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Abstract

We develop and analyse a discrete model of cell motility in one dimension which incorporates
the effects of volume filling and cell-to-cell adhesion. The formal continuum limit of the model
is a nonlinear diffusion equation with a diffusivity which can become negative if the adhesion
coefficient is sufficiently large. This appears to be related to the presence of spatial oscillations
and the development of plateaus (pattern formation) in numerical solutions of the discrete
model. A combination of stability analysis of the discrete equations and steady-state analysis
of the limiting PDE (and a higher-order correction thereof) can be used to shed light on these
and other qualitative predictions of the model.
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1 Introduction

There is by now a vast literature devoted to modelling the motion of cell populations in numerous
biological contexts, such as bacterial aggregation and biofilm development, tumour invasion and the
ensuing immune response, to name but a few. Of course, the mathematical nature of the resulting
models depends very much on the situation under consideration, whereby it should be noted that
in many contexts several modelling approaches, discrete and continuum, are possible.

One problem in this area which has attracted a good deal of attention recently, and which will
be the focus of this paper, is that of modelling aggregation in an initially dispersed population of
cells which can interact via cell-to-cell adhesion; the motivation, here and in the literature, is to
gain a better understanding of structure formation in developmental processes such as gastrulation
and vasculogenesis in the early embryo, for example. In this connection, a number of authors have
successfully used computational modelling to reproduce experimentally-observed aggregation pat-
terns in single cell-type populations, as well as cell-sorting behaviour in mixed populations (see, e.g.,
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[1, 3] and references therein). Almost without exception, the models employed have been of the
discrete variety, reflecting the difficulty of writing down appropriate continuous models. A continu-
ous, non-local model of cell-to-cell adhesion has recently appeared in the literature [1], although it
should be remarked that this model does, nevertheless, contain a fixed small parameter (a measure
of cell size), which is a characteristic feature of the corresponding discrete models. We note that
continuum models are generally regarded as being more desirable than their discrete counterparts,
insofar as they are expected to be more amenable to mathematical analysis, and therefore lead to
greater physical insights, particularly when one is dealing with large numbers of particles.

In a number of biological contexts where the cells under consideration are not very tightly packed
(such as in the case of flagellar bacterial motion, for example), it is assumed that, on the macroscopic
scale, cell motion is governed by a Fickian diffusion equation, possibly with the addition of chemo-
tactic terms, reflecting the response to extracellular chemical gradients [4]. In this paper we make
an attempt to generalise this type of model in a particular direction, such that consideration is given
to an inhomogeneous distribution of particles which can to some extent move randomly, but whose
movements are restricted by the effects of volume filling and, crucially, cell-to-cell adhesion. Under
these conditions, we cannot, a priori, expect the cell motion to be governed by simple Laplacian
diffusion.

When deriving diffusive models for cell or particle movement from first principles, a popular
method [5, 6] is to undertake a spatial discretisation of the biological domain, and to write down a
master equation for a continuous-time, discrete-space random walk on the resulting lattice. More
precisely, focusing attention on a uniform one-dimensional lattice, one defines p;(t) to be the prob-
ability of a walker being at the point labelled by ¢ € Z, conditioned on being at ¢ = 0 at ¢ = 0, and
assumes that this quantity evolves according to
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where ’];i() are the transitional probabilities per unit time of a one-step jump from ¢ to i+ 1. Upon
taking the continuum limit of (1), one ends up with a diffusion equation for the macroscopic density
p(z,t), which might be, say, the classical Keller-Segel chemotaxis equation, or some variant thereof
[4, 6, 7].

This is the approach that we shall adopt in this paper, our aim being to write down a conservation
equation for a continuous distribution of adhesive particles on a bounded interval on the real line,
whereby, as is standard, we wish to reinterpret the discrete quantity p; as an approximation to the
cell density p(z,t) at position x = x; := ih, rather than as a probability density.

The discrete model investigated here has the (dimensionless) form

7" = (1= pir1)(1 = api1)/h?, (2)

where the first factor models volume filling with a scaled maximal density 1, and the second is a
simple model for adhesion, which assumes that the probability of a given particle jumping to the
right is reduced by the presence of neighbours to the left; the definition of 7,~ is analogous.

Our results show that the value of the adhesion coefficient o € [0, 1] determines the qualitative
behaviour of solutions to this model; there is a critical value of « (= %), below which initial inho-
mogeneities in the density profile simply diffuse away, resulting in a uniform density distribution at
steady state, and above which pattern formation becomes possible.

Our understanding of this qualitative dependence on « is aided by taking the continuum limit
of the discrete model, and, indeed, an examination of the (rather thorny) relationship between the
discrete and continuous models constitutes the heart of the paper; the limiting PDE for the density
p turns out to be a nonlinear diffusion equation, with a p-dependent diffusivity which can become
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negative for a range of values of p iff a > %. The fact that we are therefore dealing with an equation
of backwards-heat type explains, in some sense, the instability giving rise to pattern formation in
this high-adhesion regime.

In cases where pattern formation occurs, the pattern emerges on rather a short timescale, and
subsequently evolves into a two-valued, multi-peak plateau solution which remains stable over a
very long period. For given initial data, the number of peaks in the pattern increases linearly with
the number of mesh points, and this behaviour can be understood by carrying out a linear stability
analysis of the discrete model. One can also extend the analysis of this (spatially) fast-oscillating
behaviour as the mesh size h — 0, in a nonlinear fashion, by obtaining periodic steady-state solutions
of a higher-order correction to the leading-order continuum equation with a blown-up spatial scale.

The observed multiple-peak solutions of the discrete model, which are shown to be close to
square-wave weak solutions of the limiting PDE, and which appear at first glance to be steady-
state solutions, are in fact merely metastable, such that a coarsening process, involving merging of
neighbouring peaks, is seen numerically over very long timescales, eventually leading to a steady-
state solution with just a single peak (or trough). This is redolent of the behaviour observed in,
for example, the Cahn-Hilliard equation for phase separation in alloys [8], and in certain models of
chemotaxis with volume-filling [6, 7, 2]. In fact, when one comes to consider higher-order corrections
of the full time-dependent continuum model, one is able to write down a fourth-order diffusion
equation which is very much like the viscous Cahn-Hilliard equation, with O(h?) viscosity. The
presence of the viscosity term entails that this corrected equation has a well-posed initial-value
problem, as we are able to prove rigorously.

The paper is organised as follows. In Section 2 the discrete ODE model is derived, and some
elementary properties listed. In Section 3 we obtain the continuum limit of the model, whereby the
qualitative difference between the low- and high-adhesion regimes becomes apparent; an analytical
result on the long-time behaviour of solutions is stated for o < %. Section 4 contains our first batch
of simulations of the discrete model equations. In Section 5 we carry out the linear stability analysis
for the discrete model. In Section 6 we obtain weak steady-state plateau solutions of the continuum
model, and finally, in Section 7, we investigate higher-order modifications to the continuum equation,
obtaining approximate pleateau solutions thereof, stating our well-posedness result, and discussing
the issue of metastability and coarsening with the aid of further simulations.

2 The Discrete Model

We consider a discrete distribution of particles on the interval [0, 1]. This interval is divided into N
subintervals of length h, with endpoints z; = ih, i = 0,1, ..., N; the particle density at the lattice
point x; is denoted by p;, and we require 0 < p; < 1.

There is just one parameter in the model, namely the adhesion coefficient « € [0, 1]; if & = 0
there is no cell-to-cell adhesion, and if a = 1 there is total adhesion.

The model presented in the introduction leads, for ¢ = 2,..., N — 2, to a net flux of particles
from z; to z;41 of the form

1
Jiviz =3 [pi(1 = piy1)(1 — api—1) — pir1(1 = pi) (1 — apiy2)], (3)
and the conservation equation for p; is therefore
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In order to obtain boundary equations, we define

J_12=0,  Jyp= % [po(1 = p1)(1 — apo) — p1(1 = po)(1 — ap2)], (5)

and

1
Inti2 =0, Ino1p2 = plpn-1(1 = o)A = apy—2) = pn(1 = py-1)(1 —apn)],  (6)

and demand that (4) also hold for ¢ = 0,1, N — 1 and N.

Note that the truncated expressions for Jy o and Jy_1/2 are obtained simply by substituting
¢ with 0 and N — 1, respectively, in the general expression (3), and then replacing the virtual
quantities p_; and pyy1 with pg and py, respectively. These choices ensure that the Neumann
boundary condition at « = 0,1 falls out in the continuum limit h — 0 (see Section 3).

Our discrete model equations constitute a system of N + 1 ODEs for the p;, and it is straight-
forward to prove the following.

Theorem 1 The system (4), fori =0,..., N possesses the following three properties.

1. Mass is conserved, i.e. S pi(t) = S pi(0) == M, V.

2. The solution p;(t) can never pass through 0 or 1, leading to the observation that if
0 < pi(0) < 1Vi (as we demand) then we have the a priori bound 0 < p;(t) < 1, and the
result that the solution p;(t) exists for all time, by standard ODE theory [9].

3. One always has the uniform steady-state solution p; = constant = NLH (the stability of such
solutions being examined in Section 5).

Finally, we note that, although plateau steady-state solutions taking the values p; = 0,1 can be
constructed when o = 1, in general we have been unable to find non-uniform steady-state solutions
analytically. Such solutions can, however, be found numerically for sufficiently large «; numerical
solutions of the model are presented in Section 4, after an analytical interlude.

3 The Continuum Limit

Before presenting our numerical simulations of the discrete adhesion-diffusion model, it is, as we will
see, instructive first to write down the continuum limit of the model as h — 0. To this end, it is
convenient to note that the flux can be written as a finite difference, namely

R; - R; .
Jit1/2 = Tﬂ , with Ry = pi(1 —a+ a(pis1 — 1)(pi-1 — 1)), (7)

and hence that the formal passage to the limit A — 0 in (4) gives the nonlinear evolution equation
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where K (p) = p(1 — 2ap + ap?), the diffusivity is given by

2
D) = K'(p)=3a (p-3) +1- 3 )



and the boundary conditions are just % =0atz=0,1.
We immediately see by inspecting (9) that the mathematical character of (8) depends on the
magnitude of the adhesion coefficient «, and we distinguish here between two possible cases.

Case (i) : 0<a< 3

If a < 2 then D(p) > 1 —4a/3 is always strictly positive, and (8) is a nonlinear diffusion equation.
By standard theory (e.g. an easy adaptation of Proposition 9.8 in Chapter 15 of [10]), the Neumann
initial boundary-value problem for (8) is well posed, and the Maximum Principle gives us a smooth,
global solution p(z,t) on [0,1] x RT, with 0 < p(z,t) < 1, provided 0 < p(z,0) < 1. Furthermore,
the usual L2-estimate gives (via the Poincaré inequality) global asymptotic stability of the uniform
steady state:

Theorem 2 If o < 3/4 then the initial boundary-value problem for (8) subject to homogeneous
Neumann boundary conditions, with initial datum p(x,0) = pr(x) satisfying 0 < pr(z) < 1 and
fol pr(z)dez = M, has a unique global solution satisfying 0 < p(x,t) < 1, and there is a bound

[p(-; ) — Ml|z2(0,1)) < llpr — M||L2((0,1)) exp(—t(1 — 4a/3)) . (10)

Finally, regarding numerical analysis, one expects the method-of-lines approximation (4) to con-
verge to (8) in this case, and we claim that uniform O(h?) convergence can indeed be proven if the
periodic boundary condition is imposed; a corresponding result for the conservation-of-mass bound-
ary condition which we use in this paper has thus far eluded us, although numerical experiments do
suggest O(h) convergence in this situation.

Case(ii):%gagl

In this case there is an interval of values of p, call it I, centred around p = %, for which the
diffusivity is negative. Explicitly, we have from (9) that D(p) < 0 whenever

pel, = (204—«/§é4a—3)72a+\/§é4a—3)>7 (1)

and D(p) > 0 otherwise. Note that the width of I,, increases as a /" 1, and that [; = (%, 1).

If the initial datum, p(z,0), for (8) lies uniformly outside I, (either above or below) then, by the
Maximum Principle, this property is preserved by (8), which therefore again behaves like a diffusion
equation, such that, in particular, the conclusion of Theorem 2 still holds.

If, however, the initial data protrudes into I, then (8) looks like the backwards heat equation
for some values of z, and therefore the initial-value problem is ill posed.

The brief preliminary analysis of the continuum model presented in this section prepares us for
the observed qualitative differences between numerical solutions of the discrete model in the cases
a < % and o > %, to which we now turn our attention. Further analysis of the continuum model,
and of the discrete model, will be carried out below.

4 Numerical Solutions of the Discrete Model

4.1 The Numerical Algorithm

In order to solve the discrete model equations, we first rewrite (4) as
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o T ﬁ(ﬂif(pi—%pi—la Pit1; Piv2) — 9(pi—2, pi—1, Pit1, pite2)) =0, (12)
where
f(pi—2, pi—1, pit1: pit2) = [(1—pit1)(1 —api—1) + pix1(1 — apiya)
+pi1(1 —api—2) + (1 = pi—1)(1 — apit1)], (13)
and
9(pi—2; Pi—1, Pit1, pir2) = pix1(1 — apiy2) + pi—1(1 — ap;_2). (14)

Next, we carry out a semi-implicit time discretisation, such that the solution, p}, at the nth time
step (of size At) is updated according to
n+1

Jo¥ — pn 1
’Ttl + ﬁ(p?“f(p?_g,p?_l, Pty Piva) — 9(P7—2s P71, Piv1s Piv2)) = 0, (15)

which can be rewritten as the explicit scheme

na1  PPOF 4 Atg(pP o, iy, Pivrs Pa)
' h2 + Atf(p7 g P1s P1s Piea)
The boundary equations are handled similarly.
Note that the algorithm (16) is unconditionally stable, in the sense that if 0 < p* < 1 then clearly,
from (13)-(14), 0 < g(p} s, 1, P1s PRv2) < (PP 20 P71, PR41s Piyo), and hence 0 < pfF < 1.
This algorithm, along with the corresponding boundary equations, can readily be implemented
in Matlab, for example, and we now present some results of our simulations in the low- and high-
adhesion regimes, respectively.

(16)

4.2 Numerical Results for a < %

In Figure 1 we depict the evolution of patterned initial data for (4), specifically

pi(0) = 56_2“(1 — cos 8mx;),
taking & = 0.1 and N = 1/h = 100. Note that here, and in all of Figures 2-5, the discrete spatial
variable z; € [0,1] is plotted horizontally, and the density p;(t) € [0,1] is plotted vertically. As
expected, the peaks and troughs simply smooth out over time, and the solution approaches the
uniform steady state as t — oo; similar qualitative behaviour was observed for several other choices
of a < %, the only difference being that, as « increases, the inhomogeneities take longer to diffuse
away (data not shown).

4.3 Numerical Results for o > %

If we let a > %, and simulate the discrete model with initial data p;(0) uniformly outside I, then
the qualitative behaviour of solutions is just as described for a < %. If, instead, we simulate the
model with o > % and p;(0) € I, for some values of 4, then something more interesting happens, as
we expect from the analysis of Section 3.

In Figure 2 we take the same data and the same mesh size as in Figure 1, but now we assume
a = 0.95. The interval I,, where D(p) < 0, is marked (here and henceforth) with dotted lines,
clearly showing that the initial density hits this unstable region for some values of z;.



The evolution is very different from that observed with o = 0.1; one sees aggregation of particles
around the largest peak, while elsewhere the inhomogeneities diffuse away. The bump to the right
of the main peak depicted in Figure 2(d) settles down completely as t — oo, leaving an essentially
two-valued plateau solution at steady state. Note that, as far as we can tell, the plateau does not
approach the boundary; it stays where it is.

In Figure 3 we again take o = 0.95 and N = 100, this time displaying the evolution of broad,
bell-shaped initial data, given explicitly by

pi(0) = 90— (1/(1=(22:=1)%))
In Figures 3(c) and 3(d) we see the development of a pattern of aggregation, which subsequently
remains stable over a timescale which is much (100-1000 times) longer than that over which the
oscillations are initially set up - we return later on to the question of whether the multi-peaked
solutions are in fact literal steady states.

How can we explain the difference between the plateau-formation observed in Figure 2 and the
oscillations seen in Figure 3 7 A clue to answering this question is provided by doubling the number
of mesh points.

In Figure 4 we take the same initial data as in Figure 2, but now we simulate the discrete model
with N = 200, rather than N = 100 spatial points. As we see, the density profile evolves rather
differently than in Figure 2; the largest peak builds up as before, but now develops an oscillation,
while the second-largest peak, instead of diffusing away, forms an additional plateau. In those regions
where p; lies below I, the solution simply flattens out again; the resulting two-valued, three-peak
plateau solution remains stable on a very long timescale.

Carrying out the same procedure with the initial data as in Figure 3, we obtain the simulation
shown in Figure 5. As in Figure 3, we see oscillations develop, but this time the resulting pattern
has twice as many peaks. In fact, one can continue doubling the number of spatial points, with the
result that the number of peaks also continues to double, whereby, however, the simulations quickly
become very messy (data not shown).

These numerical results led us to wonder whether the linearisation of (4) about the uniform
steady state might, for sufficiently large «, have unstable periodic eigenvectors, with the dominant
mode having period (i.e. number of mesh points in one cycle) independent of the total number of
mesh points N 4+ 1. This turns out to be correct, as we show in the next section. Moreover, an
analysis of weak steady-state solutions of the continuum equation (8) gives information on when we
can expect to see plateau solutions at large times, and what the plateau values of p; will be (see
Section 6).

5 Linear Stability Analysis

The linearisation of (4) about the uniform state p; = p takes the form

8pi 1 1
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where the stability matrix A is given by
A= D(p)A1 +ap(l —p)As, (18)



and the symmetric matrices A; and As are defined by

1 =1 0 0 0 0 0
-1 2 -1 0 0 0 0
0 -1 2 -1 0 0 0
4 - 0 0 -1 2 -1 0 0o (19)
0o 0 0 -1 2 -1 0
0
0 0 .0 -1 2 -1
o 0 0 0 0 0 -1 1
2 -3 1 0 0 0 0
-3 6 -4 1 0 0 0
1 -4 6 -4 1 0 0
Ay = 0 1 -4 6 -4 1 0 (20)
. 0
0 0 0 1 -4 6 -4 1
o 0 0 0 1 -4 6 -3

Theorem 3 The eigenvalues of Ay and As lie in the intervals [0,4) and [0,16), respectively. More-
over, Ay and As have identical eigenvectors, such that the zero eigenvalue of each has a 1-d
eigenspace spanned by the eigenvector p; = const., and all other eigenvalues have eigenvectors satis-

fying 3 pi = 0.

Proof. We first consider A1, for which the general row of the eigenvalue problem, with eigenvalue
A and eigenvector pj, is

—pj—1+ (2= A)p; = pj+1 =0. (21)
Substituting the ansatz p; = €% (where i = y/—1) into (21) leads to the auxiliary relation

A =2(1 — cosb). (22)

If we can now find N + 1 values of 8 such that the boundary conditions are satisfied then we will
have the required N + 1 eigenvectors, with corresponding eigenvalues A automatically in [0, 4).

Suppose first that the matrix dimension N + 1 is odd, and, for convenience, let 7 = 0 index the
middle row of the matrix. The boundary equations are then

pP_y_1 = Py,

PN = Py (23)



Trying an eigenvector of the form p; = cos j0 ensures that the two boundary equations (23) are

equivalent, and thus we merely require cos (% +1)0 = cos %9. Using elementary trigonometrical

formulae, we see that this condition is satisfied by taking 6 = 6, = 2=k =0,..., ¥

N+1» RN
us % + 1 eigenvectors with distinct eigenvalues A € [0,4). In a similar way, one sees that the

remaining %

O = %, k=0,..., % — 1. From our explicit formulae, it is clear that the zero eigenvalue of A
has a 1-d eigenspace spanned by the eigenvector p; = const.. We note that the case N + 1 even is
handled similarly, and that the expression for the eigenvalues is exactly the same as for NV + 1 odd.

Turning to the matrix As, and once more assuming that NV + 1 is odd, we see that the general

row of the eigenvalue equation is

giving

distinct eigenvalues can be obtained by taking the eigenvector to be p; = sin jf, with

pi—2 = 4pj—1+ (6 = A)p; —4pjs1 + pj+2 =0, (24)

such that j = 0 indexes the centre of the matrix.
We again try the ansatz p; = €%, this time obtaining the auxiliary relation

A =4(cosf — 1), (25)

and we look for choices of 6 which satisfy the boundary conditions. Generally, there is a pair of
boundary equations coming from the first two eigenvalue equations, and another pair coming from
the last two. However, taking p; = sin j0 implies that these pairs are equivalent, and it is therefore
enough to consider the last pair, which can be written as

pyi—py = 0, (26)
—py_1t+ 4Pg - 4P%+1 tpye = 0. (27)
Now, given our ansatz for p;, (26) holds iff
N+1)0 . 6
cos % sin 5= 0, (28)
and (27) holds iff
0 N +1)0 0
(1 + 45in? 2) cos % sin 5= 0. (29)
Taking 6 = (2]@':_11)”, k=0,..., % — 1 satisfies these boundary conditions, and gives us % distinct
eigenvalues € (0,16). A similar calculation shows that the remaining eigenvectors and eigenvalues
(including the zero eigenvalue) are obtained by taking p; = cosjf, with 6 = 13/?1’ k=0,..., %

The case N + 1 even is treated analogously; the expression for the eigenvalues is identical to the
case N + 1 odd, and the eigenvectors are again the same as those of A;.

Finally, in order to show that ) p; = 0 for any eigenvector of A; with eigenvalue X # 0, it suffices
to add up the rows of the eigenvalue equation, and then use the fact that the columns of A4; sum to
Zero.

Since, by Theorem 3, the matrices A; and As share the same eigenvectors, we can calculate the
eigenvalues, u;, of A by simple addition in (18), thus obtaining, from the formulae derived in the
proof of the theorem,



13 = 2(1 - cos 0;)(D(p) + 2ap(1 - p)(1 — cos;)), (30)

where 0; = ]\f—L,j:O,l,...,N.
In seeking to determine a condition for the stability of the uniform steady state, it is convenient
to consider the continuous dispersion relation corresponding to (30), namely

w(8) =2(1 —cos8)(D(p) + 2ap(1 — p)(1 — cos b)), (31)

whose graph we plot in Figure 6 (in the case p = %, a = 0.95), and whose smallest strictly-positive
zero we denote by 6.

By comparing (30) with (31), and inspecting Figure 6, we see that, by Theorem 3, a necessary
and sufficient condition for stability with respect to mass-preserving perturbations is

D(p) + 2ap(1 — p)(1 — cosw/(N + 1)) > 0. (32)

This inequality is of course satisfied if D(p) > 0, but it is also satisfied under the weaker assumption
that D(p) < 0 and

™

N < _1, (33)
cos™ 1 {713(”) 5+ 1}

2ap(1—p

which holds when D(p) is small and negative if N is large, for example; the stability criterion for

the discrete model therefore approaches that for the continuum model as N — oo, in this sense.
The condition for instability is that D(p) < 0 and that (33) fail to be satisfied. Supposing this

condition holds, we have that the value of § € (0,7) at which p(f) turns negative is given by

- D(p)
0. = cos 1{+1}, 34

20p(1 = p) 34
and in order to find the dominant unstable mode we need to locate the turning point of x(6) in the
interval 0 < 6 < 6., which is calculated to be given by

0u:cosl{4a§§pzp)+l}. (35)

Clearly, we have a lower bound on the period of unstable modes, given by 7, = %—7;, which
implies, in particular, that if « is close to % one needs to take a very large number of spatial points
in order to see oscillations; this is borne out by numerical simulations with, for example, a« = 0.76
(data not shown).

A good approximation for the period of the dominant mode is given by

2 2
Ny 1= 8 = T . (36)
Ou  cos—1 {74af((1p2p) + 1}

More precisely, the period of the dominant mode is obtained by taking the 65 (from (30)) either
to the left or to the right of 6,, depending on which has the most negative uy, and calculating the
expression 29—:. This period is therefore essentially independent of IV, as long as N reasonably large.

Note that if p= % then we have

2
o (555)

Ny =

(= 7.69 for oo = 0.95). (37)

10



This expression is consistent with our simulations in the case a = 0.95, for example, in which the
oscillations (which roughly appear to be centred around p = %) have a wavelength of around 7 or 8
spatial points.

Finally, one calculates that the most negative value of u(6), call it p,, is given by

D?(p)
pu(py @) = ———=——, (38)
dap(1 - p)
which entails that the doubling time, ¢p, for the dominant mode is given by
tp = 4aD%(p)p(1 — p)h*In2. (39)

Observe that, for example, when o = 0.95, p = % and h = 1/100 we have tp = 8.67 x 1074,
which appears to be consistent with the simulation shown in Figure 2.

6 Steady-State Solutions of the Continuum Model

In order to gain a little analytical insight into the formation of plateaus in the discrete model, we
consider the steady-state version of the limiting PDE (8), namely
K (p)
Ox?
subject to homogeneous Neumann boundary conditions at x = 0,1, implying K(p) = R = const.
Distributional solutions may jump between values p; and py for which K(p;) = K(p2), whereby
we only allow for ‘stable’ values of the density, such that D(p1), D(p2) > 0 (i.e. p1, p2 & I,). If
we assume that « > 3/4, then the graph of K(p) has two extrema (the endpoints of I,, where
D(p) = 0); a typical plot of K(p) in this case is shown in Figure 7, from which we can see that there
is an interval of values of R to each of which there corresponds a unique pair of plateau values, py
and po, satisfying K (p1) = K(p2) = R. These values lie to the left and, respectively, to the right of
I,.
It follows from these considerations that, for a choice of jump locations ¢; such that 0 = ¢y <
c1 <...<c, =1, aweak solution of the steady-state problem is given by

=0, K(p) =p—2ap® +ap®, (40)

o= p1 T € [cak, Cary1) (41)
p2 , T € [car—1,Can)

Since mass is conserved by the time-dependent problem, we now proceed to characterize the set
of steady-state solutions of the form (41) according to the total mass M. To do this, we introduce
the quantity

C:= Z(C%“ —cop) =1~ Z(C2k —Cak—1), (42)
k k
from which we see that the equation

Cpr+(1=C)p2 =M (43)

has to be satisfied.

This implies that M must be straddled by p; and p2, whence it is easy to see that jump solutions
(41) only exist when M > M., for some M,,;n,(c) > 0. For an interval of larger values of M,
bounded below by M,,;,, a large set of steady-state solutions exists. They can be constructed by
first choosing p; and pe which straddle M and satisfy K(p1) = K(p2), then using (43) to determine
C, and finally splitting the interval [0, 1] into subintervals with a set of ¢; such that (42) holds, but
which are otherwise arbitrary.
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7 Nonlinear Patterns, Metastability and Modified Contin-
uum Equations

The linear stability analysis of Section 5 shows that, when o > %, solutions of the discrete model can
exhibit unstable, spatially-oscillatory behaviour, whereby the wavelength of the oscillations decreases
linearly with the mesh-size h; these oscillations were also seen in the numerical experiments of Section
4.

It is not possible to investigate the dynamics of such oscillations by considering the limiting
continuum model of Section 3, which is ill posed for data lying in the ‘unstable’ region I,, and
in this section we therefore attempt to capture the qualitative behaviour of the discrete model by
analysing higher-order modifications to (8), these being referred to simply as modified equations in
the numerical-analysis literature. We note that modified equations are derived by Taylor expansion,
and that they are therefore, strictly speaking, only valid where the solution of the continuum model
is smooth. Traditionally, however, they have frequently been used for studying qualitative solution
behaviour near irregularities; a classical example is the analysis of the behaviour of numerical schemes
close to shock waves.

A modified equation for our model can be derived by replacing p; with p(z;,t) in the right-hand
side of (4), and by Taylor expansion around z;, resulting in

dp 2 9%p op\* | 1 9*K(p) s
815_8132<K(p)+h (ap(p—l)w—ap %) T3 e + O(R7). (44)

The equation we are looking for is now obtained by truncation after the O(h?)-terms.

An important point to note here is that modified equations are not unique. To see this in the
present case, observe that, formally, dp/0t — 0K (p)/02* = O(h?), and hence that the order of
approximation is not changed if a multiple of this difference is added to the expression in (44) which
carries a factor h?; this observation will be used below.

7.1 Nonlinear oscillations and heteroclinic connections

A steady-state modified equation is given by

% (K(p)Jrh2 <ap(p— 1)% —ap (gg) )) =0, (45)

since, for steady states, 0K (p)/0x? = O(h?).
We shall look for zero-flux solutions of (45), i.e. solutions of

K(p)+ h*ap | ( —1)@— 9 : = R = const (46)
P PV Ox? ox T '
To this end, it is convenient to introduce the fast spatial variable £ = ﬁ, whence the above
equation becomes

K(p) + p(1 = p)*(log(1 - p))" = R, (47)

where the prime denotes differentiation with respect to . For the parameters, we take a > 3/4, and
assume that R is such that there are three stationary points of the ODE, i.e. three solutions of the
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equation K(p) = R. Upon introducing the transformation p = 1 — e*, we can rewrite (47) in the

Hamiltonian form
"y R—K(1—e¢e%)

e2u(1 — ev)

with potential F(u, R) = [* f(u/, R) du’ given explicitly by

u := f(u, R), (48)

F(u,R) = 7%67211(1 —a)+aou—R (;ezu —e “+u—In(l— e“)> . (49)

A quick calculation shows that, at the stationary points, sign f’(u) = sign D(1 — €*), and hence
that the critical points of the dynamical system (48) comprise two saddles, along with a nonlinear
centre in between.

The orbits around the centre are the periodic solutions (fast oscillating for small h) we are looking
for; we expect them to be close to almost-steady solutions of the discrete model.

The &-period of orbits in the neighbourhood of the nonlinear centre is calculated to be

plp—1)
D(p)

We can think of this expression as the analogue of the discrete dominant-mode period n, of Section
5.1. Indeed, by substituting the approximation cosz ~ 1 — %
obtains precisely the right-hand side of (50).

Of course, the orbits of (48) are given by —F(u, R) + £ (u/)> = H = const., and generically a
homoclinic orbit will emerge from one of the saddle points, its interior being foliated by periodic
orbits surrounding the centre. However, for one (and only one) value of the constant R (call it R.) we
get a heteroclinic cycle connecting the two saddles, its interior again being foliated by periodic orbits
around the centre. The heteroclinic cycles are the only solutions of the dynamical system which are
close to square-wave weak solutions of the leading-order PDE as h — 0, and one might therefore
expect solutions of the discrete model to approach such cycles at large times when h is small, thus
essentially leading to uniqueness of long-time upper and lower plateau densities, as determined by
R.; there is some numerical evidence for this, as we briefly discuss below.

The existence of the cycle is seen by a continuity argument - given the cubic form of K(p), the
graph of F'(u) must deform through a double-well potential with wells of equal depth as R is varied,
thus giving, via the Hamiltonian first integral, a heteroclinic cycle. Uniqueness is demonstrated as
follows. Denoting the two outer critical points of F'(u, R) (the minima) by u1(R) and uz(R), we
merely need to establish the monotonicity of the quantity

Te(p, o) = 27 (50)

into the expression for n,, (36), one

F(ur(R), R) — F(uz(R), R), (51)

with respect to the parameter R. The calculation is trivial.

7.2 Metastability

As noted above, it is possible to see pattern formation in solutions of the discrete model when o > %
(such that the nonlinear patterns are close to square-wave weak solutions of the limiting PDE), and
that the patterns are stable over long periods. However, it turns out that multi-peak patterns are
not genuine steady states; they are merely metastable.

In Figure 8 we depict the evolution of bell-shaped data, whereby o = 0.95 and there are N = 50
spatial points. We see the formation of a four-peak pattern by t = 0.025, but over a timescale
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roughly one-thousand times longer than this we observe a coarsening process in which neighbouring
peaks merge together, leaving just two peaks at ¢ = 50. Figure 8(f) clearly shows that these two
peaks are approaching one another, and in fact they eventually coalesce to leave a single central
peak at steady state (data not shown).

We have carried out several other simulations of this kind, with various choices of a (> 2) and
various mesh sizes, and in all cases the final density profile consists of a single peak (or trough); one
might therefore conjecture that these are the only possible non-uniform steady states of the discrete
model. Note that this sort of metastable behaviour should hardly be surprising, given that it is also
observed in several other similar models, such as the non-local adhesion-diffusion model of [1], the
Cahn-Hilliard equation for phase separation in alloys [8], and in certain models of chemotaxis with
volume filling [8, 6], for example.

As discussed above, the only solutions of (48) which are close to the steady-state, square-wave
weak solutions of the leading-order equation as h — 0 are the (truncated, patched-together) hete-
roclinc cycles, which occur for a unique value of the constant R, namely R.. One is therefore led
to ask whether this forces a kind of uniqueness (up to a small, h-dependent correction) of plateau
values of the density at large times for the discrete model (and, indeed, for (53)), determined by R.,
such that the only stable (or, at least, metastable) patterns are those which are close to such cycles.
Simulations seem to confirm this; the evolution of several widely-different choices of initial data for
equation (4), with « fixed and h = 1/100, gives long-time plateau values which agree up to around
4 significant figures, for example.

The coarsening behaviour of such patched-together, almost-heteroclinic cycles is expected to
occur on an exponentially-long timescale (w.r.t. h), in analogy with the dynamics for the Cahn-
Hilliard equation [8]; an asymptotic analysis of the coarsening dynamics for (44) in the spirit of that
appearing in [8] would be well worth undertaking.

7.3 Well posedness of a modified equation

The modified equation resulting from dropping the O(h*) terms in (44) is a fourth-order equation.
Its main deficiency as a model for the original discrete problem is that it lacks a maximum principle.
As a consequence, one has no control over the sign of the factor h?(ap(p — 1) + D(p)/12) in front of
the fourth-order derivative; if it becomes positive, the equation is ill posed.
We shall tackle these problems by using the fact that modified equations are not unique, as
mentioned above. In particular, the identity
2 2 2 2 2
anto - 155~ (5] =57 - - aar- 155 20 -2 (52) L 62

2 02 2 Oz
suggests that we use the correction term dp/dt — 82K (p)/0x? with a factor 7/12 to obtain the new
modified equation

o , [ 1 5 0%p ap\> 7 0p
81&8:52(K(p)+h <2(104+a(01) )@*20(1*2@ ) T1arl ) (53)

The fact that the coefficient of 9*p/0x* is now strictly negative, independent of the value of p, allows
us to prove well posedness of this equation, despite the absence of a maximum principle. Specifically,
we have the following result, the proof of which can be found in the Appendix.

Theorem 4 Ifh > 0 and o < 1 then for given smooth initial data p(x,0) on S there exists a unique
smooth solution to (53) on S*x[0,T), for some T > 0, and the solution operator St : p(-,0) — p(-, T)
is a continuous mapping from H*(S*) to H*(S1).
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We note that one can use Theorem 4 to obtain solutions of the Neumann initial boundary-value
problem for (53) on the spatial interval [0, 1], as follows. One takes smooth initial data on S* which
is reflection symmetric about = 0, say. Then one evolves the data by means of Theorem 4, and uses
uniqueness and the invariance of (53) under the transformation x — —z to show that the boundary
condition is preserved.

8 Conclusions

We began this study of aggregation in a population of adhesive particles by deriving, from first
principles, an appropriate discrete-space, continuous-time biased-random-walk model on the unit
interval.

Our first result was to show that in the low-adhesion regime (o < %) the continuum limit of the
discrete model is a nonlinear diffusion equation for which pattern formation is not possible; in this
case the discrete model successfully mimics the behaviour of this diffusion equation, provided the
mesh-size is small, such that all initial inhomogeneities in the density eventually smooth out, leaving
a uniform profile at steady state.

In the high-adhesion regime (« > %), on the other hand, we observed much more complicated
behaviour in numerical solutions of the discrete model, including p