact, somemicroscopicproperties of such systems
are accessibleneither to direct experiment nor to theory { but to simulation.

In the context of this course simulations will be used mainly for the visualisation of the
statistical-mechanical truths which we derive by mathematical means. Or vice versa: having
watched the chaotic bu�eting of a few dozensimulated particles we will courageouslyset out to
analysethe essential, regular features hidden in that disorderly motion.

Thus our modest goal will be to identify a microscopic quantit y that has all the properties
of the thing we call entropy. For a particularly simple model system, the ideal gas,we will even
write down an explicit formula for the function S(E ; V ). Keeping our eyes open as we take a
walk through the neat front yard of ideal gas theory, we may well learn something about other,
more complex systemssuch as crystals, liquids, or photon gases.

The grown-up child's inquiry why the water is wet will have to remain unanswered for some
more time. Even if we reformulate it in appropriate terms, asking for a microscopic-statistical
explanation for the phenomenonof wetting, it exceedsthe frame of this intro ductory treatment.
{ And so much the better: curiosity, after all, is the well spring of all science.

1.1 A quic k resum �e of thermo dynamics

� Thermo dynamic state | State variables
We can describe the state of a thermodymic systemuniquely by specifying a small number
of macroscopicobservables(state variables ) X i :
amount of substance(in mol) n; pressureP; volume V; temperature T ; internal energyE;
etc.

Equations of state of the form Form f (X 1; X 2; ::) = 0 serve to reduce the number of
independent state variables:
PV = nRT; E = n CV T (ideal gas); (P + an2=V2)(V � bn) = nRT (real gas; Van der
Waals); etc.

� First Law
Joule 's experiment (heat of friction: stirring water with a spindle driven by a weight)
provedthat heat is a form of energy. Mechanical energy(W ) and heat (Q) may beconverted
both ways. Following generalcustomweassigna positivesign to mechanical work performed
by the system, while heat is counted positive when it is fed into the system. The law of
energy conservation then reads, taking into account the internal energyE,

dE = dQ � dW (1.1)

Frequently the mechanical energyoccursin the form of "v olume work", i.e. work performed
against the ambient pressurewhen the systemexpands: dW = P dV (piston lifting weight).
It should be noted that E is a state variable, while Q and W may depend not only on the
state of the system but also on the way it has reached that state; we may stress this by
using the notation dE = �dQ � �dW.1

Internal energy of an ideal gas: The expansionexperiment (also by Joule : expandair from
1Quantities such as Q and W are often called process variables.
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one bottle into an additional, evacuated bottle) demonstratesthat E idG = CV T, meaning
that the internal energyof an ideal gasdependsonly on the temperature T . (Do not confuse
this with Joule and Thompson's throttling experiment, which relates to real gases.)

Since � W = 0 we have � E = � Q; but as T2 = T1 (empirical fact) there follows
� Q / � T = 0. Thus � E = 0. However, since the volumes of �nal and initial state
di�er, the internal energy E cannot depend on V . In other words, for an ideal gas the
formula E = E(V; T) readssimply E = E(T).

We know even more about E(T). Feedingenergy to the gas in an isochoric way, i.e. with
V = const, is possibleonly by heating: � E = � Q = CV � T . Therefore we �nd, using the
empirical fact that CV = const, that E(T) = CV T.

� Thermal in teraction | Thermal equilibrium | Temp erature
Bringing two bodies in contact such that they may exchange energy, we will in general
observe a 
o w of a certain amount of energy in one direction. As soon as this 
o w has
ebbed o�, we have reached thermal equilibrium { by de�nition.
A measurablequantit y to characterizethis equilibrium state is the temp erature: [T1 = T2]eq

� Second Law
Not all transformations of energy that are in accordancewith the First Law are really
possible. The SecondLaw tells us which transformations are excluded. There are several
logically equivalent formulations:

Impossibleare those processesin which nothing happens but a complete trans-
formation of � Q into � W . [Kelvin]

Example: Expansion of a gas against a weighted piston; here we have a complete change
of � Q into

R
P dV, but the end state is di�eren t from the initial one (larger V ).

Impossibleare those processesin which nothing happensbut a transport of heat
� Q from a colder to a warmer reservoir. [Clausius]

Example: Heat pump; here we do transport � Q, but in order to do so we have to feed in
mechanical energy.

� Rev ersible pro cesses
If a processis such that the inversion of the arrow of time t � ! � t will again refer to a
possibleprocess,this processis called reversible.

It is a consequence of the Second Law that there are pro cesses whic h are not
rev ersible.

Example 1: Reversibleexpansion

Let an ideal gasexpandisothermally { i.e. with appropriate input of heat { againsta (slowly
diminishing!) weight. The internal energy of the gas remains constant, (E idG = n CV T),
and we have

� Q = � W =
Z

P(V ) dV = nRT
Z

1
V

dV = nRT ln
V2

V1
(1.2)

This processmay be reversed:by slowly increasingthe weight load on the piston and remov-
ing any excessheat to a thermostatted heat bath we may recompressthe gasisothermally,
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to reach the initial state again.

Example 2: Irr eversibleexpansion
Let an ideal gas expand into vacuum (Joule 's expansionexperiment). Result: T2 = T1,
therefore no changeof internal energy. In this caseno energyhas beenexerted and stored,
but the volume has increased.
Changing the direction of time doesnot produce a possibleprocess:the shrinking of a gas
to a smaller volume without input of mechanical energy doesnot occur.

� En trop y
A mathematically powerful formulation of the SecondLaw relies on a quantit y which is
de�ned as follows:

Let 1 � ! 2 be a rev ersible path from state 1 to 2. The di�erence of entropies is then
given by

� S � S(2) � S(1) =
Z 2

1

dQ
T

(1.3)

S has the following important properties:

� S is a state variable , i.e. in any particular physical state of a system the entropy
S has a well-de�ned value, independent of what happenedto the systembefore. This
value, however, is de�ned only up to an additiv e constant; the Thir d Law removesthis
ambiguit y by stating that S(T ! 0) = 0.

� � S >
R2

1 dQ=T in all irr eversibleprocesses.

� When a thermally isolated system is in equilibrium the entropy is at its maximum.

� Thus in a thermally isolated system (the universe being a notable special case) we
have dQ = 0 and therefore � S � 0, meaning that the entropy will never decrease
spontaneously.
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� As a consequenceof the First Law dE = T dS � P dV we have

dE
dS

�
�
�
�
V

= T (1.4)

But this meansthat we can describe thermal equilibrium in yet another way:
The 
o w of energy betweentwo bodies in contact will cometo an end when

dE
dS

�
�
�
�
1

=
dE
dS

�
�
�
�
2

(1.5)

� If two systemsare in thermal equilibrium then Stot = S1 + S2; entropy is additiv e
(extensive).

� En trop y applied:
By scrutinizing the entropy balancein a thermodynamic processwe may �nd out whether
that processis, according to the SecondLaw, a possibleone. In particular, we can easily
decidewhether the changeof state is reversible or not.

Example 1: Reversibleexpansion
In the former experiment the entropy of the gas increasesby the amount

� Sgas =
� Q
T

=
� W

T
= nR ln

V2

V1
(1.6)

At the sametime the heat reservoir delivers the energy � Q to the gas; this decreasesthe
reservoir's entropy by

� Sr es = �
� Q
T

= � nR ln
V2

V1
(1.7)

Thus the entropy of the combined system remains the same, and the reverse processis
possibleas well. =) reversible.

Example 2: Irr eversibleexpansion:
Let the initial and �nal states of the gasbe the sameas above. SinceS is a state variable
we have as before

� Sgas = nR ln
V2

V1
(1.8)

This time, however, no energy is fed in, which makes � Sr es = 0 and thus � Stot > 0.
The reverseprocesswould therefore give rise to a decreasein entropy { which is forbidden:
=) irr eversible.

� Macroscopic conditions and thermo dynamic poten tials
The thermodynamic state { the \macrostate" { of a gas is uniquely determined by two
independent state variables. Any of the two mechanical variables { P or V { may be
combined with oneof the two thermal variables { T or S { to describe the state. Of course,
the natural choice will be that pair of variables that is controlled, or monitored, by the
experimenter. For example, if a sampleof gasis contained in a thermostatized (T) cylinder
with a piston whoseposition (V ) is directly observed, the description in terms of (V; T) is
indicated. Then again, it may be the force on the piston, and not its position, which we
measureor control; the natural mechanical variable is then the pressureP. And instead
of holding the temperature constant we may put a thermal insulation around the system,
thus conserving its thermal energy or, by 0 = dQ = T dS, its entropy. To describe this
experimental situation we will of coursechoosethe pair (P; S). Let us considerthe possible
choices:
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* (S;V ): The system's volume and heat content are controlled. This may be done
by a thermally insulating the sample (while allowing for controlled addition of heat,
dQ = T dS) and manipulating the position of the piston, i. e. the samplevolume V .
The internal energy is a (often unknown) function of thesevariables: E = E(S;V ).

Now let the macrostate(S;V ) be changedreversibly, meaningthat we intro ducesmall
changesdS, dV of the state variables. According to the First Law, the changedE of in-
ternal energymust then be the net sum of the mechanical and thermal contributions:
dE(S;V ) = (@E=@S)V dS + (@E=@V)S dV. Comparing this to dE = T dS � P dV
we derive the thermodynamic (\Maxw ell's") relations P = � (@E=@V)S and T =
(@E=@S)V .

Special casedS = 0: For adiabatic expansionwe seethat the internal energy of the
gas changesby � E = �

R
P dV { just the amount of mechanical work done by the

gas.

The internal energy E(S;V ) is our �rst example of a Thermo dynamic Poten tial .
Its usefulnessstemsfrom the fact that the thermodynamic observablesP and T may
be represented as derivatives of E(S;V ). We will now consider three more of these
potentials, each pertaining to another choice of state variables.

* (V; T): The system'svolume and its temperature are controlled.
The appropriate thermodynamic potential is then the Helmholtz Free Energy de-
�ned by A(V; T) � E � TS. Using dA = dE � T dS � S dT = � P dV � S dT we may
derive the relations P = � (@A=@V)T and S = � (@A=@T)V .

Special casedT = 0: Considering a processof isothermal expansionwe �nd that now
the free energy of the gaschangesby � A = �

R
P dV { again, the amount of mechan-

ical work done by the gas.

This is worth remembering: the mechanical work done by a substance(not just an
ideal gas!) that is allowed to expand isothermally and reversibly from volume V1 to
V2 is equal to the di�erence between the free energiesof the �nal and initial states,
respectively.

* (T; P): Heat bath and force-controlled piston.

Gibbs Poten tial G(P; T) � A + PV : dG = dA + P dV + V dP = � S dT + V dP
=) S = � (@G=@T)P and V = (@G=@P)T .

Special casedT = 0: The basic experiment described earlier, isothermal expansion
against a controlled force (= load on the piston) is best discussedin terms of G: the
change � G equalssimply

R2
1 V (P; T = const) dP, which may be either measuredor

calculated using an appropriate equation of state V (P; T).

* (P; S): As in the �rst case,the heat content is controlled; but now the force acting on
the piston (and not the latter's position) is the controllable mechanical parameter.

De�ne the En thalp y H � E + PV: dH = dE + P dV + V dP = T dS + V dP
=) T = (@H=@S)P and V = (@H=@P)S .
Special case dS = 0: Again, the system may be allowed to expand, but without
replacement of the exported mechanical energy by the import of heat (adiabatic ex-
pansion). The enthalpy di�erence is then just � H =

R2
1 V (P; S = const) dP, which

may be measured. (In rare cases,such as the ideal gas, there may be an equation of
state for V (P; S = const), which allows us to calculate the integral.)
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The multitude of thermodynamic potentials may seembewildering; it should not. As men-
tioned before,they wereactually intro ducedfor convenienceof description by the \natural"
independent variables suggestedby the experiment { or by the machine design: we should
not forget that the early thermodynamicists were out to construct thermomechanical ma-
chines.

There is a extremely useful and simple mnemonic scheme,due to Maxwell, that allows us
to reproduce the basic thermodynamic relations without recourseto longish derivations:
Maxwell's square. Here it is:

Figure 1.1: Thermodynamics in a square: Maxwell's mnemonic device

� First of all, it tells us that A = A(V; T), E = E(S;V ), etc.

� Second,the relations between the various thermodynamic potentials are barely hidden {
discover the rules yourself: A = E � TS; H = E + PV; G = A + PV .

� Next, the eight particularly important Maxwell relations for the state variables V; T; P; S
may be extracted immediately:

V =
@H
@P

�
�
�
�
S

=
@G
@P

�
�
�
�
T

(1.9)

T =
@H
@S

�
�
�
�
P

=
@E
@S

�
�
�
�
V

(1.10)

P = �
@A
@V

�
�
�
�
T

= �
@E
@V

�
�
�
�
S

(1.11)

S = �
@A
@T

�
�
�
�
V

= �
@G
@T

�
�
�
�
P

(1.12)

� Using theserelations we may easilywrite down the description of in�nitesimal state changes
in the various representations given above. To repeat,

dE(V; S) = � P dV + T dS (1.13)

dA(V; T) = � P dV � S dT (1.14)

dG(P; T) = V dP � S dT (1.15)

dH (P; S) = V dP + T dS (1.16)

Chemical Poten tial: So far we have assumedthat the mass(or particle) content of the con-
sidered system was constant. If we allow the number n of moles to vary, another important
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parameter enters the scene.Generalizing the internal energychangeto allow for a substanceloss
or increase,we write

dE(S;V; n) = � PdV + TdS + �dn (1.17)

In other words, the chemical potential � quanti�es the energyincreaseof a systemupon addition
of substance,keepingentropy and volume constant: � = @E=@njS;V . SinceS is itself dependent
on n another, equally valid relation is usually preferred:

� =
@G
@n

�
�
�
�
T ;P

(1.18)

The name given to this state variable stems from the fact that substancestend to undergo a
chemical reaction whenever the sum of their individual chemical potentials exceedsthat of the
reaction product. However, the importance of � is not restricted to chemistry. We will encounter
it several times on our way through statistical/thermal physics.

That thing called entrop y:

We now set a de�nite goal for this tutorial. From an analysisof the statistical properties
of many-body systemswe hope to �nd a microscopic correlate for the quantit y which
thermodynamicists intro duced under the name of En trop y.

Thus we will look out for a function S(E ; V ) that must have theseproperties:
Given two systems(e.g. ideal gases)with n1; V1; E1 and n2; V2; E2 = E � E1 which are
allowed to exchangeheat with the constraint that the total energyE remains constant:

� The regular 
o w of energy in one direction is to stop as soon as

dS
dE

�
�
�
�
E 1

=
dS
dE

�
�
�
�
E 2

(equilibrium)

� The �nal state shall be characterized by

S = S1 + S2 (additivit y)

If we succeedin �nding such a S(E ; V ), we can in principle use the inverse function
E(S;V ) and the relations (@E=@V)S = � P etc. to build up thermodynamics from �rst
principles!

1.2 Mo del systems

Statistical physics must make use of models. To simplify matters we sometimesinvoke crudely
simpli�ed imagesof reality, which may seemto render the results of theory useless. However,
many fundamental statements are all but independent of the particular model system used in
their derivation. Instead, they are consequencesof a few basic properties common to all many-
body systems, and of the laws of statistics. Thus the following models should be understood
primarily as vehiclesfor demonstrating statistical-mechanical predictions.

� STADIUM BILLIARD
This model, intro ducedby Bunimovich and Sinai, will serveus to demonstratethe existence
of chaos even in quite small systems. Chaos, it must be understood, is a fundamental
prerequisite for the application of statistical rules. It is a basic property of chaotic systems
that they will acquire each one of a certain set of \states" with equal probabilit y, i.e. with
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equal relative frequency. It is this \equal a priory probabilit y" of states which we needto
proceedinto the heart of Statistical Mechanics.

The stadium billiard is de�ned asfollows. Let a \ligh t ray" or \mass point" move about in a
two-dimensionalcontainer with re
ecting or ideally elastic walls. The boundarieshaveboth

at and semicircular parts, which gives rise to an e�cien t mixing of the 
igh t directions
upon re
ection. Such a system is chaotic, meaning that the motional degreesof freedom
f vx ; vy g exhibit a uniform probabilit y distribution. Since we have v2

x + v2
y = const the

\phase points" describing the momentary motion are distributed evenly over the periphery
of a circle. The model is easily extended into three dimensions;the velocity then has three
components, energy conservation keepsthe phase points on the surface of a sphere, and
equal a priory probabilit y (or chaos) meansthat the distribution of points on this \energy
surface" is homogeneous{ nowhere denseror thinner than elsewhere.

Sim ulation: Stadium Billiard in 2 Dimensions

Figure 1.2: Applet St adium

{ Seethe tra jectory of the particle (ray); note the frequencyhistograms for 
igh t direction
� � arctan(vy =vx ) and x-velocity vx .
{ \Chaos" is demonstrated by simultaneously starting a large number of tra jectories with
nearly identical initial directions: ! fast emergenceof equidistribution on the circle v2

x +
v2

y = const.
[Code: Stadium]

Figure 1.3: Applet VarSinai
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Figure 1.4: Quantum particle in a 2-dimensionalbox: nx = 3, ny = 2

Sim ulation: Sinai Billiard
{ Ideal one particle gasin a box having randomizerson its walls
{ Seethe tra jectory of the particle (ray); note the frequencyhistograms for 
igh t direction
� � arctan(vy =vx ) and x-velocity vx

[Code: VarSinai]

� CLASSICAL IDEAL GAS
N particles arecon�ned to a volumeV . There areno mutual interactions betweenmolecules
{ except that they may exchangeenergyand momentum in someunspeci�ed but conserva-
tiv e manner. The theoretical treatment of such a systemis particularly simple; nevertheless
the results are applicable, with somecaution, to gasesat low densities. Note that air at
normal conditions may be regardedan almost ideal gas.

The momentary state of a classicalsystemof N point particles is completely determined by
the speci�cation of all positions f ~r i g and velocities f ~vi g. The energy contained in the sys-
tem is entirely kinetic, and in an isolated systemwith ideally elasticwalls remainsconstant.

� IDEAL QUANTUM GAS
Again, N particles are enclosedin a volume V . However, the various states of the system
are now to be speci�ed not by the positions and velocities but according to the rules of
quantum mechanics. Considering �rst a single particle in a one-dimensionalbox of length
L . The solutions of Schroedinger'sequation

H 	( x) = E 	( x) with H � �
~2

2m
r 2 (1.19)

are in this case	 n (x) = (1=
p

L) sin(2� nx=L ), with the energyeigenvaluesEn = h2n2=8mL 2

(n = 1; 2; : : :).

In two dimensions{ the box being quadratic with side length L { we have for the energies

E~n =
h2

8mL 2 (n2
x + n2

y ) (1.20)

where ~n � f nx ; ny g. A similar expressionmay be found for three dimensions.
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If there are N particles in the box we have, in three dimensions,

EN ;~n =
h2

8mL 2

NX

i =1

[n2
ix + n2

iy + n2
iz ] (1.21)

where n ix is the x quantum number of particle i .

Note: In writing the sum 1.21we only assumedthat each of the N particles is in a certain
state ~n i � (n ix ; niy ; niz ). We have not consideredyet if any combination of single particle
states ~n i (i = 1; : : : ; N ) is indeed permitted, or if certain ~n i ; ~n j might exclude each other
(Pauli priciple for fermions.)

� HARD SPHERES, HARD DISCS
Again we assumethat N such particles are con�ned to a volume V. However, the �nite-size
objects may now collide with each other, and at each encounter will exchangeenergy and
momentum according to the laws of elastic collisions. A particle bouncing back from a wall
will only invert the respective velocity component.

At very low densities such a model system will of course resemble a classical ideal gas.
However, sincethere is now a { albeit simpli�ed { mechanism for the transfer of momentum
and energythe model is a suitable referencesystemfor kinetic theory which is concerned
with the transport of mechanical quantities. The relevant results will be applicable as �rst
approximations also to moderately densegasesand 
uids.

In addition, the HS model has a special signi�cance for the simulation of 
uids.

Sim ulation: Hard discs
{ \Gas" of hards discs in a square box with re
ecting walls. To achieve chaos
even with a single moving particle the walls are decoratedwith \randomizers", i.e.
re
ecting semicircles.
The motion of 1; 2; : : : N particles is followed. [Code: Harddisks]
{ Displayed: tra jectory; frequencyhistogramsfor 
igh t direction � � arctan(vy =vx )
and x-speedvx .
[Code: Harddisks]

Figure 1.5: Applet Harddisks
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Sim ulation: Hard spheres
{ \Gas" of N hard spheresin a cubic box with re
ecting walls. To achieve chaos
even with a single moving particle the walls are decoratedwith \randomizers", i.e.
re
ecting semispheres.
The motion of 1; 2; : : : N particles is followed.
{ Displayed: tra jectory; frequencyhistogramsfor 
igh t direction � � arctan(vy =vx )
and x-speedvx .
[Code: Hspheres]

Figure 1.6: Applet Hspheres

) Sim ulation 1.4: N hard discs in a 2D box with perio dic boundaries. [Code:
Hdiskspbc, UNDER CONSTRUCTION]

� LENNARD-JONES MOLECULES
This model 
uid is de�ned by the interaction potential (see�gure)

U(r ) = 4� [(r=� ) � 12 � (r =� ) � 6] (1.22)

where � (potential well depth) and � (contact distance) are substancespeci�c parameters.

In place of the hard collisions we have now a continuous repulsive interaction at small
distances; in addition there is a weak attractiv e force at intermediate pair distances. The
model is fairly realistic; the interaction between two rare gas atoms is well approximated
by equ. 1.22.

The LJ model achieved great importance in the Sixties and Seventies, when the micro-
scopicstructure and dynamics of simple 
uids wasan all-important topic. The interplay of
experiment, theory and simulation proved immensely fruitful for laying the foundations of
modern liquid state physics.

In simulation oneoften usesthe so-called\p eriodic boundary conditions" instead of re
ect-
ing vesselwalls: a particle leaving the (quadratic, cubic, ...) cell on the right is then fed in
with identical velocity from the left boundary, etc. This guaranteesthat particle number,
energyand total momentum are conserved, and that each particle is at all times surrounded
by other particles instead of having a wall nearby. The situation of a moleculewell within
a macroscopicsample is better approximated in this way.

Sim ulation: Lennard-Jones 
uid
N Lennard-Jonesparticles in in a 2d box with periodic boundary conditions.
[Code: LJones]
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Figure 1.7: Lennard-Jonespotential with � = 1 (well depth) and � = 1 (contact distance where
U(r ) = 0). Many real 
uids consisting of atoms or almost isotropic moleculesare well described
by the LJ potential.

Figure 1.8: Applet LJones

� HARMONIC CR YST AL
The basic model for a solid is a regular con�guration of atoms or ions that are bound
to their nearestneighbors by a suitably modelled pair potential. Whatever the functional
form of this potential, it may be approximated, for small excursionsof any oneparticle from
its equilibrium position, by a harmonic potential. Let l denote the equilibrium (minimal
potential) distance betweentwo neighbouring particles; the equilibrium position of atom j
in a one-dimensionallattice is then given by X j = j l . De�ning the displacements of the
atoms from their lattice points by x j we have for the energy of the lattice

E(~x; _~x) =
f
2

NX

j =2

(x j � x j � 1)2 +
m
2

NX

j =1

_x2
j (1.23)

where f is a force constant and m is the atomic mass.

The generalization of 1.23 to 2 and 3 dimensionsis straightforward.
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The further treatment of this model is simpli�ed by the approximate assumption that each
particle is moving independently from all others in its own oscillator potential: E (~x; _~x)
� f

P N
j =1 x2

j +( m=2)
P N

j =1 _x2
j . In going to 2 and 3 dimensionsone intro ducesthe further

simplifying assumption that this private oscillator potential is isotropically \smeared out":
Epot (f x; y; zg) � f

P N
j =1 (x2

j + y2
j + z2

j ). The model thus de�ned is known as the \Einstein
model" of solids.

� MODELS FOR COMPLEX MOLECULES
Most real substancesconsist of more complex units than isotropic atoms or Lennard-Jones
type particles. There may be several interaction centers per particle, containing electrical
charges,dipolesor multip oles,and the units may be joined by rigid or 
exible bonds. Some
of thesemodels are still amenableto a theoretical treatment, but more often than not the
methods of numerical simulation { Monte Carlo or molecular dynamics { must be invoked.

� SPIN LA TTICES
Magnetically or electrically polarizablesolidsareoften describedby modelsin which \spins"
with the discrete permitted values� i = � 1 are located at the vertices of a lattice.

If the spins have no mutual interaction the discrete states of such a system are easy to
enumerate. This is why such modelsare often usedto demonstrateof statistical-mechanical
{ or actually, combinatorical { relations (Reif: BerkeleyLectures). The energyof the system
is then de�ned by E � � H

P
i � i , where H is an external �eld.

Of more physical signi�cance are those models in which the spins interact with each other,
For example, the parallel alignment of two neighboring spins may be energetically favored
over the antiparallel con�guration (Ising model). Monte Carlo simulation experiments
on systemsof this type have contributed much to our understanding of the properties of
ferromagnetic and -electric substances.

1.3 Fundamen tals of Statistics

By statistics we denotethe investigation of regularities in apparently non-deterministic processes.
An important basic quantit y in this context is the \relativ e frequency" of an \event". Let us
consider a repeatable experiment { say, the throwing of a die { which in each instance leads to
one of several possible results e { say, e � numberof points = 4. Now repeat this experiment
n times under equal conditions and register the number of casesin which the speci�c result e
occurs; call this number f n (e). The relative frequencyof e is then de�ned as r (e) � f n (e)=n.

Following R. von Mises we denote as the \probabilit y " of an event e the expected value of
the relative frequency in the limit of in�nitely many experiments:

P(e) � lim
n !1

f n (e)
n

(1.24)

Example: Game die; 100-1000trials; e � f no:of points = 6g, or e � f no:of points
� 3g.

Now, this de�nition does not seemvery helpful. It implies that we have already done some
experiments to determine the relative frequency, and it tells us no more than that we should
expect more or lessthe samerelative frequencieswhen we go on repeating the trials. What we
want, however, is a recipe for the prediction of P(e).
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To obtain such a recipe we have to reducethe event e to so-called\elementary events" � that
obey the postulate of equal a priori probabilit y . Since the probabilit y of any particular one
among K possibleelementary events is just P(� i ) = 1=K , we may then derive the probabilit y of
a compound event by applying the rules

P(e = � i or � j ) = P(� i ) + P(� j ) (1.25)

P(e = � i and � j ) = P(� i ) � P(� j ) (1.26)

Thus the predictivecalculation of probabilities reducesto the coun ting of the possibleelementary
events that make up the event in question.

Example: The result � 6 � f no:of points = 6g is one among 6 mutually exclusive
elementary events with equala priory probabilities (= 1=6). The compound event e �
f no:of points � 3g consistsof the elementary events � i = f 1; 2or 3g; its probabilit y
is thus P(1 _ 2 _ 3) = 1=6 + 1=6 + 1=6 = 1=2.

How might this apply to statistical mechanics? { Let us assumethat we have N equivalent
mechanical systemswith possiblestates s1; s2; : : : sK . A relevant question is then: what is the
probabilit y of a situation in which

e � f k1 systems arein state s1; k2 systems in state s2; etc:g (1.27)

Example: N = 60diceare thrown (or one die 60times!). What is the probabilit y that
10 dice each have numbers of points 1; 2; : : : 6? What, in contrast, is the probabilit y
that all dice show a \one"?

The sameexample,but with more obviously physical content:
Let N = 60 gasatoms be contained in a volume V , which we imagine to be divided
into 6 equal partial volumes. What is the probabilit y that at any given time we �nd
ki = 10 particles in each subvolume? And how probable is the particle distribution
(60; 0; 0; 0; 0; 0)? (Answer: seebelow under the heading \m ultinomial distribution".)

We can generally assumethat both the number N of systemsand the number K of accessible
statesare very large { in the so-called\thermo dynamic limit" they are actually taken to approach
in�nit y. This givesrise to certain mathematical simpli�cations.

Before advancing into the �eld of physical applications we will review the fundamental con-
ceptsand truths of statistics and probabilit y theory, focussingon events that takeplacein number
space,either R (real numbers) or N (natural numbers).

DISTRIBUTION FUNCTION
Let x be a real random variate in the region (a; b). The distribution function

P(x0) � P f x < x0g (1.28)

is de�ned as the probabilit y that some x is smaller than the given value x0. The function
P(x) is monotonically increasing and has P(a) = 0 and P(b) = 1. The distribution function is
dimensionless:[P(x)] = 1.

The most simple example is the equidistribution for which

P(x0) =
x0 � a
b� a

(1.29)
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Another important example, with a = �1 , b = 1 , is the normal distribution

P(x0) =
1

p
2�

Z x 0

�1
dx e� x 2 =2 (1.30)

and its generalization, the Gaussiandistribution

P(x0) =
1

p
2� � 2

Z x 0

�1
dx e� (x �h x i ) 2 =2� 2

(1.31)

where the parametershxi and � 2 de�ne an ensemble of functions.

DISTRIBUTION DENSITY
The distribution or probabilit y density p(x) is de�ned by

p(x0) dx � Pf x 2 [x0; x0 + dx]g � dP(x0) (1.32)

In other words, p(x) is just the di�eren tial quotient of the distribution function:

p(x) =
dP(x)

dx
; i:e: P(x0) =

Z x 0

a
p(x) dx (1.33)

p(x) has a dimension; it is the reciprocal of the dimension of its argument x:

[p(x)] =
1

[x]
(1.34)

For the equidistribution we have
p(x) = 1=(b� a); (1.35)

and for the normal distribution
p(x) =

1
p

2�
e� x 2 =2: (1.36)

If x is limited to discrete valuesx � with a step � x � � x � +1 � x � one often writes

p� � p(x � ) � x � (1.37)

for the probabilit y of the event x = x � . This p� is by de�nition dimensionless,although it is
related to the distribution density p(x) for continuous arguments. The de�nition 1.37 includes
the special casethat x is restricted to integer valuesk; in that case� x � = 1.

MOMENTS OF A DENSITY
By this we denote the quantities

hxn i �
Z b

a
xn p(x) dx or; in the discretecase; �

X

�

p� xn
� (1.38)

The �rst moment hxi is also called the exp ectation value or mean value of the distribution
density p(x), and the second moment hx2 i is related to the variance and the standard devi-
ation : variance � 2 = hx2 i � hxi 2 (standard deviation � = squareroot of variance).

Examples:
.) For an equidistribution � [0; 1] we have hxi = 1=2, hx2 i = 1=3 and � 2 = 1=12.
.) For the normal distribution we �nd hxi = 0 and hx2 i = � 2 = 1.
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Figure 1.9: Equidistribution and normal distribution functions P and densitiesp

SOME IMPOR TANT DISTRIBUTIONS

� Equidistribution: Its great signi�cance stems from the fact that this distribution is central
both to statistical mechanics and to practical numerics. In the theory of statistical-mechanical
systems,one of the fundamental assumptions is that all states of a system that have the same
energy are equally probable (axiom of equal a priori probabilit y). And in numerical computing
the generation of homogeneouslydistributed pseudo-randomnumbers is relatively easy; to ob-
tain di�eren tly distributed random variates oneusually \pro cesses"such primary equidistributed
numbers.

� Gauss distribution: This distribution pops up everywhere in the quantifying sciences.The
reason for its ubiquit y is the \central value theorem": Every random variate that can be ex-
pressedas a sum of arbitrarily distributed random variates will in the limit of many summation
terms be Gaussdistributed. For example,when we have a complex measuringprocedurein which
a number of individual errors (or uncertainties) add up to a total error, then this error will be
nearly Gaussdistributed, regardlessof how the individual contributions may be distributed. In
addition, several other physically relevant distributions, such as the binomial and multinomial
densities (seebelow), approach the Gaussdistribution under certain { quite common { circum-
stances.

� Binomial distribution: This discrete distribution describes the probabilit y that in n inde-
pendent trials an event that has a single trial probabilit y p will occur exactly k times:

pn
k � P f k times e in n trialsg

=
�

n
k

�
pk (1 � p)n � k (1.39)

For the �rst two moments of the binomial distribution we have hki = np (not necessarilyinteger)
and � 2 = np(1 � p) (i.e. hk2 i � hki 2).

Applica tion: Fluctuation processesin statistical systems are often described in
terms of of the binomial distribution. For example,considera particle freely roaming
a volume V . The probabilit y to �nd it at somegiven time in a certain partial volume
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Figure 1.10: Binomial distribution density pn
k

V1 is p(V1) = V1=V. Considering now N independent particles in V , the probabilit y
of �nding just N1 of them in V1 is given by

pN
N 1

=
�

N
N1

�
(V1=V)N 1 (1 � V1=V)N � N 1 (1.40)

The averagenumber of particles in V1 and its standard deviation are

hN1i = N V1=V and � �
p

(� N1)2 =
p

N (V1=V)(1 � V1=V): (1.41)

Note that for N p � 1 we have for the variance � 2 � � � hN1i � 1, meaning that the
population 
uctuations in V1 are then of the sameorder of magnitude (namely, 1) as
the mean number of particles itself.

For large n such that np >> 1 the binomial distribution approachesa Gauss distribution
with mean np and variance � 2 = npq (theorem of Moivre-Laplace):

pn
k ) pG (k) =

1
p

2� npq
exp[� (k � np)2=2npq] (1.42)

with q � 1 � p.
If n ! 1 and p ! 0 such that their product np � � remains�nite, the density 1.39approaches

pn (k) =
� k

k!
e� � (1.43)

which goesby the name of Poisson distribution .
An important element in the successstory of statistical mechanics is the fact that with

increasing n the sharpness of the distribution 1.39 or 1.42 becomesvery large. The relativ e
width of the maximum, i. e. � =hki , decreasesas 1=

p
n. For n = 104 the width of the peak is

no more than 1% of hki , and for \molar" orders of particle numbers n � 1024 the relative width
� =hki is already � 10� 12. Thus the density approaches a \delta distribution". This, however,
renders the calculation of averagesparticularly simple:

hf (k)i =
X

k

pn
k f (k) ! f (hki ) (1.44)
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or

hf (k)i �
Z

dk � (k � hki )f (k) = f (hki ) (1.45)

� Multinomial distribution: This is a generalizationof the binomial distribution to more than
2 possibleresults of a single trial. Let e1; e2; : : : ; eK be the (mutally exclusive) possibleresults
of an experiment; their probabilities in a single trial are p1; p2; : : : ; pK , with

P K
i pi = 1. Now do

the experiment n times; then

pn (k1; k2; : : : ; kK ) =
n!

k1!k2! : : : kK !
pk1

1 pk2
2 : : : pkK

K (with k1 + k2 + : : : + kK = n) (1.46)

is the probabilit y to have the event e1 just k1 times, e2 accordingly k2 times, etc.
We get an idea of the signi�cance of this distribution in statistical physics if we interpret the

the K possibleevents as \states" that may be taken on by the n particles of a system (or, in
another context, by the n systemsin an ensemble of many-particle systems). The above formula
then tells us the probabilit y to �nd k1 among the n particles in state e1, etc.

Example: A die is cast 60 times. The probabilit y to �nd each number of points just
10 times is

p60(10; 10; 10; 10; 10; 10) =
60!

(10!)6

�
1
6

� 60

= 7:457� 10� 5 : (1.47)

To compare, the probabilities of two other cases: p60(10; 10; 10; 10; 9; 11) = 6:778�
10� 5, p60(15; 15; 15; 5; 5; 5) = 4:406 � 10� 8. Finally, for the quite improbable case
(60; 0; 0; 0; 0; 0) we have p60 = 2:046� 10� 47

Due to its large number of variables (K ) we cannot give a graph of the multinomial distribu-
tion. However, it is easyto derive the following two important properties:
Approac h to a multiv ariate Gauss distribution: just as the binomial distribution ap-
proaches,for large n, a Gaussdistribution, the multinomial density approachesan appropriately
generalized{ \m ultiv ariate" { Gaussdistribution.
Increasing sharpness: if n and k1 : : : kK becomevery large (multiparticle systems;or ensem-
bles of n ! 1 elements), the function pn (k1; k2; : : : ; kK ) � pn (~k) has an extremely sharp
maxim um for a certain partitioning ~k � � f k �

1 ; k �
2 ; : : : ; k �

K g, namely f k �
i = npi ; i = 1; : : : ; K g.

This particular partitioning of the particles to the various possiblestates is then \almost always"
realized,and all other allotments (or distributions) occur very rarely and may safelybe neglected.

This is the basis of the metho d of the most probable distribution which is used with
great successin several areasof statistical physics.[2.2]

STIRLING'S FORMULA
For large values of m the evaluation of the factorial m! is di�cult. A handy approximation is
Stirling's form ula

m! �
p

2� m (m=e)m (1.48)

Example: m = 69 (Near most pocket calculators' limit): 69! = 1:7112 � 1098;p
2� � 69(69=e)69 = 1:7092� 1098.

The samename Stirling's form ula is often usedfor the logarithm of the factorial:

ln m! � m(ln m � 1) + ln
p

2� m � m(ln m � 1) (1.49)

(The term ln
p

2� m may usually be neglectedin comparisonto m(ln m � 1).)
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Example 1: ln 69! = 226:1905; 69(ln 69 � 1) + ln
p

2� � 69 = 223:1533+ 3:0360 =
226:1893.

Example 2: The die is cast again, but now there are 120 trials. When asked to
produce 120! most pocket calculators will cancel their cooperation. So we apply
Stirling's approximation:
The probabilit y of throwing each number of points just 20 times is

p120(20; : : : ; 20) =
120!

(20!)6

�
1
6

� 120

�
p

240�

" �
120
6e

� 20 1
20!

#6

= 1:350� 10� 5 ; (1.50)

and the probabilit y of the partitioning (20; 20; 20; 20; 19; 21) is 1:285� 10� 5.

STATISTICAL (IN)DEPENDENCE
Two random variates x1; x2 are statistically mutually independent (uncorrelated) if the distri-

bution density of the comp ound probabilit y (i.e. the probabilit y for the joint occurenceof x1

and x2) equalsthe product of the individual densities:

p(x1; x2) = p(x1) p(x2) : (1.51)

Example: In a 
uid or gas the distribution density for a single component of the
particle velocity is given by (Maxwell-Boltzmann)

p(v� ) =

r
m

2� kT
expf�

mv2
�

2kT
g; � = x; y; z (1.52)

The degreesof freedom � = x; y; z are statistically independent; therefore the com-
pound probabilit y is given by

p(~v) � p(vx ; vy ; vz ) = p(vx )p(vy )p(vz ) =
� m

2� kT

� 3=2
expf�

m
2kT

(v2
x + v2

y + v2
z )g (1.53)

By conditional distribution densit y we denote the quantit y

p(x2 jx1) �
p(x1; x2)

p(x1)
(1.54)

(For uncorrelated x1; x2 we have p(x2 jx1) = p(x2)).
The density of a marginal distribution describesthe density of oneof the variables regard-

less of the speci�c value of the other one, meaning that we integrate the joint density over all
possiblevaluesof the secondvariable:

p(x2) �
Z b1

a1

p(x1; x2) dx1 (1.55)

TRANSF ORMA TION OF DISTRIBUTION DENSITIES
From 1.32 we can immediately concludehow the density p(x) will transform if we substitute the
variable x. Given somebijective mapping y = f (x); x = f � 1(y) the conservation of probabilit y
requires

jdP(y)j = jdP(x)j (1.56)
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Figure 1.11: Transformation of the distribution density (seeExample 1)

(The absolute value appears becausewe have not required f (x) to be an increasing function.)
This leadsto

jp(y) dyj = jp(x) dxj (1.57)

or

p(y) = p(x)

�
�
�
�
dx
dy

�
�
�
� = p[f � 1(y)]

�
�
�
�
df � 1(y)

dy

�
�
�
� (1.58)

Incidentally , this relation is true for any kind of density, such as massor spectral densities,and
not only for distribution densities.

Example 1: A particle of massm moving in one dimension is assumedto have any
velocity in the range � v0 with equal probabilit y; so we have p(v) = 1=2v0. The
distribution density for the kinetic energy is then given by (seeFigure 1.11)

p(E) = 2p(v)

�
�
�
�

dv
dE

�
�
�
� =

1
2
p

E0

1
p

E
(1.59)

in the limits 0::E0, where E0 = mv2
0=2. (The factor 2 in front of p(v) comesfrom the

ambiguit y of the mapping v $ E).

Example 2: An object is found with equal probabilit y at any point along a circular
periphery; so we have p(� ) = 1=2� for � � [0; 2� ]. Intro ducing cartesian coordinates
x = r cos� , y = r sin � we �nd for the distribution density of the coordinate x, with
x � [� r ], that

p(x) = p(� )

�
�
�
�
d�
dx

�
�
�
� =

1
�

1
p

r 2 � x2
(1.60)

(seeFigure 1.12)

Problems equivalent to theseexamples:
a) A homogeneouslyblackenedglasscylinder { or a semitransparent drinking straw
{ held sideways against a light source: absorption as a function of the distance from
the axis?
b) Distribution of the x-velocity of a particle that can move randomly in two dimen-
sion, keepingits kinetic energyconstant.
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Figure 1.12: Transformation of the distribution density (seeExample 2)

) Sim ulation 1.6: Stadium Billiard. Distribution of the velocity component
vx . [Code: Stadium]

c) Distribution of the velocity of any of two particles arbitrarily moving in one di-
mension,keepingonly the sum of their kinetic energiesconstant.

For the joint probabilit y density of several variables the transformation formula is a direct
generalization of 1.58, viz.

p(~y) = p(~x)

�
�
�
�
d~x
d~y

�
�
�
� (1.61)

Here we write jd~x=d~yj for the functional determinan t (or Jacobian) of the mapping ~x = ~x(~y),

jd(x1; x2; : : :)=d(y1; y2; : : :)j =

�
�
�
�
�
�
�

dx1=dy1 dx1=dy2 : : :
dx2=dy1 dx2=dy2 : : :

...
. . .

�
�
�
�
�
�
�

(1.62)

Example 3: Again, let ~v � f vx ; vy ; vzg, and p(~v) as in equ. 1.53. Now we write ~w
� f v; �; � g, with

vx = v sin � cos�; vy = v sin � sin �; vz = v cos� : (1.63)

The Jacobian of the mapping ~v = ~v( ~w) is

jd(vx ; vy ; vz )=d(v; �; � )j =

�
�
�
�
�
�

sin � cos� � v sin � sin � v cos� cos�
sin � sin � v sin � cos� v cos� sin �

cos� 0 � v sin �

�
�
�
�
�
�

= � v2 sin �

(1.64)
Therefore we have for the density of the mo dulus of the particle velocity

p(v) �
Z 2�

0
d�

Z �

� �
d� v2 sin �

� m
2� kT

� 3=2
expf�

m
2kT

v2g (1.65)

= 4�
� m

2� kT

� 3=2
v2 expf�

m
2kT

v2g (1.66)
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1.4 Problems for Chapter 1

EXER CISES:

1.1 En trop y and irrev ersibilit y: (a) Two heat reservoirs are at temperaturesT1 and T2 > T1.
They are connectedby a metal rod that conducts the heat Q per unit time from 2 to 1. Do an
entropy balanceto show that this processis irreversible.

(b) Using the speci�c valuesT1 = 300K , T2 = 320K and Q = 10J , calculate the entropy increase
per second.

1.2 Rev ersible, isothermal expansion: Compute the entropy balance for the experiment
described (or shown) in the lecture, using estimated valuesof the necessaryexperimental param-
eters.
Discussthe role of the ideal gasassumption: is it necessary/ unnecessary/ convenient ?

1.3 Maxw ell square:
Draw up Maxwell's squareand useit to complete the following equations:
(a) G = A � : : :; (b) A = E � : : :;
(c) P = : : : = : : : (in terms of derivativesof A and E);
(d) dG = V dP � : : :.

1.4 Random directions in 2D: Using your favourite random number generator, sample a
number K � 50� 100 of angles� i (i = 1; : : : ; K ) equidistributed in [0; 2� ]. Interpret cos� i and
sin � i as the vx;y � components of a randomly oriented velocity vector ~vi with j~vi j = 1.
(a) Draw a histogram of the empirical probabilit y (i.e. event frequency) of p(vx ). Compare the
shape of your p(vx ) to the bottom right histogram in Applet Stadium (see1.2).
(b) Normalize the histogram such that a sum over all bins equals one. What is the value of
p(0:5)?

1.5 Binomial distribution: Suggestan experiment with given p and n. Perform the experi-
ment N times and draw an empirical frequencydiagram; comparewith 1.39.

1.6 Densit y 
uctuations in air:
(a) Calculate the mean number of molecules(not discerning betweenN2 and O2) that are to be
found at a pressureof 10Pa in a cube with a sidelength of the wave length of light (� 6�10� 7 m).
What is the standard deviation of the particle number, both absolutely and relative to the mean
particle number? (Air is to be treated as an ideal gasat normal temperature T0 = 273:15K .)
(b) Compute the value of the probabilit y density of the event N (� V ) = k � < N > , i. e. the
probabilit y of �nding an integer number k next to the mean number of particles in the sample
volume? (Hint: Don't attempt to evaluate factorials of large numbers, such as appear in the bi-
nomial distribution pn

k ; rather, usethat distribution which resembles pn
k when n becomeslarge.)

What is the probabilit y of �nding only 95 percent of the mean particle number in the sample
volume?

1.7 Multinomial distribution: A volume V is divided into m = 5 equal-sizedcells. The
N = 1000particles of an ideal gasmay be allotted randomly to the cells.
a) What is the probabilit y of �nding in a snapshotof the systemthe partitioning f N1; N2; : : : ; N5g?
Explain the formula.
b) Demonstrate numerically that the partitioning with the greatest probabilit y is given by
N i = N=m = 200. For example, compare the situations (201; 199; : : :), (202; 199; 199; : : :),
(202; 198; : : :), (205; 195; : : :), and (204; 199; 199; 199; 199) to the most probable one.
c) (1 bonus point) Prove analytically that N i = 200 is the most probable distribution. Hint:
minimize the function f (~k) � log pn (~k) under the condition

P
i ki = n.

1.8 Transformation of a distribution densit y: Repeat the calculation of Example 3 for the
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two-dimensionalcase,i.e. ~v � f vx ; vy g and ~w � f v; � g. Draw the distribution density p2D (v).

TEST YOUR UNDERST ANDING OF CHAPTER 1:

1.1 Thermo dynamic concepts:
{ What does the entropy balance tell us about the reversibilit y/irrev ersibilit y of a process?
Demonstrate, using a speci�c example.
{ Describe the processof thermal interaction between two bodies. When will the energy 
o w
stop?
{ Which thermodynamic potential is suited for the description of isothermal-isochoric systems?

1.2 Mo del systems:
{ Describe 2-3 model systemsof statistical mechanics.
{ What quantities are neededto completely describe the momentary state of a classicalideal gas
of N particles?
{ What quantities are neededfor a complete speci�cation of the state of a quantum ideal gas?

1.3 Statistical concepts:
{ Explain the concepts\distribution function" and \distribution density"; give two examples.
{ What are the moments of a distribution? Give a physically relevant example.

1.4 Equal a priori probabilit y: Explain the concept and its signi�cance for statistical me-
chanics.
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Chapter 2

Elemen ts of Kinetic Theory

Figure 2.1: Ludwig Boltzmann

In a dilute gas the moleculesare in free, linear 
igh t most of the time; just occasionally their

igh t will be interrupted by a collision with a single other particle. The result of such an event,
which in general may be treated as a classical elastic collision, is a change in the speedsand
directions of both partners. So it should be possibleto derive, from a statistical treatment of
such binary collisions, predictions on the properties of gases. This idea was the starting point
from which Ludwig Boltzmann proceededto develop his \Kinetic Theory of Gases".

First he de�ned a distribution densit y f such that f (~r ;~v; t) d~r d~v denotesthe number of
particles which at time t situated at ~r and have a velocity ~v. The 6-dimensional spaceof the
variables f ~r ;~vg has later beencalled \ � space".1

The evolution in time of the function f (~r ;~v; t) is then described by Boltzmann's Transp ort
Equation . We will shortly sketch the derivation and shape of this important formula.

A particularly important result of Boltzmann's equation is its stationary solution , i.e. the
function that solvesthe equation in the long-time limit t ! 1 . It turns out that this equilibrium

1The term is probably due to Paul Ehrenfest who in his classical book on Statistical Mechanics refers to � -space,
or \molecular" space as opposed to �, or \gas" space (see Chapter 3 below).
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distribution in � spacemay be derived without explicitely solving the transport equation itself.
The strategy used to do so, called the metho d of the most probable distribution , will be
encountered again in other parts of Statistical Mechanics.

2.1 Boltzmann's Transp ort Equation

With his \Kinetic Theory of Gases" Boltzmann undertook to explain the properties of dilute
gasesby analysing the elementary collision processesbetweenpairs of molecules.

The evolution of the distribution density in � space,f (~r ;~v; t), is described by Boltzmann's
transp ort equation . A thorough treatment of this beautiful achievement is beyond the scope
of our discussion.But we may sketch the basic ideasused in its derivation.

� If there were no collisions at all, the swarm of particles in � spacewould 
o w according to

f

 

~r + ~v dt; ~v +
~K
m

dt; t + dt

!

= f (~r ;~v; t) (2.1)

where ~K denotesan eventual external force acting on particles at point (~r ;~v). The time
derivative of f is therefore, in the collisionlesscase,

 
@
@t

+ ~v � r ~r +
~K
m

� r ~v

!

f (~r ;~v; t) = 0 (2.2)

where

~v � r ~r f � vx
@f
@x

+ vy
@f
@y

+ vz
@f
@z

(2.3)

and
~K
m

� r ~v f �
1
m

�
K x

@f
@vx

+ K y
@f
@vy

+ K z
@f
@vz

�
(2.4)

To gather the meaning of equation 2.2 for free 
o w, consider the collisionless,free 
o w of
gas particles through a thin pipe: there is no force (i. e. no change of velocities), and
� -spacehas only two dimensions,x and vx (seeFigure 2.2).

Figure 2.2: A very simple � -space
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At time t a di�eren tial \v olume element" at (x; vx ) contains, on the average,f (x; vx )dx dvx

particles. The temporal changeof f (x; vx ) is then given by

@f (x; vx )
@t

= � vx
@f (x; vx )

@x
(2.5)

To seethis, count the particles entering during the time spandt from the left (assumingvx >
0, n in = f (x � vx dt; vx )dx dvx and those leaving towards the right, nout = f (x; vx )dx dvx .
The local changeper unit time is then

@f (x; vx )
@t

=
nin � nout

dt dx dvx
(2.6)

=
f (x � vx dt; vx ) � f (x; vx )

dt
(2.7)

(2.8)

=
f (x; vx ) � (vx dt) (@f =@x) � f (x; vx

dt
(2.9)

(2.10)

= � vx
@f (x; vx )

@x
(2.11)

The relation @f
@t + vx

@f
@x = 0 is then easily generalizedto the caseof a non-vanishing force,

@f
@t

+ vx
@f
@x

+
K x

m
@f
@vx

= 0 (2.12)

(this would engenderan additional vertical 
o w in the �gure), and to six instead of two
dimensions(seeequ. 2.2).

All this is for collisionless
o w only.

� In order to account for collisions a term (@f =@t)coll dt is added on the right hand side:
 

@
@t

+ ~v � r ~r +
~K
m

� r ~v

!

f (~r ;~v; t) =
�

@f
@t

�

coll
(2.13)

The essential step then is to �nd an explicit expressionfor (@f =@t)coll . Boltzmann solved
this problem under the simplifying assumptionsthat

{ only binary collisions needbe considered(dilute gas);

{ the in
uence of container walls may be neglected;

{ the in
uence of the external force ~K (if any) on the rate of collisions is negligible;

{ velocity and position of a moleculeare uncorrelated (assumption of molecular chaos).

The e�ect of the binary collisions is expressedin terms of a \di�eren tial scattering cross
section" � (
) which describesthe probabilit y density for a certain changeof velocities,

f ~v1; ~v2g ! f ~v
0

1; ~v
0

2g: (2.14)

(
 thus denotesthe relative orientation of the vectors(~v
0

2 � ~v
0

1) and (~v2 � ~v1)). The function
� (
) dependson the intermolecular potential and may be either calculated or measured.

Under all these assumptions, and by a linear expansion of the left hand side of equ. 2.1 with
respect to time, the Boltzmann equation takeson the following form:

 
@
@t

+ ~v1 � r ~r +
~K
m

� r ~v1

!

f 1 =
Z

d

Z

d~v2 � (
) j~v1 � ~v2 j
�

f
0

1f
0

2 � f 1f 2

�
(2.15)
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where f 1 � f (~r ;~v1; t), f
0

1 � f (~r ;~v
0

1; t) etc. This integrodi�eren tial equation describes,under the
given assumptions, the spatio-temporal behaviour of a dilute gas. Given some initial density
f (~r ;~v; t = 0) in � -spacethe solution function f (~r ;~v; t) tells us how this density changesover
time. Since f has up to six arguments it is di�cult to visualize; but there are certain moments
of f which represent measurableaveragessuch as the local particle density in 3D space,whose
temporal changecan thus be computed.

Chapman and Enskog developed a general procedure for the approximate solution of Boltz-
mann's equation. For certain simple model systemssuch as hard spherestheir method produces
predictions for f (~r ;~v; t) (or its moments) which may be tested in computer simulations. An-
other more modern approach to the numerical solution of the transport equation is the \Lattice
Boltzmann" method in which the continuous variables ~r and ~v are restricted to a set of discrete
values;the time changeof thesevaluesis then described by a modi�ed transport equation which
lends itself to fast computation.

The initial distribution density f (~r ;~v; 0) may be of arbitrary shape. To consider a simple
example,wemay haveall moleculesassembled in the left half of a container { think of a removable
shutter { and at time t = 0 make the rest of the volume accessibleto the gasparticles:

f (~r ;~v; 0) = A�( x0 � x)f 0(~v) (2.16)

where f 0(~v) is the (Maxwell-Boltzmann) distribution density of particle velocities, and �( x0 � x)
denotesthe Heaviside function. The subsequent expansionof the gas into the entire accessible
volume, and thus the approach to the stationary �nal state (= equilibrium state) in which the
particles are evenly distributed over the volume may be seenin the solution f (~r ;~v; t) of Boltz-
mann's equation. Thus the greatest importance of this equation is its abilit y to describe also
non-equilibrium pro cesses.

Sim ulation: The power of Boltzmann's equation
{ Irreversible Expansion of a hard disc gas
{ Presentation of the distribution densities in r-spaceand in v-space
[Code: BM]

The Equilibrium distribution f 0(~r ;~v) is that solution of Boltzmann's equation which is sta-
tionary , meaning that

@f (~r ;~v; t)
@t

= 0 (2.17)

It is also the limiting distribution for long times, t ! 1 .
It may be shown that this equilibrium distribution is given by

f 0(~r ;~v) = � (~r )
�

m
2� kT(~r )

� 3=2

expf� m [~v � ~v0(~r )]2 =2kT(~r )g (2.18)
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where � (~r ) and T(~r ) are the local density and temperature, respectively.
If there are no external forcessuch asgravit y or electrostatic interactions we have � (~r ) = � 0 =

N=V. In casethe temperature is also independent of position, and if the gas as a whole is not
moving (~v0 = 0), then f (~r ;~v) = � 0f 0(~v), with

f 0(~v) =
h m

2� kT

i 3=2
e� mv 2 =2kT ; (2.19)

This is the famous Boltzmann distribution ; it may be derived also in di�eren t ways, without
requiring the explicit solution of the transport equation. =) Seenext section, equ.2.30.

2.2 The Maxw ell-Boltzmann distribution

We want to apply statistical proceduresto the swarm of points in Boltzmann's � space. To do
this we �rst divide that spacein 6-dimensional cells of size (� x)3(� v)3, labelling them by j
(= 1; : : : ; m). There is a characteristic energy E j � E (~r j ; ~vj ) pertaining to each such cell. For
instance, in the ideal gascasethis energy is simply E j = mv2

j =2, where ~vj is the velocity of the
particles in cell j .

Now we distribute the N particles over the m cells, such that n j particles are allotted to
cell no. j . In a closedsystem with total energy E the population numbers n j must ful�ll the
condition

P
j nj E j = E. The other condition is, of course, the conservation of the number of

particles,
P

j nj = N . Apart from these two requirements the allottment of particles to cells is
completely random.

We may understand this prescription as the rule of a gameof fortune, and with the aid of a
computer we may actually play that game!

Pla ying Boltzmann's game
[Co de: LBRoulette]

Instead of playing the game we may calculate its outcome by probabilit y theory. For good
statistics we require that N >> m >> 1. A speci�c m-tuple of population numbers~n � f n j ; j =
1; : : : ; mg will here be called a partitioning . (If you prefer to follow the literature, you may
refer to it as a distribution .) Each partitioning may be performed in many di�eren t ways, since
the labels of the particles may be permutated without changing the population numbers in the
cells. This meansthat many speci�c allottmen ts pertain to a single partitioning . Assuming
that the allotments are elementary events of equal probabilit y, we simply count the number of
possibleallottments to calculate the probabilit y of the respective partitioning.

The number of possible permutations of particle labels for a given partition ~n � f n j ; j =
1; : : : ; mg is

P(~n) =
N !

n1!n2! : : : nm !
(2.20)

(In combinatorics this is called permutations of m elements{ i. e. cell numbers{ with repetition ).
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Sinceeach allottment is equally probable, the most probable partitioning is the oneallowing
for the largest number of allottmen ts . In many physically relevant casesthe probabilit y of that
optimal partitioning very much larger than that of any other, meaning that we can restrict
the further discussionto this one partitioning. (Seethe previous discussionof the multinomial
distribution.)

Thus we want to determine that speci�c partitioning ~n � which renders the expression2.20 a
maximum, given the additional constraints

mX

j =1

nj � N = 0 and
mX

j =1

nj E j � E = 0 (2.21)

Since the logarithm is a monotonically increasing function we may scout for the maximum
of ln P instead of P { this is mathematically much easier. The proven method for maximizing a
function of many variables,allowing for additional constraints, is the variational metho d with
Lagrange multipliers (seeProblem 2.1). The variational equation

� ln P � �

0

@�
X

j

nj + �
X

j

E j nj

1

A = 0 (2.22)

with the undetermined multipliers � and � leads us, using the Stirling approximation for ln P,
to

� ln n�
j � � � � E j = 0 (2.23)

Thus the optimal partitioning n �
j is given by

n�
j = e� � � � E j ; j = 1; : : : m (2.24)

Consequently
f (~r j ; ~vj ) / n�

j = A expf� � E (~r j ; ~vj )g (2.25)

In particular, we �nd for a dilute gas,which in the absenceof external forceswill be homogeneous
with respect to ~r ,

f (~vj ) = B expf� � (mv2
j =2)g (2.26)

Using the normalizing condition
R

f (~v)d~v = 1 or

B
Z

4� v2e� � mv 2 =2dv = 1 (2.27)

we �nd B = (� m=2� )3=2 and therefore

f (~v) =
�

� m
2�

� 3=2

e� � mv 2 =2 (2.28)

Now we take a closer look at the quantit y � which we intro duced at �rst just for mathematical
convenience.The mean kinetic energy of a particle is given by

hE i �
Z

d~v(mv2=2)f (~v) =
3

2�
(2.29)

But we will learn in Section 2.3 that the averagekinetic energy of a molecule is related to the
macroscopicobservable quantit y T (temperature) according to hE i = 3kT=2; therefore we have
� � 1=kT. Thus we may write the distribution density of the velocity in the customary format

f (~v) =
h m

2� kT

i 3=2
e� mv 2 =2kT (2.30)
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Figure 2.3: Maxwell-Boltzmann distribution

This density in velocity spaceis commonly called Maxw ell-Boltzmann distribution densit y.
The samename is also usedfor a slightly di�eren t object, namely the distribution density of the
mo dulus of the particle velocity (the \sp eed") which may easily be derived as (seeequ. 1.66).

f (j~vj) = 4� v2f (~v) = 4�
h m

2� kT

i 3=2
v2e� mv 2 =2kT (2.31)

So we have determined the population numbers n �
j of the cells in � spaceby maximizing

the number of possibleallottments. It is possibleto demonstrate that the partitioning we have
found is not just the most probable but by far the most probable one. In other words, any
noticeable deviation from this distribution of particle velocities is extremely improbable (see
above: multinomial distribution.) This makes for the great practical importance of the MB
distribution: it is simply the distribution of velocities in a many particle system which we may
assumeto hold, neglecting all other possiblebut improbable distributions.

As we can seefrom the �gure, f (j~vj) is a skewed distribution; its maxim um is located at

~v =

r
2kT
m

(2.32)

This most probable speedis not the sameas the mean speed,

hvi �
Z 1

0
dv vf (j~vj) =

r
8
�

r
kT
m

(2.33)

or the ro ot mean squared velocit y or r.m.s. velocity),

vr ms �
p

hv2 i =

r
3kT
m

(2.34)

Example: The massof an H 2 moleculeis m = 3:346� 10� 27kg; at room temperature
(appr. 300K ) we have kT = 1:380� 10� 23:300 = 4:141� 10� 21J ; therefore the most
probable speedof such a moleculeunder equilibrium conditions is ~v = 1:573� 103m=s.
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2.3 Thermo dynamics of dilute gases

The pressureof a gasin a container is producedby the incessant drumming of the gasmolecules
upon the walls. At each such wall collision { say, against the right wall of a cubic box { the
respective momentum of the moleculepx � mvx is reversed. The momentum transferred to the
wall is thus � px = 2mvx . The force acting on the unit area of the wall is then just the time
averageof the momentum transfer:

P �
hK i t

F
� h

1
F t

M (t )X

k=1

� p(k )
x i � h

1
F t

M (t )X

k=1

2mv(k )
x i (2.35)

where M (t) is the number of wall impacts within the time t.
To obtain a theoretical prediction for the value of the pressurewe argue as follows:
The number of particles having x-velocity vx and impinging on the right wall per unit time is

obviously proportional to vx . The momentum transfer from such a particle to the wall is 2mvx .
Thus we �nd

P =
N
V

Z

vx > 0
d~v 2mv2

x f (~v) (2.36)

Inserting the Boltzmann density for f (~v) and performing the integrations we have

P =
2
3

N hEi
V

(2.37)

Sim ulation: Thermo dynamics of dilute gases
3-dimensionalsystem of hard spheresin a cubic box. The pressureis determined
{ from the collisions of the particles with the container walls (Pex )
{ from equation 2.37 (Pth ).
[Code: Hspheres]

Where do we stand now? Just by statistical reasoningwe have actually arrived at a prediction
for the pressure{ a thermodynamic quantit y!

Having thus traversed the gap to macroscopicphysics we take a few steps further. From
thermodynamics we know that the pressureof a dilute gasat density � � N=V and temperature
T is P = �k T . Comparing this to the above formula we �nd for the mean energy of a molecule

hE i =
3kT

2
; (2.38)

and the parameter � (which wasintro ducedin connectionwith the equilibrium density in velocity
space)turns out to be just the inverseof kT .

The further explication of the dilute gasthermodynamics is easy. Taking the formula for the
internal energy, E � N hE i = 3N kT=2, and using the First Law

dQ = dE + PdV (2.39)

32



we immediately �nd that amount of energy that is neededto raise the temperature of a gas by
1 degree{ a.k.a. the heat capacity CV :

CV �
dQ
dT

�
�
�
�
V

=
dE
dT

=
3
2

N k (2.40)

2.4 Transp ort pro cesses

A systemis in \equilibrium" if its propertiesdo not changespontaneouslyover time. (In casethere
are external �elds { such as gravit y { the material properties may vary in space,otherwise they
will be independent alsoof position: the systemis not only in equilibrium but alsohomogeneous.)

In particular, in equilibrium the local energy densit y, i.e. the energy contained in a vol-
ume element dV divided by that dV, as well as the momen tum densit y and the particle or
mass densit y remain constant. Thesedensities,which refer to the three conserved quantities of
mechanics, play a special role in what follows.

Again considering the dilute gas,and assumingthere are no external �elds, the densitiesare

� E �
E
V

=
1
V

NX

i =1

mv2
i

2
; � ~p �

~p
V

=
1
V

NX

i =1

m~vi ; and � m �
N m
V

(2.41)

By looking more closelywe would seethat theselocal densitiesare in in fact not quite constant;
rather, they will 
uctuate about their mean. In other words, there will be a spontaneouswaxing
and waning of local gradien ts of thosedensities. Also, the experimentor may interveneto create
a gradient. For instance, one might induce in a horizontal layer of a gas or liquid a certain x-
velocity ux 6= 0, and thereby a momentum px . The di�erence betweenthe momenta in adjacent
layersthen de�nes a gradient of the momentum density. If we left the systemto itself this gradient
would decreaseand eventually vanish. The property governing the speedof this decreaseis called
viscosit y.

If a physical quantit y { such asmass,or momentum { is conserved, any local changecan only
be achieved by a 
o w into or out of the spaceregion under consideration; we are then speaking
of transp ort pro cesses whosespeedsare governed by the respective transp ort coe�cien ts
{ such as the viscosity � , the heat conductivit y � (for the energy transport) and the di�usion
constant D (for masstransport).

In real experiments aimed at determining thesetransport coe�cien ts the respective gradient
is arti�cially maintained. Thus there will be a continuing 
o w of momentum, energyor matter in
the (reverse)direction of the gradient { which is obviously a non-equilibrium situation. However,
by a careful setup we can keepat least these
o ws and the local densitiesand gradients constant
in time. This is called a stationary non-equilibrium situation .

DEFINITION OF TRANSPOR T COEFFICIENTS
In order to de�ne the transport coe�cien ts � , � and D we considerthe basicexperimental setup.

� Viscosit y: To measurethe coe�cien t of momentum transport � we generatea laminary

o w by placing a gas or 
uid layer between two horizontal plates and moving the upper
plate with constant velocity u0 to the right. In this manner we superimposea systematic
x-velocity onto the random thermal motion of the molecules.

The magnitude of the thermal speed is of the order 103m=s; by adding a \shear velocity"
ux (z) of somecentimeters per secondthe local equilibrium is not considerably disturb ed.
Thus we may assumethat we have still a Maxwell-Boltzmann distribution of velocities at
any point in the 
uid, with the samevalue of hE i (bzw. kT) everywhere.

Yet by imposing a velocity gradient we have slightly perturb ed the equilibrium; a certain
amount of x-momentum will 
o w against the gradient { in our casedownwards { so as to
reestablish equilibrium. The amount of momentum 
o wing down through a unit of area
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per unit of time is called 
o w densit y ~j p. In a �rst (linear) approximation this 
o w will
be proportional to the imposedvelocity gradient, and the coe�cien t of proportionalit y is,
by de�nition, the transport coe�cien t � :

j p = � �
dux (z)

dz
(2.42)

This de�ning equation for � is often called Newton's law of viscous
o w. The parameter
� is known as viscosity.

� Thermal conductivit y: To generatea gradient of energy density we may place the sub-
stancebetweentwo heat reservoirs with di�eren t temperatures. if we use the samesimple
geometry as for the viscosity then the temperature (or energy) gradient will have only the
one non-vanishing component dT=dz which accordingly producesa 
o w of energy in the
counter direction. The coe�cien t � of thermal conduction is de�ned by (Fourier's law),

j E = � �
dT(z)

dz
(2.43)

� Di�usion constan t: Even in a homogeneousgas (or a 
uid, or a solid, for that matter)
the individual moleculeswill alter their positions in the course of time. This processis
known as self di�usion . It is possible to \tag" someof the particles { for instance, by
giving them a radioactive nucleus. The density of the marked species{ call it 1 { may then
oncemore have a gradient that will be balancedby a particle 
o w (Fic k's law):

j 1 = � D
d� 1(z)

dz
(2.44)

MEAN FREE PATH
We will presently attempt to calculate the above de�ned transport coe�cien ts from the micro-
scopic dynamics of the molecules. In a simple kinetic treatment the elementary processdeter-
mining the various 
o ws is the free 
igh t of a gas particle between two collisions with other
molecules. Thus the �rst step should be an estimation of the averagepath length covered by a
particle betweentwo such collisions.

Let P(x) be the { as yet unknown { probabilit y that a particle meets another one before
it has passeda distance x. Then 1 � P(x) is the probabilit y for the molecule to 
y a distance
x without undergoing a collision. But the probabilit y of an encounter within an in�nitesimal
path element dx is given by p = �� 2� dx, where � is the diameter of the particles. (p equalsthe
fraction of the \target area" covered by other particles.) Thus the di�eren tial probabilit y for a
collision betweenx and x + dx is

dP(x) = [1 � P(x)]�� 2� dx (2.45)

which upon integration yields
P(x) = 1 � e� �� 2 � x (2.46)

The probabilit y densit y p(x) � dP(x)=dx for a collision within that interval is

p(x) = �� 2� e� �� 2 � x (2.47)

The mean free path is then the �rst moment of this density:

l � hxi �
Z 1

0
dx x p(x) =

1
�� 2�

(2.48)
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Example: The diameter of a H 2 moleculeis � � 10� 10m (= 1 �Angstr�m). According
to Loschmidt (and the later but more often quoted Avogadro) a volume of 22:4 �
10� 3m3 contains, at standard conditions, 6:022� 1023 particles; the particle density is
thus � = 2:69� 1025m� 3, and the mean free path is l = 1:18� 10� 6m.

Sim ulation: Collision rate in a dilute gas
3-dimensionalsystem of hard spheresin a cubic box:
{ Compare the theoretical collision rate Z th with the empirical one Zex

[Code: Hspheres]

ESTIMA TING THE TRANSPOR T COEFFICIENTS
In the caseof a dilute gaswecanactually �nd expressionsfor the transport coe�cien ts. Assuming
oncemore the basicgeometricsetting usedin most experiments, we supposethat the gradient of
the respective conserved quantit y has only a z component, leading to a 
o w that is also directed
along the z axis.

� Viscosit y: In the courseof the random (thermal) motion of the particles the small sys-
tematic term ux (z) is carried along. On the average,an equal number of particles will
cross the interface between two horizontal layers from below and above. However, since
the upper layer has a larger ux (assuming dux =dz > 0, it will gradually slow down, while
the lower layer will take up speed. The 
o w of momentum due to this mechanism can be
estimated as follows:
The meannumber of particles crossingthe unit of areafrom below and from above, respec-
tiv ely, is � hvi =6. Each of the moleculescarries that systematic ux (z) which pertains to the
layer of its previous collision, i.e. ux (z � l ). The momentum 
o w density is therefore

j ~p =
1
6

� hvi [mu(z � l ) � mu(z + l)] �
1
6

� hvi
�
� 2m

du
dz

l
�

(2.49)

Comparing this to the de�ning equation for the viscosity � we �nd

� =
1
3

�l hvi m (2.50)

It is a somewhat surprising consequenceof this formula that, since l / 1=� , the viscosity
eta is apparently independent of density! Maxwell, who was the �rst to derive this result,
had to convince himself of its validit y by accurate experiments on dilute gases.
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� Thermal conductivit y: A similar consideration as in the caseof momentum transport
yields, with j E = � � dT=dz,

� =
1
3

�l hvi mcV (2.51)

where cV � CV =M is the speci�c heat (CV .. molar heat capacity; M ..molar mass).

� Di�usion: Again we assumea gradient of the relevant density { in this case,the particle
density of somespecies1 { along the z direction. Writing j 1 = � D d� 1=dz and using the
samereasoningas before we �nd

D =
1
3

lhvi (2.52)

2.5 Just in case ...

... someonehas forgotten how to �nd the extremum of a many-variable function under additional
constraints. To remind you: the method of undeterminedLagrangemultipliers waits to beapplied
here.

Let f (x; y) = x2 + y2 be the given function. Of course, this is the equation of a parabolid
with its tip { or minimum { at the origin. However, let g(x; y) � x � y � 1 = 0 be the constraint
equation, meaning that we don't search for the global minimum but for the minimum along the
line y = x � 1. There are two ways to go about it. The simple but inconvenient way is to
substitute y = x � 1 in f (x; y), thus rendering f a function of x only. Equating the derivative
df =dx to zerowe �nd the locus of the conditional minimum, x = 1=2 and y = � 1=2. The process
of substitution is, in general, tedious.

A more elegant method is this: de�ning a (undetermined) Lagrange multiplier � , �nd the
minimum of the function f (x; y) � � g(x; y) according to

@f
@x

� �
@g
@x

= 0 (2.53)

@f
@y

� �
@g
@y

= 0 (2.54)

Eliminating � we �nd the solution without substituting anything. In our case

2x � � = 0 (2.55)

2y + � = 0 (2.56)

=) x + y = 0, and from g(x; y) = 0: (x; y) = (1=2; � 1=2).

2.6 Problems for Chapter 2

EXER CISES:

2.1 Variational metho d of Lagrange: Determine the minimum of the function f (x; y) =
x2 + 2y2 under the condition (i.e. along the curve) g(x; y) = x + y � 6 = 0, by two di�eren t
methods:
a) by inserting y = 6 � x in f(x,y) and di�eren tiating by x;
b) using a Lagrange multiplier � and evaluating Lagrange's equations @f =@x � � (@g=@x) = 0
and @f =@y � � (@g=@y) = 0. (Shorthand notation: � f � � � g = 0; � f ... \V ariation of f ").
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For your better understanding sketch the functions f (x; y) and g(x; y) = 0.

2.2 Metho d of the most probable distribution: Having understood the principle of La-
grange variation, reproduce the derivation of the Boltzmann distribution of energies(seetext).
Compare your result with the bottom right histogram in Applet LBRoulette.

2.3 Momen ts of the Maxw ell-Boltzmann distribution: Verify the expressionsfor the most
probable velocity, the averageand the r.m.s. velocity.

2.4 Pressure in a dilute gas: Verify the formula P = (2=3)(N hE i =V).

2.5 Transp ort prop erties: For nitrogen under standard conditions, estimate the mean free
path and the transport coe�cien ts � , � and D. (� � 4 � 10� 10m).

TEST YOUR UNDERST ANDING OF CHAPTER 2:

2.1 Maxw ell-Boltzmann distribution: What is the formula for the distribution density f 0(~v)
of the molecular velocities in equilibrium; what is the respective formula for the speeds(absolute
valuesof the velocity), f 0(j~vj)?

2.2 Pressure in an ideal gas: Derive the pressureequation of state for the ideal gas from
simple kinetic theory.

2.3 Transp ort coe�cien ts:
{ Write down the de�ning equation for one of the three transport coe�cien ts.
{ What is the mean free path in a gasof sphereswith diameter � ?
{ How doesthe viscosity of a dilute gasdepend on the density?
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Chapter 3

Phase space

Figure 3.1: Josiah Willard Gibbs

The Kinetic Theory explained in Chapter 2 is applicable only to gasesand { with certain add-ons
{ to 
uids. A more generaland extremely powerful method for analyzing statistical-mechanical
systemsis basedon a geometrical exploration of the high-dimensional phasespacespannedby
the complete set of microvariables.

3.1 Microscopic variables

The microscopic state of a model system is uniquely determined by the speci�cation of the
complete set of microscopic variables . The number of such variables is of the sameorder as
the number of particles. In contrast, the macroscopic state is speci�ed by a small number
of measurable quantities such as net mass, energy, or volume. Generally a huge number of
di�eren t microstates are compatible with one single macrostate; and it is a primary task of
statistical mechanicsto �nd out just how many microstatesthere are for a givensetof macroscopic
conditions.

Interpreting the microscopic variables as coordinates in a high-dimensional spacewe may
represent a particular microstate as a poin t or vector in that space. The spaceitself is called
Gibbs phase space; the state vector is often symbolized as ~�.
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Figure 3.2: Phasespaceof the 2D quantum gas

Consider a simple, classicalmany-particle system { say, an ideal gas, or a 
uid made up of
hard spheresor Lennard-Jonesmolecules. The state vector is then de�ned by all position and
velocity coordinates:

~� � f ~r1; : : : ; ~rN ; ~v1; : : : ; ~vN g ~r i �V ; vi;� � (�1 ) (3.1)

The number of degreesof freedom (d.o.f.) is n = 6N (or, in 2 dimensions, 4N ); the number
of velocity d.o.f. is 3N (or 2N ). It is often allowed { and always advantageous{ to treat the
subspaces~� r � f ~r i g (position space)and ~� v � f ~vi g (velocity space)separately.

The representation of a microstate of the entire system by a single point in 6N -dimensional
Gibbs spacemust not be mixed up with the treatment of Chapter 2, intro duced by Boltzmann.
The � -spacede�ned there had only 6 dimensions f ~r ;~vg, and each particle in the system had
its own representativ e point. Thus the microstate of a system of N particles corresponded to a
swarm of N points f ~r i ; ~vi g.

In the caseof an ideal quantum gas it su�ces to specify all quantum numbers to de�ne a
state:

~� � f (n ix ; niy ; niz ); i = 1; : : : N g (3.2)

Model systemsmade up of N spins are speci�ed by

~� � f � i ; i = 1; : : : N g (3.3)

with � i = � 1.

ENER GY SURF A CE
Weconsidera collection of M systems,all having the sameenergyE, the samenumber of particles
N , and { in the caseof a gasor 
uid { the samevolume V . All microstates ~� compatible with
these macroscopic conditions are then equally probable, that is, they have the same relative
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frequency within the ensemble of systems. The size M of the ensemble is assumedto be very
large { indeed, to approach in�nit y.

The assumption that all microstates that are compatible with the condition E = E0 have
the same probabilit y is one of the solid foundations Statistical Mechanics is built upon. It is
called the \p ostulate of equal a priori probabilit y". For a mathematically exact formulation of
this axiom we usethe phase space densit y which is supposedto have the property

� (~r ;~v) =
�

� 0 for E(~r ;~v) = E0

0 elsewhere
(3.4)

The condition E = const de�nes an (n � 1)-dimensional\surface" within the n-dimensionalphase
spaceof the system. The set of all points upon that \energy surface" is namedmicro canonical
ensemble . To take an example, in the 3N -dimensional velocity spaceof a classicalideal gasthe
equation

Ek in �
m
2

X

i

v2
i = const = E0 (3.5)

de�nes the (3N � 1)-dimensional surfaceof a 3N -sphereof radius r =
p

2E0=m.
A typical question to be answeredby applying statistical methods to such an ensemble is this:

what is the averageof the squared particle velocity hv2
i i over all { a priori equally probable {

states on this surface?

ER GODICITY
Instead of consideringan ensemble of systemslet us now watch just onesinglesystemasit evolves
in time according to the laws of mechanics. In a closed system the total energy will remain
constant; the microstates visited by the system must therefore lie on the (N � 1)-dimensional
energysurfacede�ning the microcanonical ensemble.

The ergo dic hyp othesis states that in the course of such a \natural evolution" of the
systemany permitted microstate will be reached (or closelyapproximated) with the samerelative
frequency.

This hypothesis cannot be proven in general; in fact, it does not always hold. However, for
many relevant systemssuch as gasesor 
uids under normal conditions it is quite true. In such
casesthe time t0 neededfor a su�cien tly thorough perambulation of the energysurfaceis in the
range of 10� 9 � 10� 6 seconds,i.e. safely below the typical observation time in an experiment.
Among those systems which we may characterize as \barely ergodic" or non-ergodic we have
supercooled liquids and glasses. In such systems the state vector � remains trapp ed for long
times in a limited region of the energysurface;it may then take seconds,days, or even centuries
before other parts of the microcanonical surfaceare reached.

The ergodic hypothesis,if true, hasan important practical consequence:for the calculation of
mean valuesover the microstates on the energysurfaceit doesnot matter if we take the average
over states randomly picked from a microcanonicalensemble, or over the successive states of one
single, isolated system. This corrolary of the ergodic hypothesis is often succinctly stated as

ensemble average = time average

The assumption of ergodicit y enablesus to support our theoretical arguments by \molecular
dynamics" computer experiments. Theseare deterministic simulations reproducing the temporal
evolution of a single isolated N -particle system. We will later touch upon another kind of com-
puter simulation, in which the state spaceis perambulated in a stochastic manner; it bears the
suggestive name \Mon te Carlo simulation".

ENER GY SHELL
In place of the strict condition E = E0 we will generally require the weaker condition E0 � � E
� E � E0 to hold. In other words, the permitted states of the system are to be restricted to a
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Model
Microvariables
(i = 1; : : : ; N )

Dimension of
phasespace Energy

Classical ideal gas ~r i ; ~vi 6N Ek in � m
2

P
v2

i

Hard spheres in a
box ~r i ; ~vi 6N Ek in � m

2

P
v2

i

Hard discs in a box ~r i ; ~vi 4N Ek in � m
2

P
v2

i

LJ molecules, pe-
riodic boundary
conditions

~r i ; ~vi
6N
(or. 6N � 3)

Ek in + Epot �
m
2

P
v2

i +
P

i;j >i ULJ (r ij )

Linear or nonlinear
molecules ~r i ; ~vi ; ~ei ; ~! i 10N or. 12N

Ek in + Epot �
m
2

P
v2

i + I
2

P
! 2

i + Epot

Harmonic crystal
~qi ; _~qi 6N

Ek in + Epot �
m
2

P _~q
2
i + f

2

P
j~qi � ~qi � 1 j2

Ideal quantum gas ~n i 3N h 2

8mL 2

P
i j~n i j2

Spins, non-
interacting � i N � H

P
i � i

Table 3.1: State spacesof somemodel systems

thin \shell" at E � E0. This more pragmatic requirement { which is made to keep the mathe-
matics simpler { agreeswell with the experimental fact that the exchange of energy between a
system and its environment may be kept small, but can never be completely suppressed.

Thus we assumefor the density in phasespacethat

� (~r ;~v) =
�

� 0 for E(~r ;~v)� [E0; � E ]
0 elsewhere

(3.6)

For the classicalideal gas this requirement reads1

E0 � � E � Ek in � (m=2)
X

i

v2
i � E0 (3.7)

For the ideal quantum gaswe require

E0 � � E � EN ;~n �
h2

8mL 2

X

i

~n2
i � E0 (3.8)

In a system of N non-interacting spins the energyshell is de�ned by � H
P

i � i � [E0; � E ].
Table 3.1 presents an overview of the state spacesand energy functions for various model

systems.

PHASE SPA CE V OLUME AND THERMOD YNAMIC PR OBABILITY
Let us now recall the fundamental assumption that all microstateshaving the sameenergy are
equally probable. Thus they represent elementary eventsas de�ned in Section 1.3.

It follows then that a macrostate that allows for more microstatesthan others will occur more
often { and thus will be more probable.

1 In an MD simulation not only the total energy but also the total momentum ~P is conserved; this should
be kept in mind when comparing simulation results to theoretical statements. Actually , the four conditions
E � (E0 � � E ; E0 ) and ~P = const , would de�ne a 3N � 3-dimensional spherical shell in velocit y space. However,
for su�cien tly numerous particles (N � 100) this detail may be neglected, and we can base the argumentation
just on the condition E � E 0 (with a 3N -dimensional shell).
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As an example,we may ask for the probabilit y to �nd all moleculesof an ideal gasin the left
half of the vessel,with no other restrictions on position or speed. All such microstatesare located
in a small part of the total permitted phasespaceshell [E ; � E ]; they make up a sub-ensembleof
the complete microcanonical ensemble. Now, the probabilit y of the macrostate \all particles in
the left half of the container" is obviously equal to the sizeratio of the subensemble and the total
ensemble. We will have to compare the volume (in phasespace)of the partial shell pertaining
to the subensemble to the volume of the total shell. (We will seelater that the ratio of the two
volumesis (1=2N ) and may thus be neglected{ in accordancewith experienceand intuition.)

3.2 From Hyp erspheres to Entrop y

Somemodel systemshave the convenient property that their energy may be written as a sum
over the squaresof their microvariables. The most popular example is the classical ideal gas
with E � Ek in = (m=2)

P
v2

i . The conditions E � E0 or E � E0 then describe a high-
dimensional sphere or spherical shell, respectively. Thus it will be worth the while to make
ourselvesacquainted with the geometricalproperties of such bodies. It must be stressed,however,
that the restriction to n-spheresis only a matter of mathematical convenience. It will turn
out eventually that those properties of n-dimensional phase spacewhich are of importance in
Statistical Mechanics are actually quite robust, and not reserved to n-spheres.For instance, the
n-rhomboid which pertains to the condition

P
i � i � const for simple spin systemscould be (and

often is) used instead.

V OLUME AND SURF A CE OF HIGHDIMENSIONAL SPHERES
In the following discussionit will be convenient to use, in addition to the sphereradius r 0, a

variable that represents the square of the radius : z0 � r 2
0 . In the phasespaceof interactionless

many-particle systems,this quantit y is related to an energy , as may be seenfrom equs. 3.7, 3.8
and Table 3.1); and in an isolated systemit is just the energywhich is given asa basicparameter.

A tten tion:
It should be kept in mind that the energy { and thus the square of the sphere radius { is an
extensivequantit y, meaningthat it will increaseasthe number of degreesof freedom(or particles):
z0 / n. It would be unphysical and misleading to keep z0 at some constant value and at the
sametime raise the number of dimensions.

V OLUME
The volume of a n-dimensional spherewith radius r 0 =

p
z0 is

Vn (z0) = Cn r n
0 = Cn zn= 2

0 with Cn =
� n= 2

(n=2)!
(3.9)

where (1=2)! =
p

� =2 and (x + 1)! = x!(x + 1). The following recursion is useful:

Cn +2 =
2�

n + 2
Cn (3.10)

Examples: C1 = 2; C2 = � ; C3 = � 3=2=(3=2)! = 4� =3; C4 = � 2=2; C5 =
8� 2=15; C6 = � 3=6; : : : C12 = � 6=720; : : :

For large n we have, using Stirling's approximation for (n=2)!,

Cn �
�

2� e
n

� n= 2 1
p

� n
or ln Cn �

n
2

ln
2� e
n

�
n
2

(ln � + 1) �
n
2

ln
n
2

(3.11)
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As soon as the Stirling approximation holds, i.e. for n � 100, the hyperspherevolume may be
written

Vn (z0) �
1

p
� n

�
2� e
n

� n= 2

zn= 2
0 or ln Vn (z0) =

n
2

ln
�

2� e
n

z0

�
� ln

p
� n (3.12)

Going to very large n(� 500) we �nd for the logarithm of the volume (the formula for V proper
is then di�cult to handle due to the large exponents)

ln Vn (z0) �
n
2

ln
�

2� e
n

z0

�
(3.13)

Example: Let n = 1000and z0 = 1000. For the log volume we �nd ln V1000(1000) �
500ln(2� e) � ln

p
1000� = 882:76

SURF A CE AREA
For the surfacearea of a n-dimensional spherewe have

On (z0) =
dVn (z0)

dr0
= nCn z(n � 1)=2

0 (3.14)

Examples:

V1(z0) = 2r0; O1(z0) = 2

V2(z0) = � z0; O2(z0) = 2� r0

V3(z0) = (4� =3)r 3
0; O3(z0) = 4� z0

V4(z0) = (� 2=2)z2
0; O4(z0) = 2� 2r 3

0

A very useful representation of the surfaceis this:

On (r0) =
Z r 0

� r 0

dr1
r0

r2
On � 1(r2) (3.15)

with r2 �
p

r 2
0 � r 2

1 . This formula provides an important insight; it shows that the \mass" of a
spherical shell is distributed along one sphereaxis (r 1) as follows:

pn (r1) =
r0

r2

On � 1(r2)
On (r0)

=
(n � 1)Cn � 1

nCn

r n � 3
2

r n � 2
0

(3.16)

Examples: Let r 0 = 1; then we �nd (seeFig. 3.3)

p2(r1) =
1
�

(1 � r 2
1)� 1=2

p3(r1) =
1
2

(constant!)

p4(r1) =
2
�

(1 � r 2
1)1=2

p5(r1) =
3
4

(1 � r 2
1)

: : :

p12(r1) =
256
63�

(1 � r 2
1)9=2

(The astute reader notes that for once we

have kept r 0 = 1, regardlessof the value of n; this is permitted here becausewe are
dealing with a normalized density pn .)
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Figure 3.3: Mass distribution p(r 1) of a (n � 1)-dimensional spherical surface along one axis.
With increasing dimension the massconcentrates more and more at the center of the axis. If
we interprete the surfaceas the locus of all phasespacepoints with given total energy Ek in =
(m=2)

P
v2

i , then p(r1) � p(vi ) is just the distribution density for any single velocity component
vi .

Applica tion: Assumethat a systemhasn degreesof freedomof translatory motion.
(Example: n particles moving on a line, or n=3 particles in 3 dimensions.) Let the sum
of squaresof all velocities (energy!) be given, but apart from that let any particular
combination of the values v1; v2; : : : be equally probable. All \phase spacepoints"
~v � f v1:::vn g are then homogeneouslydistributed on the spherical surfaceOn (jvj2),
and a single velocity v1 occurs with probabilit y density 3.16.

As we increase the number of dimensions, the character of this density function
changesdramatically at �rst (see Fig. 3.3). If just two particles on a line (or the
two d.o.f. of a pin ball) share the total energy mv2=2, then the velocity of one of
them is most probably near the possiblemaximal value while the other has only a
small speed. In contrast, for many dimensions (or particles) the maximum of the
probabilit y density pn (v1) is near zero. The casen = 3, meaning3 particles on a line
or one particle in 3 dimensions, is special: all possiblevalues of v1 occur with equal
probabilit y.

Approach to the Maxw ell-Boltzmann distribution: For very large n we have

pn (v) �
1

p
2� hv2i

expf� v2=2hv2ig (3.17)

with hv2 i = 2E0=nm.
The Maxw ell-Boltzmann distribution may th us be deriv ed solely from the
postulate of equal a priori probabilit y and the geometric prop erties of
high-dimensional spheres.
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Figure 3.4: Bunimovich's stadium billard. Distribution of 
igh t directions, p(� ) and of a single
velocity component, p(vx )

Figure 3.5: Simulation: N = 1 to 3 hard disks in a 2D box with re
ecting walls. Distribution of

igh t directions, p(� ), and of a singlevelocity component, p(v1x ). Comparisonwith the theoretical
distribution [Code: Harddisks]

TW O AMAZING PR OPER TIES OF HYPERSPHERES
We have seenthat spheresin high-dimensional spacesexhibit quite unusual geometrical proper-

ties. In the context of Statistical Physics the following facts are of particular relevance:

� Practically the entire volume of a hypersphere is assembled in a thin shell immediately
below the surface

� The volume of a hypersphereis { at least on a logarithmic scale{ almost identical to the
volume of the largest inscribed hyper-cylinder

We will consider thesetwo statements in turn.

V OLUME OF A SPHERICAL SHELL
The ratio of the volume � Vn (r0 � � r ; r0) of a thin \skin" near the surfaceand the total volume
of the sphereis

� Vn

Vn
=

r n
0 � (r0 � � r )n

r n
0

= 1 � (1 �
� r
r0

)n � ! 1 � expf� n(� r=r0)g (3.18)
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Figure 3.6: Simulation: One hard sphere in a box with re
ecting walls. Distribution of one
velocity component; demonstration of the special casen = 3 (where p(v1x ) = const). [Code:
Hspheres]

Figure 3.7: Simulation: N Lennard-Jonesparticles in a 2D box with periodic boundary condi-
tions. Distribution of a velocity component, p(v1x ). [Code: LJones]

or, using the quantities z0 and � z:

� Vn

Vn
� ! 1 � exp[�

n
2

� z
z0

] (3.19)

For n ! 1 this ratio approaches1, regardless of how thin the shell may be!

At very high dimensions the entire volume of a sphere is concentrated immediately below the
surface:

� Vn (z0; � z) � ! Vn (z0); n >> 1 (3.20)

Example: n = 1000, � r = r 0=100 ! � V=V = 1 � 4:3 � 10� 5

HYPERSPHERES AND HYPER CYLINDERS
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The spherevolume Vn (z0) may alternativ ely be written as

Vn (z0) =
Z r 0

0
dr1On 1 (z1)Vn � n 1 (z2)

�
Z z0

0

dVn 1 (z1)
dz1

dz1Vn � n 1 (z0 � z1)

�
Z z0

0
dVn 1 (z1) Vn � n 1 (z0 � z1) (3.21)

with r1 �
p

z1.

Example:

V6(z0) =
Z r 0

0
dr1O3(z1)V3(z0 � z1) =

Z z0

0
dr1 4� r 2

1
4�
3

(z0 � z1)3=2 =
� 3

6
z3

0 (3.22)

Partitioning the integration interval [0; z0] in equ. 3.21 into small intervals of size � z we may
write

Vn (z0) �
KX

k=1

� Vn 1 (zk ) Vn � n 1 (z0 � zk ) (3.23)

where � Vn 1 (zk ) � Vn 1 (k� z) � Vn 1 ((k � 1)� z).
Similarly. for the volume of the spherical shell we have

� Vn (z0) =
Z z0

0
dVn 1 (z1) � Vn � n 1 (z0 � z1) �

KX

k=1

� Vn 1 (zk ) � Vn � n 1 (z0 � zk ) (3.24)

Remembering equ. 3.20we may, for high enoughdimensionsn, n1 and (n � n1), always write
V in place of � V . Therefore,

Vn (z0) �
KX

k=1

Vn 1 (zk ) Vn � n 1 (z0 � zk ) (3.25)

Now, the terms in these sums are strongly varying. For high dimensions there is always one
single term that dominates the sum; all other terms may safely be neglected. To �nd this term
we evaluate

d
dz

[Vn 1 (z)Vn � n 1 (z0 � z)] = 0 (3.26)

From
d

�
zn 1 =2(z0 � z)(n � n 1 )=2

�

dz
= 0 (3.27)

we �nd for the argument z� that maximizesthe integrand 3.21or the summation term in 3.24or
3.25,

z� =
n1

n
z0 (3.28)

We have thus found a very surprising property of high-dimensional sphereswhich we may sum-
marize by the following calculation rule:

� Divide the given dimension n in n1 and n � n1 such that also n1 >> 1 and n � n1 >> 1
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� Find the maximum of the product f (z) � Vn 1 (z) � Vn � n 1 (z0 � z) (or the maximum of the
logarithm ln f (z)) with respect to z; this maximum is located at

z� =
n1

n
z0 (3.29)

� With this, the following holds:

ln Vn (z0) � ln Vn 1 (z� ) + ln Vn � n 1 (z0 � z� ) (3.30)

and similarly,
ln � Vn (z0) � ln � Vn 1 (z� ) + ln � Vn � n 1 (z0 � z� ) (3.31)

(Remark: in a numerical veri�cation of theserelation it must be remembered that the maximum
of the function at the r.h.s. of 3.31 or 3.30 is very sharp indeed; it may be overlooked when the
interval [0; z0] is scannedin regular steps. It is better to localize z� �rst, then compare with
slightly smaller and larger z.)

The geometric interpretation of the relation 3.30 is amazing:
On a logarithmic scale the volume of an n-sphere equals the pro duct of the volumes
of two spheres in the subspaces n1 and n � n1. But this pro duct may be understo od
as the volume of a hyp ercylinder that is inscrib ed in the n-sphere and whic h has the
\base area" in n1 space and the \heigh t" in (n � n1) space.

Example: n = 1000, n1 = 400, z0 = 1000: the maximum of the quantit y ln f (z) �
ln V400(z) + ln V600(1000� z) is located at z� = 400, and we have

500ln(2� e) � ln
p

1000� � 200ln(2� e) � ln
p

400� + 300ln(2� e) � ln
p

600�

1418:94� 4:03 � 567:58� 3:57+ 851:36� 3:77 (3.32)

Figure 3.8: Simulation: Hyperspheresand -cylinders. In a given hypersphereof dimension n
we inscribe hypercylinders whose \base areas" and \heights" have n1 and n � n1 dimensions,
respectively. The hypercylinder with the maximum volume is identi�ed: its log volume is almost
equal to that of the circumscribed sphere. [Code: Entropy1]
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DISCRETISA TION OF PHASE SPA CE; ENTR OPY
Returning from geometry to physics, we will from now on denote phasespacevolumes by �,

reservingthe symbol V for the volume of a systemin real space.Thus, � ~v is the 3N -dimensional
velocity phasespacevolume of a N -particle system, � ~r refers to the positional subspacevolume
which usually will also have 3N dimensions, and � denotes the full phasespace(or volume in
phasespace)with 6N dimensions.

Dependingon which model systemweareconsidering,the microvariablesareeither continuous
(classicalmanybody system) or discrete (quantum models, spin lattices.) In order to be able to
\enumerate" the states in phasespaceit is opportune to intro duce a raster even in the caseof
continuousmicrovariables. Thus we imagine the phasespaceof a N -particle systemto be divided
into cells of size 2

g � � x � v (3.33)

Now let us considera classicalgas,or 
uid, with particle number N and volume V . In the 3N -
dimensional velocity subspaceof the 6N -dimensional phase spacethe condition Ek in � [E ; � E ]
again de�nes a spherical shell whosevolume is essentially equal to the volume of the enclosed
sphere. The number of � v cells in (or below) this shell is

� ~v (E ; � E ) �
�� ~v

(� v)3N �
� ~v

� v3N = C3N

�
2E
m

� 3N =2

=(� v)3N (3.34)

In the caseof the ideal gasthe contribution of the position subspacemay be included in a simple
manner; we write

� ~r =
V N

� x3N (3.35)

Thus the total number of cells in 6N spaceis

� 0(N ; V; E) = � ~r � ~v = C3N

"
V
g3

�
2E
m

� 3=2
#N

=
1

p
3N �

�
2� e
3N

� 3N =2
"

V
g3

�
2E
m

� 3=2
#N

(3.36)

Now we have to prematurely intro ducea result of quantum statistics. One characteristic property
of quantum objects is their indistinguishabilit y . It is evident that the number of distinct
microstates will depend on whether or not we take into account this quantum property. A
detailed analysiswhich must be postponed for now leadsup to the simple result that we have to
divide the above quantit y � 0(N ; V; E) by N ! to �nd

�( N ; V; E) � � 0(N ; V; E)=N ! (3.37)

which is now indeed proportional to the total number of physically distinct microstates. This
rule is known as the rule of correct Boltzmann enumeration .

It is characteristic of the physical \instinct" of J. W. Gibbs that he found just this rule for the
correct calculation of � although quantum mechanics was not yet known to him. Ho proposed
the 1=N ! rule in an ad hoc manner to solve a certain theoretical problem, the so-calledGibbs
Paradox.

The quantit y �( N ; V; E) is a measure of the available phase space volume, given
in units g3N . The logarithm of �( N ; V; E) has great physical signi�cance: it is {
up to a prefactor k { identical to the entropy S(N ; V; E) that was intro duced in

2A particularly powerful formulation of classical mechanics, known as Hamilton's formalism, makes use of the
variables ~q; ~p (position and momentum) in place of ~r ; ~v (position and velocit y.) In this notation the phase space
cells have the size h � � q � p.
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thermodynamics. At present, this identi�cation is no more than a hypothesis; the
following chapter will show how reasonablethe equality

S(N ; V; E) = k ln �( N ; V; E) (3.38)

really is.

In the caseof a classicalideal gaswe �nd, using ln N ! � N ln N and neglecting ln
p

3N � in equ.
3.36,

S(N ; V; E) � k ln �( N ; V; E) = N k ln

"
V
N

�
4� Ee

3N mg2

� 3=2
#

(3.39)

This is the famous Sackur-T etro de equation, named for the authors Otto Sackur and
Hugo Tetro de.

The numerical value of �, and therefore of S, is obviously dependent on the chosengrid size
g. This disquieting fact may be mitigated by the following considerations:

� As long as we are only comparing phasespacevolumes, or entropies, the unit is of no
concern

� There is in fact a smallestphysically meaningful gridsizewhich may well serveasthe natural
unit of �; it is given by the quantum mechanical uncertainty: gmin = h=m

Example: N = 36, m = 2, E = N = 36. The averageenergyper particle is then = 1,
and the mean squaredvelocity is hv2 i = 1. Assuming a cubic box with V = L 3 = 1
and a rather coarsegrid with � x = � v = 0:1 we �nd

S(N ; V; E)=k = 36ln

"
1
36

�
4 � � � 36� e

3 � 36 � 2 � 10� 4

� 3=2
#

= 462:27 (3.40)

Just for curiosity, let us determine ln(��), where �� is the phase spacevolume
betweenE = 35:5 and 36:0:

�� = �(36 :0) � �(35 :5) = �(36 :0)

"

1 �
�

35:5
36

� 54
#

= �(36 :0) � 0:53 (3.41)

and thus
S(N ; V; � E )=k = 462:27� 0:63 = 461:64 (3.42)

We seethat even for such a small system the entropy value is quite insensitive to
using the spherical shell volume in place of the spherevolume!

3.3 Problems for Chapter 3

EXER CISES:

3.1 Geometry of n-spheres I: Calculate the volumes and surfaces of spheres with r =
1:0 in 3,6,12 and 100 dimensions. In evaluating 100! use the Stirling appro ximation n! �p

2� n (n=e)n .

3.2 Geometry of n-spheres I I: For the various n-spheresof the foregoing example, compute
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the fraction of the total volume contained in a shell betweenr = 0:95 and r = 1:0. Comment the
result.

3.3 Appro ximate form ula for ln Vn (z0): Chooseyour own example to verify the validit y of
the approximation 3.30. Put the meaningof this equation in words; demonstrate the geometrical
meaning for a three-dimensionalsphere{ even if the approximation is not yet valid in this case.
Make a few runs with Applet Entropy1 and comment on your �ndings.

3.4 Sackur-T etro de equation: Calculate the entropy of an ideal gasof noble gasatoms; choose
your own density, energy per particle, and particle mass(keeping in mind that the gas is to be
near ideal); use the mimimal grid size in phasespace,g = gmin � h=m.

TEST YOUR UNDERST ANDING OF CHAPTER 3:

3.1 Geometry of phase space: Explain the conceptsphase space, energy surface , energy
shell .

3.2 En trop y and geometry: What is the relation between the entropy of a system and the
geometry of the phasespace?

3.3 Geometry of n-spheres: Name a property of high-dimensional spheresthat simpli�es the
entropy of an ideal gas. (Hint: shell volume?)

51



Chapter 4

Statistical Thermo dynamics

4.1 Micro canonical ensemble

We recall the de�nition of this ensemble { it is that set of microstates which for given N; V
have an energy in the interval [E ; � E ]. The number of such microstates is proportional to the
phasespacevolume they inhabit. And we found somereasonto suspect that this volume { its
logarithm, rather { may be identi�ed asthat property which the thermodynamicists have dubbed
entrop y and denoted by S(N ; V; E). This can hold only if S has the two essential properties of
entropy:

1. If the system is divided into two subsystemsthat may freely exchange energy, then the
equilibrium state is the one in which the available energyE = E1 + E2 is distributed such
that

dS(N1; V1; E1)
dE1

�
�
�
�
E 1 = E �

1

?=
dS(N2; V2; E2)

dE2

�
�
�
�
E 2 = E � E �

1

(4.1)

The quantit y T � [dS(N ; V; E)=dE]� 1 is commonly called temp erature .

2. In equilibrium the entropy S is additiv e:

S(N1; V1; E1) + S(N2; V2; E2) ?= S(N1 + N2; V1 + V2; E1 + E2) (4.2)

THERMAL INTERA CTION
Now considertwo systems(N1; V1; E1) and (N2; V2; E2) in thermal contact , meaning that they
can exchangeenergybut keepingthe total energyE � E1 + E2 constant; their \priv ate" volumes
and particles remain separated. We may determine the phase spacevolume of the combined
system.

Ad 1. The optimal partial energyE �
1 ful�lls � 2(E2) @� 1(E1)=@E1 = � 1(E1) @� 2(E2)=@E2, or

@
@E1

ln � 1(E1)jE 1 = E �
1

=
@

@E2
ln � 2(E2)jE 2 = E � E �

1
(4.3)

This, however, is nothing elsebut the well-known thermodynamic equation

@S1(E1)
@E1

�
�
�
�
E 1 = E �

1

=
@S2(E2)

@E2

�
�
�
�
E 2 = E � E �

1

(4.4)
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Figure 4.1: Isolated system: ! microcanonical ensemble

or, with @S=@E � 1=T,
T1 = T2 : (4.5)

Ad 2. Let the total energy be divided up according to E � E1 + E2. Then we have, by equ.
3.30,

� 1+2 (E ) = � 1(E �
1 ) � 2(E � E �

1 ) (4.6)

and thus

S1+2 = k ln
� 1+2 (E )

g3N = k ln
�

� 1(E �
1 )

g3N 1

� 2(E � E �
1 )

g3N 2

�

= k ln
� 1(E �

1 )
g3N 1

+ k ln
� 2(E � E �

1 )
g3N 2

= S1(E �
1 ) + S2(E � E �

1 ) (4.7)

where E �
1 is that partial energyof system 1 which maximizes the product � 1(E1)� 2(E � E1).

In other words, at thermal contact between two systemsisolated from the outside world there
will be a regular 
o w of energyuntil the quantit y @S=@E (� 1=T) is equal in both systems.Since
the combined systemhasthen the largest extensionin phasespace,this will be the most probable
distribution of energiesupon the two systems. There may be 
uctuations around the optimal
energy distribution, but due to the extreme sharpnessof the maximum of � 1(E1)� 2(E � E1)
thesedeviations remain very small.

It should be noted that theseconclusions,although of eminent physical signi�cance, may be
derived quite simply from the geometrical properties of high-dimensional spheres.

Example: Consider two systemswith N1 = N2 = 36 and initial energiesE1 = 36,
E2 = 72. Now bring the systems in thermal contact. The maximum value of the
product � 1(E1)� 2(E � E1) occurs at E �

1 = E �
2 = 54, and the respective phasespace

volume is

� 1(E �
1 )� 2(108� E �

1 ) =
�

1
36

�
� e104� 3=2

� 72

(4.8)
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How doesanother partitioning of the total energy{ say, (46; 62) instead of (54; 54) {
compareto the optimal one, in terms of phasespacevolume and thus probabilit y?

� 1(46)� 2(62)
� 1(54)� 2(54)

=
�

46� 62
54� 54

� 54

= 0:30 (4.9)

We can seethat the energy 
uctuations in these small systemsare relatively large:
� E1=E�

1 � 8=54 = 0:15. However, for larger particle numbers � E1=E�
1 decreasesas

1=
p

N : (515� 565=540� 540)540 = 0:31; thus � E1=E�
1 � 25=540= 0:05.

THERMOD YNAMICS IN THE MICR OCANONICAL ENSEMBLE
Let the systemunder considerationbe in mechanical or thermal contact with other systems.The
macroscopicconditions (V; E) may then undergo changes,but we assumethat this happens in
a quasistatic way, meaning that the changesare slow enough to permit the system always to
e�ectiv ely perambulate the microensemble pertaining to the momentary macroconditions. To
take the N -particle gas as an example, we require that its energy and volume changeso slowly
that the system may visit all regionsof the the phasespaceshell (E (t); V (t)) before it movesto
a new shell. Under theseconditions the imported or exported di�eren tial energydE is related to
the di�eren tial volume changeaccording to

dS =
�

@S
@E

�

V
dE +

�
@S
@V

�

E
dV (4.10)

De�ning (in addition to T � (@S=@E) � 1
V ) the pressureby

P � T
�

@S
@V

�

E
(4.11)

then equ. 4.10 is identical to the thermodynamic relation

dS =
1
T

(dE + P dV) or dE = T dS � P dV (First Law) (4.12)

Example: Classical ideal gaswith

S(N ; V; E) = N k ln

"
V
N

�
4� Ee

3N mg2

� 3=2
#

(4.13)

Solving this equation for E we �nd for the in ternal energy U(S;V ) � E the explicit
formula

U(S;V) =
�

N
V

� 2=3 3N mg2

4�
e2S=3N k� 1 (4.14)

From thermodynamics we know that T = (@U=@S)V ; therefore

T =
2
3

U
N k

(4.15)

From this we conclude,in agreement with experiment, that the speci�c heat of the
ideal gasis

CV =
3
2

N k : (4.16)

The pressure may be found from P = � (@U=@V)S :

P =
2
3

U
V

=
N kT

V
(4.17)
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SIMULA TION IN THE MICR OCANONICAL ENSEMBLE: MOLECULAR DY-
NAMICS
We found it a simple matter to derive the entropy S of an ideal gas as a function of N , V and
E; and oncewe had S(N ; V; E) the subsequent derivation of thermodynamics was easy. To keep
things so simple we had to do some cheating, in that we assumedno interaction between the
particles. Statistical mechanics is powerful enoughto yield solutions even if there are such inter-
actions. A discussionof the pertinent methods { virial expansion,integral equation theories etc.
{ is beyond the scope of this tutorial. However, there is a more pragmatic method of investigating
the thermodynamic properties of an arbitrary model system: computer simulation. The classical
equationsof motion of masspoints interacting via a physically plausible pair potential u(r ) such
as the one intro duced by Lennard-Jonesread

d~vi

dt
= �

1
m

X

j 6= i

@u(r ij )
@~r i

(4.18)

If at some time t the microstate f ~r i ; ~vi ; i = 1; : : : N g is given we can solve these equations of
motion for a short time step � t by numerical approximation; the new positions and velocities at
time t + � t are usedas starting valuesfor the next integration step and so forth. This procedure
is known as molecular dynamics simulation.

Sincewe assumeno external forcesbut only forcesbetweenthe particles, the total energy of
the systemremains constant: the tra jectory in phasespaceis con�ned to the energysurfaceE =
const. If the systemsis chaotic it will visit all stateson this hypersurfacewith the samefrequency.
An average over the tra jectory is therefore equivalent to an average over the microcanonical
ensemble. For example, the internal energy may be calculated according to Ui � hEk in i +
hEpot i , where Ek in may be determined at any time from the particle velocities, and Epot �
(1=2)

P
i;j u(r ij ) from the positions. By the sametoken the temperature may be computed via

3N kT=2 � hEk in i , while the pressureis the averageof the so-called\virial"; that is the quantit y
W � (1=2)

P
i

P
j 6= i

~K ij � ~r ij . In particular we have P = N kT=V + hW i =3V.
In the caseof hard spheresthe particle tra jectories are computed in a di�eren t manner. For

given ~r i ; ~vi the time span t0 to the next collision between any two particles in the system is
determined. Calling theseprospective collision partners i 0 and j 0 we �rst move all spheresalong
their speci�c 
igh t directions by � ~r i = ~vi t0 and then simulate the collision (i 0; j 0), computing
the new directions and speedsof the two partners according to the laws of elastic collisions. Now
we have gonefull circle and can do the next t0 and i 0; j 0.

Further details of the MD method may be found in [Vesel y 94] or [Allen 90]

4.2 Canonical ensemble

Weoncemoreput two systemsin thermal contact with each other. Oneof the systemsis supposed
to have many more degreesof freedomthan the other:

n > n � n1 >> n1 >> 1 (4.19)

The larger system, with n2 � n � n1 d.o.f., is called \heat bath". The energy E2 = E � E1

contained in the heat bath is \almost always" much greater than the energy of the smaller
system; the heat reservoir's entropy may therefore be expandedaround S2(n2; E ):

S2(E � E1) � S2(E ) � E1
@S2(E 0)

@E 0

�
�
�
�
E 0= E

= S2(E ) �
E1

T
(4.20)
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Figure 4.2: System in contact with an energy reservoir: ! canonical ensemble

where T is the temperature of the heat bath. The number of phasespacecells occupied by the
larger system is thus

� 2(E � E1) = eS2 =k e� E 1 =kT (4.21)

But the larger � 2(E � E1), the larger the probabilit y to �nd system1 in a microstate with energy
E1. We may expressthis in terms of the \canonical phasespacedensity" � 1(� 1):

� 1 [� 1(E1)] = � 0e� E 1 =kT (4.22)

where � 0 is a normalizing factor, and

� 1(� 1) � � [~r1; ~v1; E (~r1; ~v1) = E1] (4.23)

is the density of microstates in that region of phasespaceof system1 that belongsto energyE1.
For a better understanding of equ. 4.22 we recall that in the microcanonical ensemble only

thosestatesof system1 wereconsideredfor which the energyE1 wasin the interval [E1; E1 � � E ].
In the canonical ensemble all energyvaluesare permitted, but the density of state points varies
strongly, as exp[� E1=kT].

Equation 4.22 may not be understood to say that the most probable energyof the smaller
system be equal to zero. While the densit y of states in the phase spaceof system 1 indeed
drops sharply with increasingE1, the volume � 1(E1) pertaining to E1 is strongly increasingas
E 3N =2

1 . The product of these two factors, i.e. the statistical weigh t of the respective phase
spaceregion, then exhibits a maximum at an energy E1 6= 0.

As a { by now familiar { illustration of this let us recall the Maxwell-Boltzmann distribution:
p(j~vj is just the probabilit y density for the (kinetic) energyof a subsystemconsisting of only one
particle, while the heat bath is made up of the N � 1 other molecules.

In the moregeneralcase,i.e. for a largenumber of particles, the peakof the energydistribution
is so sharp that the most probable energy is all but identical to the mean energy:

� E

E
/

1
p

N
(4.24)

Thus we have found that even non-isolated systemswhich may exchange energy have actually
most of the time a certain energyfrom which they will deviate only slightly . But this meansthat
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we may calculate averagesof physical quantities either in the microcanonical or in the canonical
ensemble, according to mathematical convenience. This principle is known as \equivalenceof
ensembles".

We have derived the properties of the canonical ensemble using a Taylor expansionof the en-
tropy. The derivation originally given by Gibbs is di�eren t. J. W. Gibbs generalizedBoltzmann's
\metho d of the most probable distribution" to an ensemble of microscopically identical systems
which are in thermal contact with each other.

Gibbs consideredM equal systems(i = 1; : : : ; M ), each containing N particles. The sum
of the M energieswas constrained to sum up to a given value, E =

P
i E i , with an unhindered

interchange of energiesbetween the systems. Under these simple assumptions he determined
the probabilit y of �nding a system in the neighbourhood of a microstate ~� having an energy
in the interval [E ; � E ]. With increasing energy E this probabilit y density drops as � (�( E )) /
exp[� E=kT]. Sincethe volume of the energy shell risessharply with energy we again �nd that
most systems will have an energy around hE i = E=M . Thus the important equiv alence of
canonical and micro canonical ensembles may alternativ ely be proven in this manner.

THERMOD YNAMICS IN THE CANONICAL ENSEMBLE
The quantit y

Q(N ; V; T) �
1

N !g3N

Z
d~r d~ve� E (~r ;~v)=kT (4.25)

is called canonical partition function . First of all, it is a normalizing factor in the calculation
of averagesover the canonical ensemble. For example, the internal energymay be written as

U � hE i =
1

Q(N ; V; T)
1

N !g3N

Z
d~r d~vE(~r ;~v)e� E (~r ;~v)=kT (4.26)

But the great practical importance of the partition function stems from its close relation to
Helmholtz' free energy A(N ; V; T), which itself is a central object of thermodynamics. The
relation betweenthe two is

Q(N ; V; T) = e� � A (N ;V ;T ) (4.27)

where � � 1=kT. To prove this important fact we di�eren tiate the identit y

1
N !g3N

Z
d~r d~v e� [A (N ;V ;T ) � E (~r ;~v)] = 1 (4.28)

by � , obtaining

A(N ; V; T) � hE i + �
�

@A
@�

�

V
= 0 (4.29)

or

A(N ; V; T) � U(N ; V; T) � T
�

@A
@T

�

V
= 0 (4.30)

But this is, with S � � (@A=@T)V , identical to the basic thermodynamic relation A = U � TS.
All other thermodynamic quantities may now be distilled from A(N ; V; T). For instance, the

pressureis given by

P = �
�

@A
@V

�

T
; (4.31)

Similarly, entropy and Gibbs' free energy are calculated from

S = �
�

@A
@T

�

V
and G = A + PV (4.32)
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Example 1: For the classical ideal gas we have

Q(N ; V; T) =
m3N

N !h3N

Z
d~r d~v exp[�

m
2kT

X
j~vi j2] =

1
N !h3N qN (4.33)

with

q �
Z

d~r d~v exp[�
m

2kT
j~vj2] =

�
2� kT

m

� 3=2

V (4.34)

This leadsto

Q(N ; V; T) =
1

N !

�
2� mkT

h2

� 3N =2

V N (4.35)

and using A � � kT ln Q and 4.31 we �nd

P =
N kT

V
(4.36)

which is the well-known equation of state of the ideal gas. Similarly we �nd from
S = � (@A=@T)V the entropy in keepingwith equ. 3.39.

Example 2: The free energy of one mole of an ideal gas at standard conditions, as-
suming a molecular massof m = 39:95mH (i. e. Argon), is

A = � kT ln Q = � 4:25� 107J (4.37)

We have now succeededto derive the thermodynamics of an ideal gassolely from a geometrical
analysis of the phasespaceof N classicalpoint masses. It must be stressedthat similar rela-
tions for thermodynamical observables may also be derived for other model systemswith their
respective phasespaces.

In hindsight it is possible to apply the concept of a \partition function" also to the micro-
canonical ensemble. After all, the quantit y �( N ; V; E) was also a measureof the total accessible
phasespacevolume. In other words, we might as well call it the \micro canonicalpartition func-
tion". And we recall that its logarithm { the entropy { served as a starting point to unfold
statistical thermodynamics.

EQUIP AR TITION THEOREM
Without proof we note the following important theorem:

If the Hamiltonian of a system contains someposition or velocity coordinate in quadratic form,
the respective degreeof freedomwill have the mean energy kT=2.

Example 1: The Hamiltonian of the classicalideal gas is

H (~v) =
NX

i =1

3X

� =1

mv2
i�

2
(4.38)

Each of the 3N translational d.o.f. appears in the guise v2
i� . The equipartition

theorem then tells us that for each velocity component

m
2

hv2
i� i =

kT
2

or
m
2

hv2
i i =

3kT
2

(4.39)
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(As there is no interactional or external potential, the positional d.o.f. contain no
energy.)

Example 2: Every classical
uid, such as the Lennard-Jonesliquid, has the Hamilto-
nian

H (~r ;~v) = Hpot (~r ) +
NX

i =1

3X

� =1

mv2
i�

2
(4.40)

Thereforeeach of the 3N translatory d.o.f. contains, on the average,an energykT=2.
(The interaction potential is not quadratic in the positions; thereforethe equipartition
law doesnot apply to r i� .)

Example 3: A system of N one-dimensionalharmonic oscillators is characterized by
the Hamiltonian

H (~x; _~x) = Hpot + H k in =
f
2

X

i =1

x2
i +

m
2

X

i =1

_x2
i (4.41)

Therefore,
f
2

hx2
i i =

kT
2

and
m
2

h_x2
i i =

kT
2

: (4.42)

Thus the total energyof the N oscillators is E = N kT. The generalization of this to
three dimensionsis trivial; we �nd E id:cr yst: = 3N kT. For the speci�c heat we have
consequently CV � (@E=@T)V = 3N k. This prediction is in good agreement with
experimental results for crystalline solids at moderately high temperatures. For low
temperatures { and depending on the speci�c substancethis may well mean room
temperature { the classicaldescription breaks down, and we have to apply quantum
rules to predict CV and other thermodynamic observables(seeChapter 5.)

Example 4: A 
uid of N \dum bbell molecules", each having 3 translatory and 2
rotatory d.o.f., has the Hamiltonian

H (~r ;~e; _~r ; _~e) = Hpot (~r ;~e) +
X

i;�

mv2
i�

2
+

X

i;�

I ! 2
i�

2
(4.43)

where~e are the orientation vectorsof the linear particles, ! are their angular velocities,
and I denotesthe molecular moment of inertia.

Thus we predict
m
2

hv2
i i =

3kT
2

and
I
2

h! 2
i i =

2kT
2

: (4.44)

which is again a good estimate as long as a classicaldescription may be expected to
apply.

CHEMICAL POTENTIAL
Let us recall the experimental setup of Fig. 4.2. Allowing two systemsto exchangeenergy leads
to an equilibration of their temperatures T (see Section 4.1). The energiesE1; E2 of the two
subsystemswill then only 
uctuate { usually just slightly { around their averagevalues.

Let us now assumethat the systemscan also exchangeparticles. In such a situation we will
again �nd some initial equilibration after which the particle numbers N1; N2 will only slightly

uctuate around their mean values. The 
o w of particles from one subsystemto the other will
come to an end as soon as the free energy A = A1 + A2 of the combined system tends to a
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constant value. This happens when (@A1=@N )V = (@A2=@N )V . The quantit y that determines
the equilibrium is therefore � � (@A=@N )V ; the subsystemswill trade particles until � 1 = � 2.
(Compare this de�nition of the chemical poten tial with that of temperature, (@S=@E) � 1

V .)

Example: The chemical potential of Argon (m = 39:95mH ) at normal conditions is

� �
dA
dN

= � kT
d ln Q
dN

= � kT ln

"
V
N

�
2� mkT

h2

� 3=2
#

= � 7:26� 10� 20J (4.45)

SIMULA TION IN THE CANONICAL ENSEMBLE: MONTE CARLO CALCULA-
TION
We may once more �nd an appropriate numerical rule for the correct \bro wsing" of all states
with given (N ; V; T) (in place of (N ; V; E)). Since it is now the Boltzmann factor that givesthe
statistical weight of a microstate ~� � f ~r i ; ~vi g, the averagevalue of somequantit y a(~�) is given
by

hai N ;V ;T =
Z

a(~�) exp[� E (~�) =kT]d~� =
Z

exp[� E (~�) =kT]d~� (4.46)

If a dependsonly on the particle positions and not on velocities { and this is true for important
quantities such potential energy, virial, etc. { then we may even con�ne the weighted integral to
the 3N -dimensional con�gurational subspace~� c � f ~r i g of full phasespace:

hai N ;V ;T =
Z

a(~� c) exp[� Epot (~� c)=kT ]d~� c=
Z

exp[� Epot (~� c)=kT ]d~� c (4.47)

In order to �nd an estimate for hai we formally replace the integrals by sums and construct a
long sequenceof randomly sampled states ~� c(m); m = 1; : : : M with the requirement that the
relative frequencyof microstates in the sequencebe proportional to their Boltzmann factors. In
other words, con�gurations with high potential energy should occur lessfrequently than states
with small Epot . The customary method to produce such a biasedrandom sequence(a so-called
\Mark ov chain") is called \Metrop olis technique", after its inventor Nicholas Metropolis.

Now, sincethe Boltzmann factor is already contained in the frequencyof statesin the sequence
we can compute the Boltzmann-weighted averagesimply according to

hai =
1

M

MX

m =1

a
�

~� c(m)
�

(4.48)

An extensive description of the Monte Carlo method may be found in [Vesely 1978] or [Vesely
2001].

There is also a special version of the molecular dynamics simulation method that may be
usedto perambulate the canonical distribution. We recall that in MD simulations normally the
total systemenergyE tot = Ek in + Epot is held constant, which is roughly equivalent to sampling
the microcanonical ensemble. However, by intro ducing a kind of numerical thermostat we may
at each time step adjust all particle velocities so as to keepEk in either constant (isokinetic MD
simulation) oder near a mean value such that hEk in i / T (isothermal MD).

4.3 Grand canonical ensemble

Once again we put a small system (1) in contact with a large one (2). However, this time we do
not only permit the exchangeof energybut alsothe crossingover of particles from onesubsystem
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Figure 4.3: Systemin contact with an energyand particle reservoir: ! grand canonicalensemble

to the other.

And asbeforewe can write down the probabilit y density in the phasespaceof the smaller system;
it dependsnow both on the number of particles N1 and on f ~r i ; ~vi ; i = 1; : : : N1g, as follows:

p(~r ;~v; N1) / e�N 1 =kT e� E (~r ;~v)=kT (4.49)

Summing this density over all possible values of N1 and integrating { at each N1 { over all
f ~r i ; ~vi ; i = 1; : : : N1g we obtain the grand partition function

Z (�; V1; T ) �
1X

N 1 =0

eN 1 �=k T Q(N1; V1; T ) (4.50)

Its value is just the \total statistical weight" of all possiblestatesof system1. Above all, it serves
as the sourcefunction of thermodynamics.

THERMOD YNAMICS IN THE GRAND CANONICAL ENSEMBLE
From the grand partition function wecan easilyderive expressionsfor the various thermodynamic
observables. For instance, putting z � e�=k T and � � 1=kT we �nd

P =
kT
V

ln Z (z; V; T) (4.51)

N (� hN i ) = z
@
@z

ln Z (z; V; T) = kT
@ln Z

@�
(4.52)

U(� hE i ) = �
@

@�
ln Z (z; V; T) = kT 2 @ln Z

@T
(4.53)

As a rule the { permitted { 
uctuations of the number of particles remain small; in particular
we have � N=N � 1=

p
N . Thus the grand ensemble is again equivalent to others ensembles of

statistical mechanics.

[To do: applet with MD simulation, averagestaken only over particles in a partial volume {>
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sameresults!]

Example: Let us visit the ideal gasagain. For the grand partition function we have

Z (z; V; T) =
X

N

zN V N

N !

�
2� mkT

h2

� 3N =2

=
X

N

yN

N !
with y � V z

�
2� mkT

h2

� 3=2

(4.54)

Therefore

Z = exp

"

� zV
�

2� mkT
h2

� 3=2
#

or ln Z = � zV
�

2� mkT
h2

� 3=2

(4.55)

Using the formulae for internal energy and pressurewe �nd

P = � kTz
�

2� mkT
h2

� 3=2

and U = � kTz
3V
2

�
2� mkT

h2

� 3=2

(4.56)

Consequently , P = 2U=3V or

P =
2

3V
3N kT

2
=

N
V

kT (4.57)

in keepingwith the phenomenologicalideal gasequation.

SIMULA TION IN THE GRAND CANONICAL ENSEMBLE: GCMC
The states within the grand ensemble may again be sampled in a random manner. Just as in
the canonical Monte Carlo procedurewe produce a sequenceof microstates ~� c(m); m = 1; : : : M
with the appropriate relative frequencies.The only changeis that we now vary also the number
of particles by occasionallyadding or removing a particle. The stochastic rule for theseinsertions
and removals is such that it agreeswith the thermodynamic probabilit y of such processes.By
averaging somequantit y over the \Mark ov chain" of con�gurations we again obtain an estimate
of the respective thermodynamic observable.

4.4 Problems for Chapter 4

EXER CISES:

4.1 Canonical phase space densit y: Considering the Maxwell-Boltzmann distribution in a
classical3D 
uid, show that
a) with increasingkinetic energy Ek the density of states decreasesas exp[� Ek =kT];
b) in spite of this the most probable kinetic energy is not zero.
Apply this to the generalcanonical phase space.

4.2 Grand canonical ensemble: Using the grand partition function, derive the mean number

62



of particles in one m3 of an ideal gasat standard conditions.

TEST YOUR UNDERST ANDING OF CHAPTER 4:

4.1 Temp erature and entrop y: What happens if two systemsare put in contact with each
other such that they may exchangeenergy?

4.2 Changes of state: What is a quasistatic changeof state?

4.3 Equipartition theorem: Formulate the equipartition theorem; to which microscopicvari-
ablesdoesit apply? Give two examples.

4.4 Canonical ensemble: What are the macroscopicconditions that de�ne the canonical en-
semble? When is it equivalent to the microcanonical ensemble?

4.5 Grand canonical ensemble: What are the macroscopicconditions de�ning the grand
canonical ensemble? What is neededto make it equivalent to the canonical and microcanonical
ensembles?
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Chapter 5

Statistical Quan tum Mec hanics

Counting the states in phasespacetakes someconsideration if we want to apply quantum me-
chanics. We have already mentioned the fact that quantum particles are not distinguishable, and
we took this into account in a heuristic manner, by intro ducing the permutation factor 1=N ! in
the partition function.

Another feature of the quantum picture is that state spaceis not continuous but consists
of �nite \raster elements": just think of the discrete states of an ideal quantum gas. Finally,
it depends on the \symmetry class" of the particles how many of them may inhabit the same
discrete microstate. Fermions , with a wave function of odd symmetry, can take on a particular
state only exclusively; the population number of a raster element in pahesespacecan be just 0
or 1. In contrast, even-symmetry bosons may in any number share the samemicrostate.

What are the consequencesof theseadditional counting rules for Statistical Thermodynamics?
To seekan answer we may either proceedin the manner of Boltzmann (seeSection 2.2) or �a la
Gibbs (seeChapter 4). For a better understanding we will here sketch both approaches.

5.1 Ideal quan tum gas: Metho d of the most probable dis-
tribution

We consider a system of N independent particles in a cubic box with ideally elastic walls. In
the spririt of the kinetic theory of dilute gaseswe explore the state space for the individual
particles, which Boltzmann dubbed � -space. In the quantum casethis spaceis spannedby the
quantum numbers nx;y ;z = 1; 2 : : : pertaining to the momentum eigenstateshaving eigenvalues
~p � (h=2L)~n and energiesE~n = p2=2m = (h2=8mL 2)j~nj2.

Now we batch together all states having energiesE~n in an interval [E j ; � E ]. The number of
states in such a \cell" is named gj ; j = 1; 2; : : : m. The valuesof the gj are not important; they
should only be large enoughto allow the application of Stirling's formula.

As before we try to answer the question how the N particles should best be distributed over
the m cells. To do so we changethe notation from the oneusedin Section2.2, in that we denote
the number of particles in cell j by f j . The reasonfor using f j is that \ n" is reserved for the
quantum numbers.

A speci�c distribution ~f � f f j ; j = 1; : : : mg of the N particles to the m cellsis more probable
if its multiplicit y W is larger, meaning that we can allot the f f j g particles in more di�eren t
ways to the f gj g states in each cell { always keepingin mind the Fermi or Boserules:

Fermi � Dirac : W =
mY

j =1

�
gj

f j

�
Bose� Einstein : W =

mY

j =1

�
gj + f j � 1

f j

�
(5.1)
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To compare: the multiplicit y given in Section 2.2, pertaining to a classicaldistribution (seeequ.
2.20) would in our present notation read W =

Q m
j =1 gf j

j =f j !.
The distribution f �

j having the largest multiplicit y may again be determined by Lagrange
variation with the conditions

P
j f j E j = E and

P
j f j = N :

� ln W � � �

0

@
X

j

f j E j � E

1

A + 
 �

0

@
X

j

f j � N

1

A = 0 (5.2)

Writing z � e
 we �nd for

Fermi � Dirac : f �
j =

gj

z� 1e� E j + 1
Bose � Einstein : f �

j =
gj

z� 1e� E j � 1
(5.3)

This is the most probable distribution of the particles upon the cells. Sincegj denotesthe number
of states in cell j , we have for the average population num ber of each state

hf ~n i �
f �

j

gj
=

1
z� 1e� E j � 1

(+ : : : Fermi; � : : : Bose) (5.4)

It is easy to interpret the Lagrange parameters � and z. As in Section 2.2 one comparesthe
consequencesof the population densitiesgivenabove to empirical/thermo dynamical facts, �nding
that � is related to temperature as� = 1=kT, and that z = e
 = e�=k T is identical to the fugacity.

For a better understanding of this derivation, let us interpret its premisesas a set of rules
in a gameof fortune, as we have done in Chapter 2. By running the applet EFRoulette we may
indeed play that game { for Fermi particles at least { and compare its outcome with the result
just given.

Theseare the rules:

For non-interacting particles in a squarebox the � -plane is spannedby integersnx ; ny ; each quan-
tum state is represented by a point. A speci�c state of a systemof N fermions is represented by
a set of N inhabited points on that plane.

To �nd the average(and also most probable!) distribution of particles on states,

{ assignN particles randomly to the states on � -plane

{ make sure that the sum of the particle energiesequalsthe given system energy,
AND
{ discard all trials in which a state is inhabited by more than one particle

{ determine the mean number of particles in each state; sort the result according to the state
energies

5.2 Ideal quan tum gas: Grand canonical ensemble

We may derive the properties of a quantum gas in another way, making use of the (z; V; T)
ensemble in Gibbseanphasespace.Recalling the generalde�nition of the grand partition function,
Z (z; V; T) �

P 1
N =0 zN Q(N; V; T), we now write Q asa sum (in placeof an integral) over states:

Q(N ; V; T) =
m3N

N !h3N

Z
d~� exp

h
� E(~�) =kT

i
=)

X

f f ~n g

exp

"

�
X

~n

f ~n E~n =kT

#

(5.5)
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Figure 5.1: Playing the Fermi-Dirac game. [Code: EFRoulette]

The sum f f ~n g is to be taken over all permitted population numbersof all states~n, again requiring
that

P
~n f ~n = N . The permitted values of f ~n are: 0 and 1 for fermions, and 0; 1; 2; : : : N for

bosons. In this manner we arrive at

Z =
1X

N =0

zN
X

f f ~n g

exp

"

�
X

~n

f ~n E~n =kT

#

=
1X

N =0

X

f f ~n g

Y

~n

�
ze� E ~n =kT

� f ~n

(5.6)

It is easyto show that this is equal to

Z =
Y

~n

2

4
X

f

�
ze� E ~n

� f

3

5 (5.7)

Now we can insert the possiblevaluesof f . We �nd that for

Fermions ( f = 0; 1):

Z =
Y

~n

h
1 + ze� E ~n =kT

i
(5.8)

and for Bosons ( f = 0; 1; 2; : : :):

Z =
Y

~n

1
1 � ze� E ~n =kT

(5.9)

Having secured the grand partition function, we can now apply the well-known formulae for
pressure,mean particle number, and internal energy (seeSection 4.3) to determine the thermo-
dynamic properties of the system. The mean population number of a given state ~n is

hf ~n i �
1
Z

X

N

X

f f ~n g

f ~n exp

"

�
X

~n

E~n f ~n

#

= �
1
�

@
@E~n

ln Z (5.10)

Inserting for Z the respective expressionfor Fermi or Boseparticles we oncemore arrive at the
population densitiesof equ. 5.4.

In the following sectionswe discussthe properties of a few particularly prominent fermion
and bosongases.

5.3 Ideal Fermi gas

Figure 5.2 shows the fermion population density (seeequ. 5.4 with the positive sign in the de-
nominator.) It is evidently quite di�eren t from its classicalcounterpart, the Boltzmann factor. In
particular, when the temperature is low then it approachesa step function: in the limit kT ! 0
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Figure 5.2: Mean population numbers of the states in a Fermi-Dirac system with � = 0. For
comparisonwe have also drawn the classicalBoltzmann factor exp[� E=kT] for a temperature of
kT = 5.

all states having an energy below a certain value are inhabited, while the states with higher
energiesremain empty. The threshold energyEF = � is called \F ermi energy"_

It is only for high temperatures and small values of � that the Fermi-Dirac density approaches
the classicalBoltzmann density; and as it does so it strictly obeys the inequality f F D < f B m .
For the purposeof comparisonwe have included a graph of f B m = exp[� E~p=kT] in Figure 5.2.

ELECTR ONS IN MET ALS
Conduction electrons in metallic solids may be consideredas an ideal fermion gas { with an
additional feature: sinceelectronshave two possiblespin statesthe maximum number of particles
in a state ~p is 2 instead of 1.

At low temperaturesall states~p with E~p � EF = � are populated. The number of such states
is, as we can seefrom eq. 1.21,

N =
8�
3

V
�

2m�
h2

� 3=2

(5.11)
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Figure 5.3: Mean population number of states in a Bose-Einstein system with � = 0. For
comparisonwe include a graph of the classicaldensity exp[� E=kT] at kT = 5.

Assuming a value of � � 5 � 10� 19J typical for conduction electronswe �nd N=V � 3 � 1027m� 3.
Applying the general formulae 4.51 and 4.53 we may easily derive the pressureand internal

energy of the electron gas. We may also recapture the relation PV = 2U=3, consistent with an
earlier result for the classicalideal gas.

5.4 Ideal Bose gas

For bosonsthe mean population number of a state is

hf ~p i �
f �

i

gi
=

1
z� 1e� E i � 1

(5.12)

This function looks a bit like the Boltzmann factor / e� E ~p =kT but is everywhere larger than the
latter. For small � and large T we again �nd that f B � f B m .

PHOTONS IN A BO X
A popular example for this type of systemis a \gas" of photons. A box with an internal coating
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of re
ecting material in which a photon gasis held in thermodynamic equilibrium is often called
a \blac k body". Originally this name refers to a grain of black material that might be placed in
the box to allow for absorption and re-emissionof photons, thus enabling energy exchangeand
equilibration. In actual fact the internal walls of the box are never perfectly re
ecting, rendering
the insertion of a black body grain unnecessary.

Sincethe total energyin the box is conserved and the photons may changetheir energyupon
absorption and reemission,the total number of photons is not conserv ed. This is tantamount
to assuming� = 0.

To determine the energy spectrum of the photons we �rst calculate the number d� of states
within a small energy interval. These states will then be populated according to equ. 5.12. A
simple geometric consideration { how many lattice points are lying within a spherical shell {
leadsto

d� =
8� Vp2dp

h3 =
8� V � 2d�

c3 (5.13)

wherep = h� =c is the momentum pertaining to the energyE = h� . The total number of photons
in the system is thus

N =
Z

hf ~p i d� =
8� V
c3

Z
� 2

eh� =kT � 1
d� (5.14)

and accordingly the number of photons in a frequency interval [� ; d� ] is

n(� )d� =
8� V
c3

� 2

eh� =kT � 1
d� (5.15)

The amount of energycarried by thesephotons is the spectral densit y of black body radiation;
it is given by

I (� )d� �
dE(� )

d�
= E(� )n(� )d� =

8� V
c3

h� 3

eh� =kT � 1
d� (5.16)

For pressureand internal energyof the photon gaswe �nd { in contrast to the classicaland Fermi
cases{ the relation PV = U=3.

Providing an explanation for the experimentally measuredspectrum of black body radiation
was one of the decisive achievements in theoretical physics around 1900. Earlier attempts based
on classicalassumptionshad failed, and it was Max Planck who, by the ad hoc assumption of
a quantization of energy, could reproduce the correct shape of the spectrum. The subsequent
e�orts to understand the physical implications of that assumptioneventually lead up to quantum
physics.

5.5 Problems for Chapter 5

TEST YOUR UNDERST ANDING OF CHAPTER 5:

5.1 Population densities: Explain the signi�cance of the population densitiesfor Fermi-Dirac
and Bose-Einsteinstatistics. Sketch thesefunctions of energy at two temperatures.

5.2 Classical limit: Starting from the Fermi-Dirac density discussthe classicallimit of quantum
statistics.

5.3 Ideal quan tum gases: Discusstwo examplesof ideal quantum gases.
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