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Abstract. The high field approximation of a fermionic Boltzmann equation of semi-
conductors is performed after the formation of shocks. By employing a new entropy,
whose dissipation measures the departure from the high field equilibrium, convergence
towards the entropic solution of the limiting conservation law is proven. The entropy
is also used to construct kinetic shock profiles for entropic shocks and to prove non-
existence of non-entropic shock profiles.
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1. Introduction

The high field asymptotics of the Boltzmann equation of semiconductors is a fluid
approximation, where both the collision effects and the driving forces dominate the
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free streaming. It has first been studied by Arlotti and Frosali in [1] and Poupaud in
[30] for the linear Boltzmann operator. The limiting equation is a linear convection
equation for the macroscopic particle density with a convection proportional to the
scaled electric field. It has then been revisited by Cercignani, Gamba, and Levermore
in [9,10] where the coupling with the Poisson equation for the electrostatic potential
is included. More recently, Nieto, Poupaud, Soler [25], and lately with Goudon [23],
the analysis of the high field limit coupled with the Poisson equation has been
carried out for the Fokker-Plank equation by means of relative entropy techniques.
For the sake of completeness, let us also mention that the high field limit has been
studied starting from other macroscopic models instead of the Boltzmann equation,
like the energy transport model by Degond and Jiingel [16], and the SHE model
by Degond, Markowich, and the first and third authors [5]. Boundary layers appear
when the asymptotics is performed in bounded domains and lead to half space
problems that have been studied by Gamba, Klar, and the first author in [6] using
techniques similar to the ones previously developed by several authors for the gas
dynamics Boltzmann equation (e.g. [2,12]) and for diffusion approximations [29].
A similar program was then developed for the fermionic Boltzmann equation by
the first two authors [3,4]. In this case, the high field approximation leads to a
nonlinear conservation law for the particle density. In [3], the convergence is shown
on time intervals on which the limit solution is regular. The techniques are based on
the standard Hilbert expansion and on a careful analysis of the transport equation
governing the remainder term. Additionally, boundary layers are analyzed in [4]
in the spirit of [6]. This allows the rigorous convergence proof for boundary value
problems (again for regular limit solutions). Two key ingredients of the method
are the supersolution estimates for the Boltzmann equation (see [28]) as well as an
entropy inequality satisfied by the fermionic Boltzmann operator.

The aim of the present work is to tackle the problem of convergence of solutions
of the singularly perturbed Boltzmann equation towards the entropy solution of
the limiting non linear conservation law. We first derive a new entropy inequality
satisfied by the sum of the fermionic Boltzmann operator and the acceleration
term. The entropy is constructed in the same spirit as in the work of Golse [21]
for the Perthame-Tadmor model [27] and which was successfully generalized by
the third author and Cuesta [14] for the BGK model. We use this entropy whose
dissipation is shown to control the departure from the high field equilibrium in
order to pass to the limit in the Boltzmann equation and immediately obtain the
entropy solution of the limiting conservation law without an additional hypothesis
on its regularity (which means that we pass to the limit even after the formation of
shocks). Our proof is however restricted to the case of a constant electrostatic field as
will be explained later on. Such a program has been recently performed by Berthelin,
Mauser and Poupaud [7] for the high field limit of the Boltzman equation with the
BGK operator. By using Kruzkov entropies combined with explicitly given high
field equilibria, they prove the convergence to the entropy solution of the limiting
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congervation law for constant electric fields in the multidimensional case and for
general electric fields in the one-dimensional case.

In the present work, the notion of entropy is also used to construct kinetic
shock profiles connecting two different high field equilibria. This follows the path of
Golse’s proof for the Perthame-Tadmor model [21,14], which provides existence of
shock profiles even for large data, as opposed to constructive approaches for small
amplitude waves [8,15].

The outline of the paper is as follows. In Section 2, we recall the setting of
the problem and state the main results: convergence to entropy solutions and the
existence of shock profiles. In section 3, we prove the entropy inequalities which are
the corner stone of the proofs. Section 4 is devoted to the convergence proof of the
high field approximation for regular initial data, while Section 5 concerns the general
case. Section 6 contains the proof of the result concerning the kinetic shock profiles:
existence of entropic shock profiles as well as their monotonicity and uniqueness
(up to translations) and non-existence of non-entropic shock profiles. Section 7 is
devoted to the proof of an additional result, namely the dynamic stability of shock
profiles.

2. Main results

The starting point is the initial value problem for a scaled Boltzmann equation

Oufe 0 Voot 2 (B Vofe ~QU) =0, (2.1)
(0, z,0v) = fini(z,v), for (z,v) € R? x R?, (2.2)

Q) (v) = /}Rd (v, o) {f(W)(1 = f())M(v) = f(v)(1 = f) M (W)} dv’,

where o(v,v') is the scattering cross section and M (v) denotes the Maxwellian
distribution

M) = ﬁexm—wm.

The unknown f.(t,z,v) is the distribution of conduction electrons at time ¢ in the
position-velocity phase space R? x IR?. The electric field E is assumed as given and
constant, and the Knudsen number ¢ is a dimensionless parameter. The macroscopic
limit ¢ — 0 with the above scaling of the electric field (balancing the scattering ef-
fects) is called the high field limit. The scattering operator () models the interaction
of electrons with the semiconductor crystal lattice. The factors (1 — f) causing the
quadratic nonlinearity take into account the Pauli exclusion principle.
Under the hypothesis

(H1) o€ W>»*(R*), 0<o0 <o) =o0,) <o,
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on the scattering cross section, the following result for the formal limiting equation
holds.

Theorem 2.1.
i) For every E € RY andn € R™, there exists a unique function F(n, E) € L'(IRY)
such that E -V F(n,E) € L'(IRY), 0 < F(n,E) < 1, and which satisfies

E-V,F(n,E)—Q(F(n,E))=0, - F(n,E)(v)dv =n. (2.3)

Moreover, (n, E) — F(n,E) is C? as a mapping from Ry x R? to L'(IRY), and it
18 strictly increasing with respect to n, pointwise in E and v.

ii) For fized n and E, F(n,E) € W>*(IR?) as a function of v. There exist positive
constants F(n,E) < 1, y(n, E), and C(n, E), such that

F(n,E)(v) <F(n,E), F(n,E)(v) <Cn,E)e "™ »eR.
i) For any given E, the function (n,v) — F(n, E)(v) is a C* mapping from IR" x
R? on [0,1).

Proof. Statement i) has been proven in [3]. The results in ii) are obviously satisfied
for E = 0. For the rest of the proof we therefore assume E # 0 and, w.l.o.g.,
E = (E1,0,..,0) and E; > 0. The smoothness result F(n, E) € W (IR%) is then
an obvious consequence of Hypothesis (H1). Considering F' = F(v') as given, the
equation for F,

M F
8y, F = —/ oF dv' — — | o(MF + M'(1— F'))dv', (2.4)
E1 R4 El R4

is a linear ODE, where the coefficient

L s s —Fyay <=2 [ (= Fya = — <0,
E1 R E1 Rd
is bounded from above by a negative constant. As a function of vy, the unique
bounded solution decays like e~ 7' as v; — oo (since the inhomogeneity
M/E, f]Rd oF'dv' < Moyn/E, decays faster), and it decays like the inhomogene-
ity (i.e., like the Maxwellian M), as v — —oc. As a function of (vs,...,v4), the
decay is also like the Maxwellian. Finally, if F' would take the value 1 at a point
vy = U, then by the differential equation, d,, F' would be negative there and, as a
consequence, F would assume values larger than 1 for some v; < v, contradicting
i). Therefore F(n,E)(v) < 1 for all v and, by its smoothness and by the decay
properties, it keeps a positive distance from 1.
iii) The equation for F' is

00, F(n, ) + 7-MF (1, E))F (1, E) = 3-u(F(n, E))
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uu%mE»W)z/'awvamwxumv
RZ
and
A@mﬂmw=AQWWWMWWWEW0+MWM—FWEWWMW

If 4 and X are considered as given, this is a linear ODE, where the coefficients satisfy

1
L FmB) > 20 >0,
Ey

and
p(F(n, E))(v) < o1n”.

The unique bounded solution is given by

“o(F(n,E 1 v
F(n,E)(v) :/ pF(n, E)(u, v2) exp(——/ XNF(n, E)(r,v2)dr)du (2.5)
—o0 El El u
where we have denoted vo = (v, 3, -+ ,v4). Since F(n,E) is C? as a mapping

from IR, x R? to L' (IRY), the coefficients A(F(n, E))(v) and u(F(n, E))(v) are C?
as mappings from RT x IR? on IR™ [0, 1). This implies that for a given E, F(-, E)(-)
is C? as mapping from IR* x R¢ on [0, 1). 0

Since the electric field E is assumed to be a given constant all along this paper,
we shall skip this dependence and use the notation F'(n) instead of F(n, E).

Formally, the high field limit ¢ — 0 of (2.1) gives f.(¢,z,v) — F(n(t,z))(v),
where the macroscopic density n(t, z) satisfies the mass conservation equation

I+ Ve -j(n) =0, (2.6)

with j(n) = / vF(n)(v)dv, which is a nonlinear function of n. The existence and
d

uniquenss of an entropy solution of this equation is standard (see [31]).

As mentioned above, the aim of this paper is to prove that the kinetic solution
converges toward this entropy solution on arbitrary time intervals. More precisely,
we shall show the following result

Theorem 2.2. Let (H1) hold and let the initial data satisfy
0 < fini(w,0) <1, fini € L'(IRG x RY) and [0 fini € L'(RG x RY).  (2.7)

Assume also that nin; = [Ra fini dv € L®(IR%). Then, the problem (2.1), (2.2) has
a unique weak solution f. € CO(IRT, L'(IRY x IRY)) such that 0 < f. < 1. This
solution satisfies |v|*f. € L (R, L' (IRE x IRY)). As ¢ tends to zero, we have

loc

oo f in L=((0,T), L'(RZ,,. x IRY)),

x,loc

fsd/l) —n mn LOO((O; T); Llloc(]Rd)) ’
]Rd
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where the limits satisfy f = F(n), and n satisfies in the distributional sense
O + V- j(n) =0, (2.8)
and

9 X(n) +V,-G(n) <0, (2.9)
where X (n) = / x(v)dv, x is any increasing C*-function, and G'(n) = x(n)j'(n).
0
Besides, for any positive R

1 /7
lim — — Nini —0, 2.1
A T/o /lmlSR|n(t,ac) Nini(x)|dzdt =0 (2.10)

so that n is the unique entropy solution of (2.8).

Remark 2.3.
i) The assumption |v|?fi,; in L'(IR? x RY) is needed to insure the existence of
je = [gavfdv. The fact that [v|?f.(t,.,.) stays inL*(IRS x IRY) for all time is a
consequence of standard entropy. Indeed, multiplying the Boltzmann equation by
log(f/(1 — f)M) and integrating with respect to z, v, we obtain

o]
R xR4 |:T
This leads to [Ra, ga [v]*fedzdv < Ce on [0,T] for all T > 0 (C. blows up when &
tends to 0T).
ii) The equality (2.10) is needed to obtain the uniqueness of the solution as men-

tioned in [11,32,26]. The proof of theorem 2.2 is based on compactness arguments.
Since the limit is unique, we shall not mention in the sequel extraction of subse-

0 fot o) = (1= f)log(1 )| dodo = 3 [ E-jida <0

R

quences.

Our further results deal with travelling wave solutions of the one-dimensional
verison of (2.1). For the rest of this section we therefore set d = 1 and look for
solutions of (2.1) of the form f.(¢,z,v) = g(””_T“t, v) with wave speed u, connecting

two different equilibria F'(n_) and F(ny). The profile g has to satisfy

(v —u)dyg + Edyg = Q(g), for (n,v) e R xR. (2.11)

subject to the far field conditions
li =F(n_ li =F 2.12
Lm_g(,v) =Fn-)), - lim g(n,v) = F(ng)), (2.12)

with positive densities n_ # n.

Remark 2.4. The convergence of (2.12) is meant in L'(IR,) weak. It actually
holds in the strong topology as the function g will be shown to be monotonous
with respect to 7. The bound 0 < g < 1 yields the convergence in LP(IR,) for all
1< p< +o0.
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In the theory of diffusive regularizations of the conservation law (2.8), the exis-
tence of travelling waves connecting different states strongly depends on convexity
properties of the flux function. An asymptotic analysis shows that 82;(0,E) =
kE + O(E?) with £ > 0 holds, and numerical experiments [17] suggest the strict
convexity of j with respect to n for E > 0 (concavity for E < 0), also away from
the origin ( see figure 1).

6000

4000

2000 [

0

0 20 40 60 80 100

Fig. 1. Numerical simulation of J(n) for E > 0 in the relaxation time approximation

However, since we are unable to prove this, we shall pose it as a hypothesis. Since
the travelling wave equation (2.11) is invariant under the reflection (E,u,v,n) —
(—E, —u,—v,—n), we can also w.l.o.g. restrict to one sign of E:

(H2) E>0 and 92j(n,E)>0 foralln>0. (2.13)

For our results below, n only varies within bounded subsets of IR, and it would
be sufficient to require (H2) there.
We shall look for solutions in the set S defined by

S={9€e LR, xRy), In*">0, 0<g(z,v) < Fn*)(v)}. (2.14)

Theorem 2.5. Let (H1)-(H2) hold. Then
i) For a solution of (2.11), (2.12) to exist in S, u has to be given by the Rankine-
Hugoniot formula

_ Jng) =)

ny—mn_
it) If np. > n_ (non entropic shock), (2.11), (2.12) has no solution in S.
i) If n_ > ny (entropic shock) and (2.15) holds, then (2.11), (2.12) has a so-

lution g € S (g is unique up to translations with respect to n). The solution sat-
isfies F(ny)(v) < g(z,v) < F(n_)(v). The far field conditions (2.12) are sat-

(2.15)
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isfied in L'(IR,) weak. Furthermore, g € C°(IR,, L'(IR,) — weak)), i.e., for all
6 € L*(IR,), [O(v)g(n,v)dv is continous. In particular, the macroscopic density

p(n) = /g(n,v)dv is continuous and monotonically decreasing.

Remark 2.6. Note that the entropy condition derived by constructing kinetic
shock profiles is the same as for viscous shock profiles. For small shocks this has to
be expected (see, e.g., [14]), but for large amplitude shocks it is not clear a priori.

The last result of this paper concerns the dynamic stability of the travelling waves
constructed above. We shall prove that solutions of the Cauchy problem

Of +v0xf + Eduf = Q(f), (2.16)
f(O,:E,’U) = fini(mvv) ’ for (:1?,’[)) € R x ]Rv (217)

approach travelling waves as t — oo, if the initial datum has the far field behaviour
of an entropic shock, i.e., if fin;(z,v) — g(x,v) € Ll(]Ri’v), where g is a travelling
wave solution of (2.11), (2.12) with n— > ny. The monotonicity of shock profiles
then implies that there is a unique profile g (i.e., a unique shift in the 7-direction)
satisfying

/ / (fini(z,v) — g(z,v))dvdx = 0. (2.18)
RJ/R

By mass conservation, this property is propagated in time and, thus, g is the only
candidate for the asymptotic profile.

Theorem 2.7. Let f be a solution of (2.16), (2.17), where 0 < fini < 1 and
(2.18) holds for a solution g of (2.11), (2.12). Then, for every sequence t, — oo,
St + 1,7+ Ut +1),0) = g(1,v) in I2((0,T) x R2,)) weak*

3. Entropy inequalities

In order to prove the results stated in the previous section, we shall employ two types
of entropy inequalities. We first begin by the following definition which immediately
follows from Theorem 2.1.

Lemma 3.1. For any given v, the function F, : n — F(n)(v) is a C* mapping
from [0,4+00) on [0,1). It is strictly increasing and satisfies lim+ F(n)(v) =0 and

lim F(n)(v) = 1. "

n——+oo

Lemma 3.2.

i) For any given v, let p(-,v) be the inverse function of F,. The function ¢(.,v) is a
strictly increasing C* mapping from [0,1) on [0, +oc). We have of coursen = p(f,v)
if and only if f = F(n)(v).

ii) The mapping (f,v) — @(f,v) is C? as a mapping from [0,1) x IR? on [0, +00) .

A corner stone of our analysis is the following entropy inequality
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Proposition 3.3. Let (H1) hold, let f = f(v) € L'(IR?) and E - V,.f € L'(IR%)
satisfy 0 < f < F(n*) for some positive real number n*, and denote

n= [ e@oM @ <o

Let x be C! increasing function such that X' > a > 0 on [0,n*]. Then there exists
a positive constant C = C(a,n*) such that

D)= | (@)= E-Vupxielf.0)dv <=C [ (F=Flng)PM@)do. (3)

Proof. In order to prove the property (3.1), we start by regularizing the function
f. Consider a family f* € C'(IR%) converging in LP to f as k — +oc for 1 < p < oo
and E -V, f* converging in L' to E-V,f as k — +oo. The below term can be
computed as follows

E -V, x(p( dv_/ E. V/ v))dgdv
IRd

/]R/ E-V,x(¢(g,v))dgd .

—/}Rd /Oka-va(sO(g,v))dgdv-

Since g = F(p(g,v),v), we have 8, F(2(g,v),0)V, (9(g,v) + Vo F(ip(g,0).v) = 0.
Therefore, we obain

R

/]Rd/ E - Vyx(e(g,v ))dgd'v—/]Rd/ E - V,(g,v)x (¢(g,v))dgdv
dgdv

- /]R/ BV, Flplg. )X (6l0:0) 5 oy
Using dg = 0, F (n,v)dn and EQ,F = Q(F'), we obtain

/}Rd /Oka.vvw(g,v)x’(so(g,v))dgdv: —/]Rd /OW(fk’v) Y (n)Q(F(n))dndv .

By passing in the limit in the integral and by using the domined convergence the-
orem, we obtain

| B Vuxettona=- [ [° Q) dnd.

The entropy dissipation can now be written as

o(fv)
- / / [Q(f) — QUE ()] (n)dndy

= [k / - M(1 = )+ M'F))(F(n)' ~ f')dndvd' .
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This already shows the nonpositivity of D(f) since (¢(f,v)—@(f',v"))(F(n) —f') >
0 for n between (f,v) and ¢(f’,v") and x'(¢(g,v)) > 0.
Moreover, using (H1) and the boundedness assumption on f, we obtain

f,v)
) >y / / / (F(n)' — fHdndvdv', (3.2)
R JIRE So(fl /
where Cy = g¢(1 — sup F(n")(v)) 1[{)1f }X '(n). The mean value theorem implies
veR? n*

[F(n)' = f'] = W'ln = o(f', )],
where h(v) = i(Blf )anF(n)(v). By Theorem 2.1, h is strictly positive and in L.
ne(0,n*
Using this in (3.2), we obtain

_D(f)> G /}R | M U10) = ol o)
o / MR [(@(f,0") = np)? + (ng — @(f,v))?] dvdo’
IRd ]R,d

>0 [ My = (o),

A second application of the mean value theorem completes the proof of (3.1) with

-2
cC=0 < sup  sup anF(n)(v)> >0. -

n€e(0,n*) velRY

Remark 3.4. Inequality (3.1) shows that the entropy production controls a
weighted L? norm of the departure from equilibrium. However, because the weight
is exponentially small for large velocities, the information on large velocities is very
poor. This is however compensated by the inequality f < F(n*) which provides this
missing control.

The second entropy inequality is known and is recalled here below from the litera-
ture.

Proposition 3.5. i) [29] For any f, g € L*(IR?) such that 0 < f, g < 1, we have

- [ (@) = Q@)sents — g)v = 0. (33)

Equality holds iff sgn(f — g) is constant.
i) [4] Moreover, zf/ (f — g)dv = 0, we have
d

/]Rd /}R (9))sen(f — g)dv > C(g )/}Rd |f — gldv, (3.4)

where C(g) = 00/ (1-g)M dv.

R4
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We end the section by three technical lemmata which follow from the above propo-
sition.

Lemma 3.6. Let f, g € C°(IR,, L'(IR,) — weak) be two solutions of (2.11) with
F(ny) < f,g < F(n_), such that there exist two sequences {vi} and {ur} with

lim v, = —o0, lim pup = +o00, and

k— o0 k—o0
lim (f(vg,v) — g(vg,v)) =0, lim (f(px,v) — g(pr,v)) = 0in L' (IR,) weak.
k—o0 k— o0

Then the function sgn(f(n,v) — g(n,v)) is independent of v.

Proof. The difference H = f — g satisfies

OH O0H
(’U—U)'%+E‘%=Q(f)—62(§)7

lim H(vg,v) =0, lim H(ug,v)=0.
k——+o00

k——+o0

(3.5)

We multiply (3.5) by sgn(H), integrate over (vg, ux) X IR and let ¥ — oo to obtain

(”i/ Q) — Q(9))sgn(f — g)dvdz.
RxIR

From Proposition 3.5, the function sgn(H) = sgn(f — ¢) is independent of v. O

Lemma 3.7. If f, g € C°(R,,, L'(IR,) — weak)) are two solutions of (2.11) such
that F(ny) < f,9 < F(n_), and sgn(f(n,v) —g(n,v)) is independent of v, then for
all n1,m2 € IR, there exists a constant C,,_,,| only depending on | na —m | such
that

/|v—unu—mmmwwwscmﬂm/|v—uuu—mmhw|@.
R R

Proof. Multiplying H = g — f by sgn(H) we deduce from (3.5)
d|H| 0|H|
S bl RN B bl | H| = .
0 =) Gt + B S+ X = ] (36)

where

A(f) = /]Ro(v,v'){f'M—l— (1- M},
S=1-g)u(H)+gy(H),

mmszwA;muww, wﬁ@=A;WMMwmt

Since F(n-l-) S f(nav) S F(n—) for all (77a’U) € IR x IR7 )‘(f)au(f) and W(f) are
bounded functions and there exist 0 < A\g < A1 < oo such that

p(f)(w) 4 v(f)(w)

Ao S AP+ [ frav T T My S

1 -
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This implies in particular the inequality

/ |S|dvd$ZCQv/ |S|dvda (3.7)
Qy R

for any 2, with non zero measure.

91 = 2E(n2 —m) +u

U2 = —v/2E(n2 —n1) +u

II .

N2 1

Fig. 2.

Now, let us define the multiplier by 6(n,v) = exp </\1((vu) V (v;)2E(nn2)>

for (n,v) € I, where I = {(n,v),n € [n2,m],v > /2E( — 12) 4+ u} (see figure (2)).

The function 6 is bounded from below and above by two constants

0<ap<O(nv) <a <+oo (3.8)
and satisfies the equation
00 00
—(v—u)— - E— =0.
(v—u) an 50 +X6=0

Multiplying the equation (3.6) by 6 and integrating over the domain I, we obtain

/ (v — w)|H (12, 0) |82, v)do + / 1516 dnd
v>u I

- / (0 — w)|H (11, 0) |6 v)do + / () — )| HI6 dudy

v>01
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where ©1 = v/2E(n1 — 12) + u. From (3.8), we deduce

ag /> (v—u)|H(n2,v)|dv+ao/l|5|dvdnSal/ (v—u)|H(n,v)|dv. (3.9)

>
The integration of the equation (3.6) over the domain IT = {(n,v),n € [n2,m],v <

—v/2E(n — n2) + u} (see figure (2)), leads to

[ le-ulltmolder [ A |HIdodn = [ o=l G o)ldos [ (Sldvan,
v<u II v<02 17

where 92 = —/2E(n; — 12) + u. From the inequality (3.7), we have

/ |S|dvdn§C’0/|S|dvdn.
I I

This implies

/ |v —u| |H (72, v)|dv < / |lv — ul |H(n1,v)|dv+00/|5|dvdn. (3.10)
v<u v<V2 1

From (3.9) and (3.10), there exists a positive constant C),, _,,| such that
/]R o — ul |H (12, 0)|dv < Clyy 1y /]R o — | |H (1, 0)|dv 5

Lemma 3.8. Let f, g € C°(IR,, L'(IR,) — weak) be two solutions of (2.11), with
F(ny) < f,g < F(n_), such that sgn(f(n,v) — g(n,v)) is independent of v. Then
f = g if only if there exists o € IR such that [ f(no,v)dv = [z 9(no,v)dv .

Proof. Consider the difference H = f — ¢g. From Lemma 3.6, the function
sgn(H) = sgn(f — g) is independent of v. Then, [ f(no,v)dv = [ g(no,v)dv
implies H (no,v) = f(n0,v) — g(no,v) = 0. By Lemma 3.7, we obtain
/ (o — | |H (no, 0)|dv < 0.
R
Then, H(n,v) =0 for all n € R. m|

Remark 3.9. The above Lemma immediately implies the uniqueness of the solu-
tion of (2.11), (2.12) up to a translation in 7.

4. Proof of Theorem 2.2 for regular initial data

In this section we shall assume that f;,; € C5°(IR? x IR?) and that there exists a
positive number n* such that

0 < fini < F(n"). (4.1)

Proposition 4.1. Under the above assumption, the solution f° of (2.1) (2.2) is
in CY(IRT x IRY x RY). It satisfies the global estimate 0 < f. < F(n*). Moreover,
V. fo is in L°((0,T); LY(IRY x IRY)) and we have the uniform estimates

”vmfs(ta'a')HLl(]Rﬁf’v) < ”vmfiniHLl(]Rﬁf’v) s IVane(t, ')”Ll(]R;’) < ||foini||L1(]R§fiu)a
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where ne = [pa fedv.

Proof. Existence, uniqueness and regularity are immediate (see for example
[24,28]). The fact that F(n*) is a supersolution implies, thanks to the maximum
principle, that

0< f. < F(n").

The estimates on the x gradients are due to the L' contractivity of the Boltzmann
equation and its linearized version. Indeed, V, f. solves

8t(vwf6) +v- Vm(vxfe) + % [E : Vv(vmfe) - Lfe (vwfe)] =0, (4_2)
foa(t = O) = foznz s

L) = [ ot o) M + (1= )M —g [ o)l M + (1= f)Ma

" " (4.3)
The linearized collision operator Ly conserves mass and, since 0 < f. < 1, its
cross section is nonnegative. Therefore the solution of (4.2) satisfies the maximum
principle implying, by the Crandall-Tartar Lemma [13], that the L' (]Ri‘fv)—norm of
V. fe is nonincreasing. |

Lemma 4.2.
i) Let the assumptions of Proposition 4.1 hold. Then the solution f. of (2.1), (2.2)
satisfies

O /le U(fe,v)dv+ V- /le vU(fe,v)dv <0 (4.4)

f
pointwise, with ¥(f,v) = / x(¢(g,v))dg and x is an arbitrary nondecreasing func-
0

tion.
ii) For any T > 0, there exists a constant C' depending on n* but not on € such that

/ /]Rd /md F(ny,))* M(v)dvdzdt < Ce. (4.5)

Proof. Multiplication of (2.1) by x(¢(fe,v)) and integration with respect to v gives
1
8t/ \Il(fs,v)dv—f-vz-/ v\Il(fE,v)dv——/ (Q(fe)—E-V,f)x(e(feyv))dv =0.
R4 R4 € JRd
With Proposition 3.3 this immediately implies (4.4) and, with x =id,
8t/ Y(fe,v)dv+ V, - v\Il(fE, dv—i——/ F(ny.))* M(v)dv < 0.
IRd

Integrating with respect to x and t and using the bounds from Proposition 4.1 gives
(4.5). |
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Lemma 4.3. Let the assumptions of Proposition 4.1 hold. Then the macroscopic

fluz jo = / vf.dv is bounded in L>=((0,00) x RY) and dn. is bounded in
Rd

L>((0,00), W~L(IRY)).

Proof. Since f. < F(n*), we obtain

|7: (z,8)] < / |v|F(n*)dv < oo
]Rd
The bound on 9;n. comes from the mass conservation

Oine + Vy - jo = 0. (4.6)

Let us now end the proof of Theorem 2.2: Since n® and V,n® are bounded in
L®((0,T), L'Y(RY)) and 8;n° bounded in L>((0,00), W~ (IR%)), it is clear that

up to a the extraction of a subsequence. n° converges strongly in L], (IR* x IRY)

and since it it is bounded in L*°, the convergence holds in L (IR* x RY) for
any p € [1,+00) and almost everywhere. The entropy estimate (4.5) implies that
f¢ converges to F(n) almost everywhere and therefore in LP (IR" x ]Rij‘lv). The
conservation equation (4.6) obviously leads to the conservation equation d;n + V,, -
j(n) =0, while the estimate (4.4) leads to

Orx(n) +divG(n) <0
where

X(n) = /}R W(F(n), v)dv = /}R d /0 T (P (W), v)dvdo

and

G(n) = /le /OF(”) vx(p(F(v),v)dvdy .

Indeed, since ¥(f%,v) < |Ix||lL=f < |Ix|loeF (n*)(v), we can pass to the limit in
J ¥ (f¢,v) dv thanks to the Lebesgue dominated convergence theorem. Now, since

)= [ P),0)0,Fndo = x(n) [ 2. Fw)dv = x(o),

G = [ ox(e(F ) 0)duF (e = x(n) [ 00, P = x(m)i (),

the entropy inequality for the limiting equation is proved.

The last thing left to be shown is the identity

1 T
_/ / [n(t, z) — npi(z)|dzdt — 0.
T Jo Jia<r
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Since our initial data are not well prepared, an initial layer takes place and should
be taken into account in the analysis. The starting point is the estimate

%/OT /I<R [n(t,z) — nini(z)|dzdt <
: % /oT /]R /WR |F(n(t,2))(v) — fe(t, 2, v)|dzdvdt

1 T
T /0 /]R /xSR [fo(t,2,0) = F(ni (@) (v)| dadudt

Letting ¢ tend to zero, we immediately obtain

1 T
_/ / In(t, z) — nini(x)|dedt <
T Jo Jioi<r

T
< limsup £ /0 /]R d / V) = Fi )0

where lim sup is the upper limit as ¢ tends to zero. In order to analyze the right
hand side, we denote by f(7,z,v) the initial layer profile, solution of

O f+E-Vuf=Q(f); f(t=0)= fini
It is proven in [4] that
L+ [o]) (F(, 2,0)) = F(nins(@) @) lly21 < Cre=7,

where C; and C5 are two positive functions depending only on f;,;. We then obtain

/ / |fe(t, z,v) — F(nipi(z)(v)|dedv <
R? J|z|<R

< (L 2,0) = Fnin)licy, + 1 f=(t 2. 0) = F(E z0)py

-~

<Cle CQt/E"‘”fE(t z ’U) f( mav))HL}nv

Now, the function h®(t,z,v) = f-(t,z,v) — ( ,v)) is a solution of
1 1 t ~ 1
aths + - Vzhs + _E - Vzhs = _(Q(fs) - Q(f(g; “s )) —vU- sz(g: ) )

Since h. vanishes at t = 0 and v - V,, f(s, ,+) is bounded in L, ,,
multipling by sg(h.) and integrating in ¢, z, v,

||h5(tvxav)||L§‘U < Cst

we obtain after

where ('3 is a constant independent from e. Integrating the above inequalities on
[0, T, we finally obtain

T T
—/ / n(t,z) — Nini(z)|dedt < lim ﬁ(l—e’cﬂ/f)—}-cs.— =C3=
\z\<R T 2

e—0 CQ 2 ’
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5. Proof of Theorem 2.2 for general initial data

In order to prove the convergence in the general case, we shall use the L' con-
tractivity of both the singularly perturbed Boltzmann equation and the limiting

conservation law. Let fJ . be a sequence of compactly supported C* functions

which approach the initial datum fi,; in L' and such that 0 < f¢ . < F(n?) for

ini
some postive nd. Let n’ be the entropy solution of d;n + V, - j(n) = 0 with the
initial datum ng,; = [Ra fo,; dv. Let f2 be the corresponding sequence of kinetic
solutions. The last section, result shows that for any fixed d, we have

lim f = F(n®); in L'((0,T) x R, x RY).

e—0 ’
The L' contractivity properties of (2.1) and (2.6) are listed below

s é

[n(t,-) — n®(t, Mrrawey < lngn: — ngnallLr ey

and
s 8
12 () = f22 (M meayy < I oms = Fomillomaa, -

With these results, proving Theorem 2.2 becomes an easy exercice that we leave to
the reader.

6. Proof of Theorem 2.5

The Rankine-Hugoniot relation (2.15) is derived by integrating the travelling wave
equation (2.11) with respect to v and 7. Part ii) of the theorem is a consequence of
the following lemma.

Lemma 6.1. Assume there exists a solution of (2.11), satisfying (2.12) in L*(IR,)
weak. Then n_ > ni holds.

Proof. Multiplication of (2.11) by (g, v) and integration with respect to v gives
8,7/ (v —u)®(g,v)dv <0,
R

9
with ®(g,v) = / p(h,v)dh. Integrating this inequality with respect to 5 in IR, we
0

obtain

/ (v—u)®(F(ns,v)dv — / (v —u)®(F(n_,v)dv <0.
R

R
The far-field conditions and the Rankine-Hugoniot relations imply

%(U(m) UM ) =Vng)+V(n) >0, (6.1)

where the macroscopic entropy density and entropy flux are defined by

U(n) = /]RQ(F(n),v)dv, V(n) = /]Rv@(F(n),v)dv.



September 11,2007 13:32 WSPC/INSTRUCTION FILE nba-hc-cs-JHDE2

18 N. Ben Abdallah, H. Chaker, C. Schmeiser

As seen in the proof of Lemma 4.3, U(n) = n?/2 while V'(n) = nj’(n). Let now
S(n) be defined by

Sy = 1730 oy Un)) — V) + Vinl),

n—n_
Inserting the above expressions for U and V we obtain S(n) = (j(n) — j(n_)(n +
n_)/2—=V(n)+ V(n_), and S'(n) = %[](n) —j(n_) —j'(n)(n —n_)]. Since j is

stricly convex, S is strictly decreasing. It satisfies by definition S(n_) = 0. Besides
inequality (6.1) implies that S(ny) > 0. This clearly implies that ny < n_. |

From now on we shall assume n_ > n,. Existence of kinetic shock profiles will
be shown following the strategy developed in [21] for the Perthame-Tadmor model
(see also [14] for BGK models): First an approximating slab problem on a bounded
position interval is solved, where the far field conditions are replaced by inflow
boundary conditions:

(v —u)Oygr + Edvgr = Q9) —-L<n<L,
gr(=L,v) = F(n_)(v), v—u>0, (6.2)
gr(L,v) = F(ny)(v), v—u<0.

Lemma 6.2. Let L > 0 be fized. Then,
i) The problem (6.2) has a unique solution g;, € L*((—L,L) x IR,). Moreover, we
have F(n4)(0) < g.(,) < F(n_)(v).

ii) The particle density pr,(n) = | gr(n,v)dv is a continuous function.
R

Proof. i) The proof is analogous to corresponding results in [21], [14], and [4]
(subsection 4.1), and therefore omitted.

ii) Multiplying (6.2) by a function © € W>°(IR,) and integrating with respect to
v, we obtain

877/ (v—u)gL@dv:/ Q(gL)@dv+/ 91, E0,0 dv.
R R R

By using the properties from i) we have [;(v —u)gr®dv € W' (IR,) and is
therefore continuous. It remains to prove that p is continuous. For any n € IR, we
consider a sequence 7, — 1 as n — oc. We have

lp(1) — p(n)| < +

/l < (911, v) — gr.(n,v)) dv

/ N (9., v) — gr.(n,v)) dv

<4de+
v—u

/ (’U _ U) [gL(nna'U) - gL(n’v)] dv
lv—u|>e
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In particular, we consider a test function © € W (IR,,) such that

1
O) = , for|v—u|>e.
v—u

Using the fact that [ (v — u)gL© dv is continuous, there exists ng > 0 such that
for all n > ng

lp(nn) — p(n)| < 5e. O

Passing to the limit L — co. The next step is to pass to the limit L — oc. Since
gz is bounded by F(n_) and F(n.), we obtain by using the boundary condition:

/gL(—L,v)dUZ/ F(n,)dv—k/ F(n+)d1)2/ gr(L,v)dv.
R v—u>0 v—u<0 R

Let now n* € [~L, L], such that

/ gL(nL,U)dU = n** .= / F(n_)dv + / F(n_,.)dv,
R v—u>0

v—u<0

with ny < n** < n_. Let g} denote the extension of gr, to the whole n-domain R
defined by

gr(=L,v)n < -L,
91(n,0) =4 gr(n,v) -L<n<L,
gr(L,v) L<n.
A crucial step in the proof is the normalization of the shift in 7. For a sequence
Ly, — oo, we denote n; = n™* and gx(n,v) = g}, (n + 1, v), such that

/ 9:(0,v)dv = n™". (6.3)
R

Since gi is bounded, we have (restricting to a subsequence) g — g in L°°(IR?M)
weak*, where Fi(ny) < g < F(n_) holds. It is also easy to see by reproducing the
proof of the previous lemma, that the sequence of densities py, is locally equicon-
tinuous. Even more, the same argument as for the above lemma show that gy,
converges strongly as L tends to +oo in C°(I,L'(IR,) — weak) where I is any
bounded closed interval of IR, such that I C (—Lg — ng,Lr — nr). Therefore,
g € C°(I, L} (IR,) — weak) and

/ 9(0,v)dv = n™", (6.4)
R
and the nonlinear term
Qlgr) = (1 - gk)M/ ogpdv' — gk/ o(1—g)M'dv',
R R

converge strongly as k tends to +00 to the same expression with g replaced by g.
Therefore g satisfies (2.11) on I x IR. We still have to prove that (—Ly —ng, Lr, — 1)
"tends” to IR. This is done in the next lemma.
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Lemma 6.3.
i) With the above definitions —Ly — n, — —oc and Ly — np — 00 as k — oo.
ii) There exist two sequences ur — oo and v, — —oc such that

lim g(vg,:) = F(n—,E), lim g(ug,-) = F(ny, E),
k—o0 k— o0
weakly in L*(IR,).

Proof. If we assume —L; — np — —I > —oo as k — oo, then by passing to the
limit in the differential equation in the distributional sense, g satisfies (2.11) for
71 > —I. Since, by velocity averaging, we can pass to the limit in terms of the form
J gx(=1,v)(v)dv for arbitrary test functions ¢, g(—I,.) = F(n_) holds for v > w.
We shall prove that g(—I,.) = F(n_) for all v € IR.

We multiply (2.11) by ¢(g, v), integrate with respect to v and 7, and use Propo-
sition 3.3 and the bounds on g:

/jo /]R<9 — F(ny))* M(v)dvdn < oc.

As a consequence there exists a sequence pup — oo and a density 7 such that
ng(ur) = M and g(ug,-) = F(m) in L2*(IR; M dv). The convergence in L*(IR,) N
L?(IR,) now follows from the uniform boundedness of g(n,-) in L!(IR).

From the Rankine-Hugoniot condition (2.15), from the convexity of j, and from
ny <n < n_ we have

j(n_) —un_ > j(@) — un.

Moreover,
| 0= wgtn.vido = i)~ u, vz -1
R

Since [ (v—u)g(~lv)dv = [ _ (v—u)F(n_)dv+ [, _, (v—u)g(~l,v)dv > j(n_)—
un_, this implies [ (v —u)g(n,v)dv = j(n_) — un_ and, thus,

/ 0= 0 (FE)0) — oL o) = 0.

Since ¢ is bounded by F(n_), this leads to the desired result g(—I,v) = F(n_)(v),
v-a.e.
From Lemma 3.6, we obtain g(7,-) = F(n_) for all n > —I. This contradicts (6.4),
hence —Lj, — nr, — —oc follows.

Analogously Ly, — g — oo and the existence of a sequence vy — —oo and of a
density n such that g(vg,-) = F(n), in L'(IR,) weak, is proven.

By Lemma 6.1, n > 7 holds. This and the equalities j(n_) —un_ = j(7) —un =
j(n) —un imply n = n_ and © = ny, completing the proof. O

Lemma 6.4. Let g € C°(IR,,, L'(IR, — weak)) be a solution of (2.11) such that
F(ny)(w) < g(n,v) < F(n_)(v) and let v, - —oo be a sequence such that

lim g(v,-) = F(n_), inL'(IR,) weak.

k—o00
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Then,

lim g(v,-) = F(n_), inL*(IR,) strong

k—o0

for all vy, such that Uy, — vy, is bounded.

Proof. Since g(n,v) < F(n_)(v), the convergence of g(vg,-) in L'(IR,) weak is
equivalente to the convergence in L!(IR,) strong. Consider the difference H =
F(n_) — g. Applying Lemma 3.7, we obtain

[ o=l o)l < Cu s [ o=l H )

Now, since H (vg,v) converge to zero in L!(IR,) strong, the estimate H(n,v) <
F(n_)(v) implies that [, |v — u||H (v, v)|dv tends to as k tends to oc. Therefore,
the same result holds for H (v, v) and this prove the convergence in L!(IR, strong
of H(V,v). m|

Lemma 6.5. Let g € C°(IR,), L' (IR, —weak)) be the solution of (2.11) constructed
above. Then g(.,v) is a monotonically decreasing function of n and

lim 9(77:‘) = F(’I’L,), nli_{{)logm:‘) = F(’I’L+), ZnLl(IRv) weak .

n——00

Proof. We first remark that g cannot be periodic with respect to 7. Indeed, if this
were the case, we would have by Lemma 3.6
k]im gvg —b,-)=F(n_), VbeR inL'(R,) weak.
— 00

This implies that g(n,v) = F(n_)(v). By proceeding analogously with g(u, — b, -),
we obtain g(n,v) = F(n4)(v) which is obviously a contradiction.

Let a > 0 and define §(n,v) = g(n — a,v). The functions g and § verify the
assumptions of Lemma 3.6, and, consequently, Lemma 3.7 holds, which implies
that

/ﬁ(nav)dv # /g(n,v)dv, VneR.

Therefore, [ g(n,v)dv is a monotone function, which is decreasing because of its
limiting values at ) = fo0. This implies that g(n,v) is pointwise in v monotonically
decreasing with respect to 7. Finally this implies that the limit of g(n,v) exists
v-a.e. as ) — +oo and
lim ¢(n,-) = F(ny) inL'(IR,) weak. O
n—-+oo

This concludes the existence proof for kinetic shock profiles, and it remains to prove
uniqueness.
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Let f and g be two solutions of (2.11). Since their macroscopic densities vary con-
tinuously between the values n_ and n,, appropriate shifts in the n-direction lead
to [ f(0,v)dv = [ 9(0,v)dv = n**

Applying Lemma 3.6 and 3.8 leads to f = g which completes the proof of Theorem
2.5.

7. Proof of Theorem 2.7
The difference H(t,n,v) = f(t,n + ut,v) — g(n,v) is a solution of

O + (v —w)d, H + B, H = Q(f) - Q(g). (7.1)

We multiply (3.5) by sgn(H) and integrate with respect to v, 1, and t:

[t van = [ ] @) - Qasea(mavdnds = [ 1= gidva.

The nonnegativity of the second term provides a uniform-in-time L!-bound. In
particular, defining the sequences H,(t,n,v) = H(t + t,,n,v) and f,(t,n,v) =
f(t+tn,n+u(t+t,),v) with ¢, — oo, both are bounded in L*°(0, T; L'NL®(IR?)),
and (for a subsequence) H, = fn—g — Hoo = foo—gin L®((0,T); L°°(IR?)) weak*.
Moreover,

/OOO | (@U—QUasentH)dvdnat < —/t:m /:)O | (@-Qasgn(dun

tends to 0 as ¢, tends to +o0c. We have

/ (Q(f) — Q(9))sgn(H, / / o (0, 0") (sgn(H) () — sgn(H)(0)) (fav) — 9(0)
R
(1= 2 @) M) + M(o)g(v')} dudy
(7.2)
Since
(sen(Ho)(v) — sgn(Ho)(0) (fa(0) — 9(0)) = |fo — 9 = 59(F) — ) (f — ) > 0
and

(1= fu()M (') + M(v)g(v') >0,

we have

- [ @) - Qs o> [ [ [ g = gl ol - )06 )
g' M dvdv'dndt > 0

(7.3)
we obtain

/ / / [ fn — 9l —s9(fl, — 9)(fn — 9)] ¢’ Mdvdv'dndt — 0
o Jr2J/R
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as n tends to +oc. Since H,, € L=((0,T) x R,, L' N L>*(IR,)), we obtain Q(f,) —
Q(g) € L™((0,T) x R,, L' N L=(IR,))). Applying satndard velocity averaging lem-
mas (see [19,20,18]) shows that [ Hy(.,.,v)0(v)dv is compact in L} (IR x IR,).
Since 0 < f,, < F(n*), we obtain [ Hy(.,.,v)dv is compact in L? (R" x IR,). Let
H the limit of |f,, — g| and s the limit of sgn(H,) in L>((0,T); L°°(IRi7v)) weak*.
By using the fact that g € L'(IR] ,) and M € L'(IR,), we can pass in the limit in

the integral and we obtain
/ / / [H(v) —s(v")Hyo (v)] g(v"YM (v)dvdv'dndt = 0
0 R2 /R

Since Hoo(v) < H(v) and —1 < 5 < 1 we obtain H(v) = s(v')Hu(v) and H(v) <
|Ho(v)|. Then H(v) = |Hu(v)] and sgn(H,.) is independent of v. We can also pass
to the limit in (7.1), written as an equation for H,:

OtHoo + (v —u)0pHoo + EOyHoo + AHo = S,

where A > 0 and sgn(S) = sgn(Hw). A consequence of the latter is that H,, cannot
change its sign along characteristics.

Since the property (2.18) is propagated in time, fle H(t,n,v)dvdn = 0 holds.
Assume there exists a time #y and a position 1y such that

/ H(to,no,v)dv #0.
R

Then there exists another position 7; (o < 71 w.l.0.g.) such that

/ Hoo(t07n07v)dv/ Hoo(t07n17v)dv <0.
R R

Moreover, since sgn(Hy,) is independent from v, Hoo(to, 10, v)Hoo (to, 11, v) < 0 for
all v. Let v9 > u, we denote the characteristic starting at (g, vo) at time ¢y by
(n,v) = (X (¢;10,v0,t0), V(t;10,v0,t0)). The characteristics satisfy the ODE

X=V-u, V=E.

Therefore, X (¢; 70, vo, to), starting at X (¢o;n0,vo,t0) = 1o increases and eventually
reaches 7;. On the other hand, for v; < u small enough, X (¢;m,v1,t0) decreases
from n; to no. Consequently, there exists a time ¢5 > ¢y such that X (¢2;70, vo,t0) =
X (t2;m,v1,t0) =: nm2. As mentioned above, H,, does not change its sign along
characteristics, and therefore

Hm(tzan% V(t2a n07v07t0))Hoo(t27n2v V(t2a 771;”1;'50)) < 07

a contradiction to the fact that sgn(He) is independent from v. We deduce Ho, =0
and, equivalently, fo, = g¢.
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