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Abstract

The potential of maintaining multilocus polymorphism by migration-selection balance

is studied. A large population of diploid individuals is distributed over finitely many

demes connected by migration. Generations are discrete and nonoverlapping, selection

may vary across demes, and loci are multiallelic. It is shown that if migration and

recombination are strong relative to selection, then with weak or no epistasis and in-

termediate dominance at every locus and in every deme, arbitrarily many alleles can

be maintained at arbitrarily many loci at a stable equilibrium. If migration is weak

relative to selection and recombination, then with weak or no epistasis and intermediate

dominance at every locus and in every deme, as many alleles as there are demes can

be maintained at arbitrarily many loci at equilibrium. In both cases open sets of such

parameter combinations are constructed, thus the results are robust with respect to

small, but arbitrary, perturbations in the parameters. For weak migration, the num-

ber of demes is, in fact, a generic upper bound to the number of alleles that can be

maintained at any locus. Thus, several scenarios are identified under which multilocus

polymorphism can be maintained by migration-selection balance when this is impossible

in a panmictic population.
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1 Introduction

How important is population subdivision in maintaining genetic diversity? The study

of this and related questions has engaged evolutionary biologists for many decades.

Providing satisfactory answers requires comparative studies of empirical data of genetic

variation in subdivided and in panmictic populations along with solid information about

the contributing factors and, especially, a proper understanding of the structure and

amount of variation expected under such conditions.

It has been known for long that a single diallelic locus can be maintained poly-

morphic without displaying overdominance or underdominance in any subpopulation

(Levene 1953, Moran 1959, Maynard Smith 1970, Eyland 1971, Bulmer 1972). Stable

polymorphism without overdominance is possible even in a homogeneous environment,

for instance, if there is underdominance in each deme (Karlin and McGregor 1972).

Thus, there clearly are conditions under which polymorphism can be maintained in a

subdivided population but not in a panmictic population.

A very useful concept for studying maintenance of variation at a single diallelic

locus is that of a protected polymorphism, meaning that none of the alleles will be

lost if rare (Prout 1968). Explicit and instructive conditions have been worked out in

important special cases, such as two demes or the Levene model, in which individuals

disperse independently of their deme of origin (see references above and Karlin 1982,

Nagylaki 1992, Chap. 6, for reviews). Although existence of a protected polymorphism

ensures the maintenance of genetic variation, it does not yield any information on the

polymorphic equilibria themselves. Even worse, it does not even guarantee that an

equilibrium exists because limit cycles or complex dynamics can, in general, not be

ruled out. For more than two demes, seemingly simple questions, such as “Does more

migration favor or disfavor the maintenance of a stable polymorphism?”, have no simple

answer (e.g., Karlin 1982).

The effects of migration and selection on a single multiallelic locus were studied only

recently. In Nagylaki and Lou (2001) it was shown that without dominance, generically,
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the number of alleles present at equilibrium cannot exceed the number of demes. For

the Levene model, they showed that if there is an internal equilibrium, then it is glob-

ally asymptotically stable. Moreover, sufficient conditions for an internal equilibrium

were given. Again for the Levene model, Nagylaki and Lou (2006b) derived sufficient

conditions for the nonexistence of an internal equilibrium and, in the absence of dom-

inance, a necessary and sufficient condition for an isolated internal equilibrium. Many

illustrative special cases and examples were worked out. In Nagylaki and Lou (2007),

among other topics, maintenance of polymorphism is studied under weak migration,

strong migration, and uniform selection. We will discuss these results further below.

In the present paper, the potential of maintaining polymorphism at multiple, multial-

lelic loci in a geographically structured population is explored. Individuals are diploid

and subpopulations are sufficiently large such that random genetic drift can be ne-

glected. Because for a panmictic population, polymorphic equilibria cannot exist in the

absence of epistasis and of overdominance or underdominance, the questions we will

address are the following:

(1) If there is intermediate dominance at every locus and in every deme, how many

loci can be maintained polymorphic at a (stable) equilibrium?

(2) If there is intermediate dominance at every locus and in every deme, how many

alleles per locus can be maintained at a (stable) equilibrium for a given number of loci?

Is there a generic upper bound?

As already indicated, answers to these questions seem to be of most interest if there

is no or weak epistasis. In addition, and for reasons that will become clear below, we

also pose the following problem:

(3) In the absence of epistasis and of dominance, i.e., for purely additive selection,

is the number of demes a generic upper bound for the number of alleles at a (stable)

equilibrium?

We shall provide answers to these three questions for strong and for weak migration.

In Section 2, we establish that if there are at least two demes, then for an open set of
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parameters, an arbitrary number of alleles at an arbitrary number of loci can be main-

tained at a stable equilibrium. Such an open set is constructed under the assumption

that selection is weak relative to migration and recombination. Section 3 deals with

weak migration. First we demonstrate that in a panmictic population, with no or weak

epistasis and with partial dominance, generically, a single gamete is fixed. Then, for

sufficiently weak migration and sufficiently weak epistasis, and with partial dominance

at every locus and in each deme, we construct an open set of parameters such that at

arbitrarily many loci as many alleles can be maintained at a globally asymptotically

stable equilibrium as there are number of demes. In addition, we prove that the number

of demes is a generic upper bound to the number of alleles maintained at any locus at

any equilibrium.

This paper should be read together with part I (Bürger 2009). The present results

are applications of the main theorems there, and we refer to results, remarks, and

equations there by the preceding roman numeral I. We use the same notation as in part

I, mostly without reintroducing it because it can be found in Table 1 of that paper. We

advise the reader to consult I-Section 2 for the basic notation and the general model.

Here, we only give a very brief outline.

We use the following recursion relations to describe selection, recombination, and

migration:

p′i,α =
∑

β

mαβp#
i,β , (1.1a)

where

p#
i,α = pi,α

wi,α

w̄α

−Di,α ; (1.1b)

cf. I-(2.9), I-(2.14). Here, pi,α, p#
i,α, and p′i,α denote the frequency of gamete i in deme

α before selection, its frequency after selection and recombination, and after migration

in the next generation, respectively. Further, wi,α is the marginal fitness of gamete i

in deme α, w̄α the mean fitness in deme α, Di,α the linkage disequilibrium in gamete i

in deme α, and mαβ the probability that an adult individual in deme α migrated from

deme β. Because we assume constant backward migration rates, our results apply in
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particular to soft selection. We view (1.1) as a dynamical system on ∆Γ
I , the Γ-fold

cartesian product of the simplex ∆I of gamete frequencies in a single deme (see I-Section

2 for details)

We call an equilibrium p̂ of (1.1) fully polymorphic if at every locus all alleles occur at

positive frequency. This does not imply that the equilibrium is internal, i.e., p̂ ∈ int∆Γ
I .

For a fully polymorphic equilibrium of (1.1), neither all allele nor all gamete frequencies

need to be positive in every deme. We call an equilibrium polymorphic if at every locus

at least two alleles are segregating.

Remark 1.1. Because all pairwise recombination rates are assumed positive, despite

possible interference, all gametes are generated in a randomly mating population after

at most L−1 rounds of mating if initially all alleles are present. If migration is ergodic,

i.e., irreducible and aperiodic, it takes at most Γ−1 generations to introduce every allele

in each deme. Therefore, it takes at most Γ+L− 2 generations to generate all gametes

in every deme. In particular, at every fully polymorphic equilibrium, all gametes will

be present in every deme, hence a fully polymorphic equilibrium is internal if migration

is ergodic.

As in part I, we abbreviate references to Nagylaki et al. (1999) by NHB, and refer-

ences to Nagylaki and Lou (2007) by NL07. In contrast to part I, here we assume that

there is no position effect. With position effects, analogous results to those below can

be derived with only trivial changes.

2 Polymorphism under strong migration

Throughout this section we assume that migration and recombination are strong relative

to selection. We achieve this by writing fitnesses of genotypes as

wij,α = 1 + εrij,α (2.1)

and assuming that ε ≥ 0 is sufficiently small and |rij,α| ≤ 1; cf. I-(4.1).
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A key role will be played by what is called the weak-selection limit in I-Sect. 4.1,

i.e., eq. I-(4.9). Because of its central role, as well as for convenience, we restate it:

d

dt
P

(n)
in

= P
(n)
in

[
ω

(n)
in

(π)− ω̄(π)
]

. (2.2)

Here, P
(n)
in

is the average frequency (over suitably weighted demes) of allele A(n)
in

; π is

the vector holding all P
(n)
in

; ω
(n)
in

and ω̄ may be interpreted as the marginal (Malthusian)

fitness of allele A(n)
in

and the mean fitness of the population, each suitably averaged

over all demes. This weak-selection limit is best viewed as a dynamical system on the

submanifold Ψ0 of ∆Γ
I on which global linkage equilibrium holds and allele frequencies

in the demes are identical and, for allele A(n)
in

, equal to P
(n)
in

; cf. I-(3.14). It describes

evolution of gene frequencies on Ψ0 and is formally closely related to a panmictic multi-

allelic, single-locus selection model. In particular, I-(4.10) shows that ω̄ is a Lyapunov

function.

The analysis below is based on I-Theorem 4.3. Essentially, it states that if selection is

sufficiently weak relative to migration and recombination, then every equilibrium of the

full dynamics (1.1) is a perturbation of an equilibrium of (2.2), these pairs of equilibria

have the same stability properties, and every trajectory of the full dynamics converges

to an equilibrium point. The only assumptions needed are that the backward migration

matrix is ergodic, I-(E) in I-Sect. 2, and that all equilibria of (2.2) are hyperbolic, I-

(H.1) in I-Sect. 4.1. Both assumptions are fulfilled generically (I-Remark 4.1). With

this theorem, we will be able to derive our main result on the maintenance of multilocus

polymorphism by proving it first for the much simpler weak-selection limit and then

applying the perturbation result of I-Theorem 4.3.

We need the following definitions. There is no epistasis if we can write

rij,α =
∑

n

u
(n)
injn,α (2.3)

for every i, j ∈ I, and every α ∈ G.

There is partial dominance (at every locus and in every deme) if

u
(n)
inin,α > u

(n)
injn,α > u

(n)
jnjn,α or u

(n)
inin,α < u

(n)
injn,α < u

(n)
jnjn,α (2.4)
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holds for every α, n, in and for every jn 6= in. Unless otherwise mentioned, partial

dominance always applies to every locus and to every deme.

Subsequently, we collect the fitnesses wij,α of all genotypes in every deme in a vector

W . Because we ignore position effects, fitnesses need to be assigned only to H =
∏

n∈L

(
In+1

2

)
unordered genotypes. Thus, W = (wij,α) ∈ (0,∞)HΓ. If there is no

epistasis, fitness in each deme is determined by the J =
∑

n∈L

(
In+1

2

)
parameters u

(n)
injn,α,

which we collect in the JΓ-dimensional vector U . We introduce the following sets of

parameters, cf. I-(5.9):

W̃ = {W = (wij,α) ∈ (0,∞)HΓ} , (2.5a)

R1 = {R = (rij,α) ∈ [−1, 1]HΓ} , (2.5b)

U = {U = (u
(n)
injn,α) ∈ (0,∞)JΓ} , (2.5c)

U1 =
{

U = (u
(n)
injn,α) ∈ [−1, 1]JΓ such that

∣∣∣
∑

n

u
(n)
injn,α

∣∣∣ ≤ 1
}

, (2.5d)

V = {U ∈ U : U satisfies (2.4)} , (2.5e)

V1 = {U ∈ U1 : U satisfies (2.4)} , (2.5f)

M = {M = (mαβ) ∈ MΓ : M is a nonnegative stochastic matrix} , (2.5g)

ME = {M ∈ M : M is ergodic} . (2.5h)

Here, MΓ denotes the set of all real matrices of dimension Γ × Γ and M is the set

of all backward migration matrices. Thus, the dynamics (1.1) is fully determined by

specifying W ∈ W̃, M ∈ M, and the recombination distribution {cK : K ⊆ L}. In the

case of no epistasis, U ∈ U instead of W ∈ W̃ is required. The weak-selection limit

(2.2) is fully determined by specifying R ∈ R1 and M ∈ M. In the case of no epistasis,

U ∈ U1 instead of R ∈ R1 is required. If, in addition, there is partial dominance, we

choose U ∈ V1. We note that V1 is an open subset of U1 and call the elements in these

sets parameter combinations.

First, we study the maintenance of polymorphism in the weak-selection limit.
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Proposition 2.1. Let L ≥ 1, Γ = 2, In ≥ 2 for every n ∈ L, and suppose the weak-

selection limit (2.2).

(a) There exists an open set of migration and selection parameters, O ⊂ R1 ×ME,

such that for every parameter combination in O, there is a unique internal, asymptot-

ically stable equilibrium point. This equilibrium attracts all trajectories with internal

initial condition. The set of chain-recurrent points (see I-Remark 4.2) of (2.2) consists

of finitely many hyperbolic equilibria.

(b) Such an open set, O′, also exists if the set of all fitnesses is restricted to be

nonepistatic and to display partial dominance, i.e., O′ ⊂ V1 ×ME is open.

Proof. We start by assuming absence of epistasis, (2.3). To each single locus, we apply

a slightly generalized version of the procedure in Remark 4.15 in NL07. We choose the

backward migration matrix

M =

(
1−m1 m1

m2 1−m2

)
, (2.6)

in which 0 < m1,m2 < 1. Clearly, M is ergodic and it has the maximal left eigen-

vector µ = ( m2

m1+m2
, m1

m1+m2
)T . We assume that for every locus n, the additive fitness

components u
(n)
injn,α satisfy

u
(n)
inin,1 < u

(n)
injn,1 < u

(n)
jnjn,1 , (2.7a)

u
(n)
injn,2 = −m2

m1

u
(n)
injn,1 , (2.7b)

u
(n)
inin,2 < −m2

m1

u
(n)
inin,1 , (2.7c)

−m2

m1

u
(n)
injn,1 < u

(n)
inin,2 (2.7d)

for every n, every in and every jn > in. Choosing selection coefficients in the order

{u(n)
inin,1}, {u(n)

injn,1}, {u(n)
injn,2}, {u(n)

inin,2} shows that (2.7) can be satisfied. By (2.7a), there

is partial dominance in deme 1. That partial dominance also holds in deme 2 follows

by applying successively (2.7c) with jn instead of in, (2.7a), (2.7b), again (2.7b), and
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(2.7d). Equations (2.7b) and (2.7c) show that

ω
(n)
injn

=
2∑

α=1

µαu
(n)
injn,α = 0 and ω

(n)
inin

< 0 , (2.8)

respectively, for every n and every in, jn such that in 6= jn. Therefore, in the weak-

selection limit at each (single) locus, called strong-migration limit in NL07, a unique

internal equilibrium exists, with allele frequencies at locus n given by eq. (4.41) in NL07:

P̂
(n)
in

=
1

ω
(n)
inin

/ ∑
jn

1

ω
(n)
jnjn

.

Convergence to this equilibrium occurs from the interior of the simplex ∆In because

ω̄n(π(n)) =
∑
in,jn

ω
(n)
injn

P
(n)
in

P
(n)
jn

=
∑

α

∑
in,jn

µαu
(n)
injn,αP

(n)
in

P
(n)
jn

,

where π(n) = (P
(n)
1 , . . . , P

(n)
In

)T ∈ ∆In , is strictly increasing along trajectories except at

equilibria. By (2.8), ω̄n(π(n)) is strictly concave on ∆In for every n. Hence, the mean

fitness, ω̄(π) =
∑

n ω̄n(π(n)), is a strictly concave quadratic form on ∆I1 × · · · × ∆IL
.

Its local (and global) maximum is given by

π̂ =
(
P̂

(1)
1 , . . . , P̂

(1)
I1

, . . . , P̂
(L)
1 , . . . , P̂

(L)
IL

)T

∈ ∆I1 × · · · ×∆IL
.

Therefore, π̂ is the only fully polymorphic equilibrium of the L-locus weak-selection

limit (2.2). Moreover, because ω̄ is a strict Lyapunov function and migration is ergodic,

π̂ is globally asymptotically stable with respect to all internal states.

Because strict concavity of a quadratic form is structurally stable with respect to

small perturbations of the parameters and by the implicit function theorem, a fully

polymorphic, asymptotically stable equilibrium of (2.2) persists under sufficiently small

perturbations of the ω
(n)
injn

. Because ω̄ is a strict Lyapunov function, the perturbed

equilibrium is also globally asymptotically stable for the interior of the state space.

Perturbations of the ω
(n)
injn

are caused by perturbations of R = (rij,α) (or M , which we

don’t consider further). We consider two cases: (1) small but arbitrary perturbations of
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R ∈ R1 and (2) perturbations of U ∈ V1 that are small enough such that partial dom-

inance is preserved (i.e., the perturbed parameter combination is still in V1). Clearly,

admissible perturbations of R or U depend continuously on the migration matrix M . It

follows that, both in case (1) and (2), open subsets of migration and fitness parameters

exist such that conclusions (a) and (b) of the proposition hold for the dynamics (2.2).

By further restricting these subsets to include only parameter combinations such that

the hyperbolicity assumption I-(H.1) is satisfied (which is a generic property both in R1

and in U; see Appendices B and A, respectively, in NHB, and I-Remark 4.1), we obtain

our desired open subsets O ⊂ R1 ×ME and O′ ⊂ V1 ×ME, respectively. Because (2.2)

has gradient-like dynamics, the set of chain-recurrent points consists of the (finitely

many) hyperbolic equilibria (NHB, p. 116) if parameter combinations are choosen ei-

ther in O or in O′. Note also that O and O′ are independent of the recombination

distribution.

Now, we are able to formulate and prove the main result of this section.

Theorem 2.2. Let L ≥ 1, Γ = 2, In ≥ 2 for every n ∈ L, let all recombination rates

cK be positive and fixed, and suppose the full migration-selection dynamics (1.1).

(a) There exists an open set Q of migration and selection parameters, Q ⊂ W̃×ME,

such that for every parameter combination in Q, there is a unique, internal, asymp-

totically stable equilibrium point. This equilibrium is spatially quasi-homogeneous, is

in quasi-linkage equilibrium, and attracts all trajectories with internal initial condition.

Furthermore, every trajectory converges to an equilibrium point as t →∞.

(b) Such an open set, Q′, also exists if the set of all fitnesses is restricted to be

nonepistatic and to display partial dominance, i.e., Q′ ⊂ V ×ME.

Proof. According to Proposition 2.1, we choose a parameter combination (R, M) ∈ O

or (U,M) ∈ O′. Every M in (2.6) is ergodic anyway. I-Theorem 4.3 shows that for

sufficiently small ε in (2.1) and (W,M) = (I + εR, M) or (W,M) = (I + εU,M), the

dynamics (1.1) has an internal, asymptotically stable equilibrium. (Here, I denotes the
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matrix of dimension HΓ with all entries 1.) I-Theorem 4.3 also establishes quasi-linkage

equilibrium; cf. I-Remark 4.9. By Proposition 2.1, for both (R, M) and (U,M), the set

of chain-recurrent points of (2.2) consists of finitely many hyperbolic equilibria. Hence,

I-Theorem 4.3 shows that for each of the two choices of (W,M), (1.1) has no other

stable equilibria, and the set of chain-recurrent points consists again of finitely many

hyperbolic equilibria (I-Remark 4.5 (i)). In particular, for both choices of (W,M), we

obtain convergence to the internal equilibrium for all internal initial conditions as well as

convergence of every trajectory to some equilibrium point. By Corollary 32 on p. 244 of

Akin (1993), i.e., robustness of the set of chain-recurrent points under sufficiently small

C1 perturbations of the dynamics, (1.1) has the same properties for every sufficiently

small perturbation of (W,M), either in W̃ ×ME or in V ×ME. Therefore, we obtain

open sets Q ⊂ W̃ ×ME or Q′ ⊂ V ×ME with the desired properties.

Remark 2.3. (i) By Remark 1.1, the asymptotically stable internal equilibria in Propo-

sition 2.1 and Theorem 2.2 attract all trajectories such that initially every allele is

present in at least one deme.

(ii) The proof shows that such an open set exists in the parameter range where

migration is sufficiently strong relative to selection.

(iii) Theorem 2.2 remains valid if Γ ≥ 2, because additional demes can be added

provided the migration matrix is ergodic and selective differences in these demes are

sufficiently small, i.e., of order O(ε2).

(iv) In a single panmictic population, polymorphic equilibria do not exist in the

absence of epistasis unless there is overdominance or underdominance (or no selection

at all); see Corollary 3.4.

Remark 2.4. Proposition 2.1 and Theorem 2.2 hold if migration is restricted to the

Levene model, i.e., to matrices satisfying m1 + m2 = 1.

Remark 2.5. In the absence of epistasis, the conclusions of the above theorem do

not hold if dominance is absent at every locus and in every deme, because the open
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set O′ constructed in the proof of Proposition 2.1 cannot contain fitness matrices with

complete absence of dominance. For given n, the conditions (2.7) are incompatible with

the assumption of no dominance in every deme (NL07, Remark 4.15).

In fact, the following result can be shown.

Proposition 2.6. If selection is nonepistatic and sufficiently weak relative to migra-

tion and recombination, then, generically, there exists a globally asymptotically stable

monomorphic state if single-locus fitnesses are

(a) additive, i.e., there is no dominance, or

(b) multiplicative.

In particular, no polymorphism is maintained.

Proof. (a) In view of I-Theorem 4.3 it is sufficient to prove that the weak-selection limit

(2.2) has a globally asymptotically stable monomorphic state. Let us assume absence

of epistasis and of dominance, i.e., additive genes. Then, ignoring degenerate cases,

there exist v
(n)
in,α > 0 such that, instead of (2.3),

rij,α =
∑

n

(
v

(n)
in,α + v

(n)
jn,α

)
(2.9)

holds for every i, j ∈ I, and every α ∈ G. Then, a straightforward calculation shows

that the weak-selection limit (2.2) becomes

dP
(n)
in

dt
= P

(n)
in

[
ν

(n)
in
− ν̄(n)(π)

]
, (2.10)

where

ν
(n)
in

=
∑

α

µαv
(n)
in,α , ν̄(n)(π) =

∑
in

ν
(n)
in

P
(n)
in

, (2.11)

and the ν
(n)
in

are constants, i.e., independent of π.

Apparently, for every n, the dynamics (2.10) is decoupled from all other loci. For each

single n, the dynamics on ∆In is just the well known selection dynamics for In alleles

in a haploid population (e.g., Bürger 2000, p. 26). Therefore, no internal equilibrium
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exists if, as is generically the case, for given n all ν
(n)
in

are different. More precisely,

suppose without loss of generality that for every n we have ν
(n)
1 > ν

(n)
in

for every in 6= 1.

Then, ν
(n)
1 > ν̄(n) unless P1 = 0, hence

dP
(n)
1

dt
> 0 , (2.12)

except when P
(n)
1 = 0. Therefore, at locus n, allele A(n)

1 becomes fixed if it is initially

present. This proves our assertion.

(b) Instead of (2.9), we assume

rij,α =
∑

n

v
(n)
in,α v

(n)
jn,α . (2.13)

Then, another straightforward calculation shows that instead of (2.10) we obtain

dP
(n)
in

dt
= P

(n)
in

∑
α

µαv̄(n)
α

[
v

(n)
in,α − v̄(n)

α (π)
]

, (2.14)

where v̄
(n)
α (π) =

∑
in

v
(n)
in,αP

(n)
in

. Generically, for every n, the values
∑

α µαv̄
(n)
α v

(n)
in,α are

different, and we assume without loss of generality that A(n)
1 is the allele for which this

average fitness is maximized. Hence, (2.12) follows.

The above proposition applies in particular if selection acts on haploids. Essentially,

part (b) follows from the Corollary to Theorem 4 in Kirzhner and Lyubich (1997).

Proposition 3.2 below suggests further generalizations of Proposition 2.6 by requiring

(3.3) – (3.5) for the ω
(n)
injn

instead of (2.9) or (2.13).

Remark 2.7. Statement (a) of Proposition 2.6 can be extended to deme-independent

degree of dominance; cf. Remark 2.2 in Nagylaki (2008), which also refers to the precise

definition of deme-independent degree of dominance.

3 Polymorphism under weak migration

Before treating weak migration, we need to establish the equilibrium structure for a

single randomly mating population if there is partial dominance and no epistasis.
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3.1 Directional selection under panmixis

For a panmictic population, we demonstrate that in the absence of epistasis and with

partial dominance, the gamete with the highest fitness becomes fixed and no equilibria

other than fixation of a single gamete exist. Although this is highly intuitive, it seems

that it has never been formulated or proved. In fact, in Proposition 3.2, we derive a

more general result. It is also valid for sufficiently weak epistasis.

We use notation analogous to the multi-deme case but omit subscripts α. From

(1.1), the dynamics of gamete frequencies in a panmictic population is

p′i = pi
wi

w̄
−Di . (3.1)

We assume absence of epistasis,

wij =
∑

n

u
(n)
injn

, (3.2)

i.e., R = 0 in I-(5.11), and order alleles at each locus such that

u
(n)
inin

≥ u
(n)
in+1,in+1 (3.3)

for every n ∈ L and in = 1, . . . , In − 1.

We shall need the following well known result (Kun and Lyubich 1980; Lyubich 1992,

Theorem 9.6.13; NHB, Lemma 2.1; Bürger 2000, p. 77).

Remark 3.1. In a panmictic population and in the absence of epistasis, every trajectory

converges to an equilibrium point. A point p is an equilibrium of (3.1) if and only if it

is both a selection equilibrium for each locus and it is in linkage equilibrium.

Proposition 3.2. Let L ≥ 1, Γ = 1, suppose (3.1), (3.2), and (3.3). In addition, we

assume

u
(n)
11 > u

(n)
22 (3.4)

for every n and

u
(n)
1in
≥ u

(n)
injn

(3.5)
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for every n, every in and every jn > in.

(a) Then, the gamete (1, . . . , 1) is fixed as t → ∞. The corresponding equilibrium

is asymptotically stable and attracts all trajectories such that initially every allele is

present.

(b) For generic U satisfying the above conditions, all equilibria of (3.1) are hyperbolic

and the only chain recurrent points are these (finitely many) equilibria.

Proof. (a) By Remark 3.1, it is sufficient to show that on the linkage equilibrium man-

ifold, no other point than (1, . . . , 1) is a stable equilibrium and no allele A(n)
1 can be

lost. We define

u
(n)
in

=
∑
jn

u
(n)
injn

p
(n)
jn

, (3.6a)

ū(n) =
∑
in,jn

u
(n)
injn

p
(n)
in

p
(n)
jn

=
∑
in

u
(n)
in

p
(n)
in

, (3.6b)

and the marginal fitness of allele in,

w
(n)
in

=
1

p
(n)
in

∑

i|in

∑
j

wijpipj .

Allele frequencies accross generations change according to (e.g., Bürger 2000, p. 72)

p
(n)
in

′
= p

(n)
in

w
(n)
in

/w̄ , (3.7)

where

w̄ =
∑

n

ū(n) (3.8)

is population mean fitness.

Assuming linkage equilibrium, a simple calculation shows that

w
(n)
in

= u
(n)
in

+
∑

k 6=n

ū(k) . (3.9)

From (3.3), (3.4), and (3.5), we find

u
(n)
1 > u

(n)
in

(3.10)
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for every n, in ≥ 2, and 0 < p
(n)
1 < 1. Then, from (3.7), (3.9) and (3.8), (3.6b), and

(3.10), we obtain for every n:

∆p
(n)
1 = p

(n)
1 (w

(n)
1 − w̄)/w̄

= p
(n)
1 (u

(n)
1 − ū(n))/w̄

= p
(n)
1

[∑
in

pin(u
(n)
1 − u

(n)
in

)
]/

w̄ ≥ 0 , (3.11a)

and

∆p
(n)
1 > 0 (3.11b)

if 0 < p
(n)
1 < 1. This proves our assertion because (3.11b) shows that no allele A(n)

1 can

be lost and no other equilibrium than fixation of every A(n)
1 can be stable. Obviously,

the latter is asymptotically stable.

(b) Generic hyperbolicity of all equilibria follows from Appendix A in NHB together

with the fact that strict inequalities preserve openness. The second statement is I-

Lemma 5.3.

Remark 3.3. Part (a) of the above proposition was inspired by Corollary 2.14 of Nagy-

laki and Lou (2006a) which it generalizes to multiple loci under nonepistatic selection.

Corollary 3.4. Suppose that instead of (3.3), (3.4), and (3.5), U satisfies

u
(n)
inin

> u
(n)
injn

> u
(n)
jnjn

or u
(n)
inin

< u
(n)
injn

< u
(n)
jnjn

(3.12)

for every n, in, and every jn 6= in, i.e., there is partial dominance at every locus.

(a) Conclusions (a) and (b) of Proposition 3.2 hold.

(b) At every equilibrium (stable or not), there is exactly one gamete fixed.

Proof. (a) If alleles are ordered according to (3.3), the assertion follows immediately

from u
(n)
1in

> u
(n)
inin

> u
(n)
injn

if jn > in.

(b) The strict inequalities in (3.12) together with the ordering (3.3) yield u
(n)
inin

>

uin+1,in+1 for every n and in. Hence, (3.10) generalizes to u
(n)
in

> u
(n)
in+1 for every n and
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in. Therefore, instead of (3.11b), we obtain

∆p
(n)
in

> 0 (3.13)

if 0 < p
(n)
in

< 1 and p
(n)
jn

= 0 for every jn > in. Thus, equilibrium allele frequencies can

only be 0 or 1.

Corollary 3.5. Proposition 3.2 and Corollary 3.4 hold if epistasis is sufficiently weak.

Proof. This is an immediate consequence of Theorem 2.3 in NHB, or I-Theorem 5.4

with Γ = 1.

3.2 Weak migration

Our first goal is to construct an open set of parameters exhibiting weak migration,

partial dominance, and no or weak epistasis, for which the number of alleles main-

tained at any of arbitrarily many loci equals the number of demes. Then we show that

under these assumptions, generically, no equilibrium exists at which more alleles are

maintained at a locus.

The starting point of our analysis is a population distributed over Γ demes with no

migration between them. According to I-(5.1), the dynamics is given by

p′i,α = pi,α
wi,α

w̄α

−Di,α (3.14)

for every i ∈ I and every α ∈ G.

We assume partial dominance, (2.4), and that at each locus every allele is the fittest

in at least one deme, i.e., for every n we have

G
(n)
in

=

{
α ∈ G : u

(n)
inin,α > max

jn:jn 6=in
u

(n)
jnjn,α

}
, G =

⋃

in∈In

G
(n)
in

, (3.15)

G
(n)
in
6= ∅, and G

(n)
in
∩G

(n)
jn

= ∅ for every in, jn ∈ In with in 6= jn. This assumption requires

Γ ≥ maxn In. Partial dominance implies that in every deme and at each locus one allele
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is the fittest, i.e.,

for every α and for every n there exists ιn = ιn(α) ∈ In

such that u(n)
ιnιn,α > u

(n)
jnjn,α for every jn 6= ιn . (3.16)

Let Y ⊂ V denote the open subset of parameter combinations satisfying (2.4), (3.15),

and (3.16), i.e., for U ∈ Y there is no epistasis, partial dominance, every allele is the

fittest in at least one deme, and A(n)
ιnιn,α is the allele with highest fitness at locus n in

deme α. The following result concerns multiple demes in the absence of migration and

epistasis.

Proposition 3.6. Let L ≥ 1, Γ ≥ maxn In, U ∈ Y, and suppose (3.2) and (3.14).

(a) Then, there exists a unique asymptotically stable equilibrium point. It is fully

polymorphic, but not internal, and attracts all trajectories such that initially every allele

is present in every deme.

(b) At every equilibrium, exactly one gamete is fixed in each deme.

(c) For generic U ∈ Y, all equilibria of (3.14) are hyperbolic and the only chain

recurrent points are these (finitely many) equilibria.

Proof. (a) We apply Corollary 3.4 to each deme α by renumbering alleles, i.e., allele 1

at locus n in the corollary corresponds to allele ιn(α) defined in (3.16). Then, within

each deme α, the equilibrium pι,α = 1, ι = (ι1, . . . , ιL), is globally asymptotically stable

(for all states such that initially every allele is present). Hence, (3.15) implies that in

the full system (3.14), there is an asymptotically stable, fully polymorphic equilibrium.

It corresponds to fixation of ι(α) in deme α for every α and attracts all trajectories

such that initially every allele is present in every deme.

(b) This follows immediately from Corollary 3.4.

(c) Generic hyperbolicity of all equilibria follows from Appendix A in NHB. The

second statement is I-Lemma 5.3.

To state our first main result, we define

Mε = {M ∈ M : M = I + A, where A ∈ Mw,ε} ; (3.17)
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cf. I-(5.10), I-(5.9b).

Theorem 3.7. Let L ≥ 1, Γ ≥ maxn In, let all recombination rates cK be positive and

fixed, and suppose the (full) migration-selection dynamics (1.1).

(a) There exists an open set Pε of migration and selection parameters, Pε ⊂ W̃×Mε,

such that a unique, fully polymorphic, asymptotically stable equilibrium exists for every

(W,M) ∈ Pε. This equilibrium exhibits weak linkage disequilibrium within every deme

and attracts all trajectories with internal initial condition. Furthermore, every trajectory

converges to an equilibrium point as t →∞.

(b) The set Pε can be chosen such that either wii,α < wij,α < wjj,α or wii,α > wij,α >

wjj,α holds for every i, every j 6= i, and every α.

(c) Such an open set, P′ε, also exists if the set of all fitnesses is restricted to be

nonepistatic and to display partial dominance, i.e., P′ε ⊂ V ×Mε.

(d) If Mε is restricted to ergodic migration matrices, then the equilibrium in (a), (b),

(c) is internal.

Proof. (a) follows directly from I-Theorem 5.4, I-Remark 5.5 (iv), and Proposition 3.6

by choosing U ∈ Y, such that (c) of Proposition 3.6 is satisfied, and setting

Pε = {(W,M) : W is given by I-(5.11) with R ∈ Rη and M ∈ Mε} ,

where ε is sufficiently small, Rη is as in I-(5.9a) and η as in I-(5.12). We note that since

here, in contrast to part I, position effects are ignored, we have W ∈ RHΓ instead of

W ∈ RI2Γ.

(b) is obvious because restriction to (genotypic) partial dominance maintains open-

ness and the construction leading to Proposition 3.6 ensures that this set is not empty.

(c) The map ψ : U ×Mε → W̃ ×Mε defined by ψ(U,M) = (W,M), where wij,α =
∑

n u
(n)
injn,α, is continuous. Therefore, the preimage ψ−1(Pε) is open in U×Mε. Now we

can chose P′ε = ψ−1(Pε) ∩ (V × Mε) which is open and nonempty by the construction

leading to Proposition 3.6.

(d) follows from Remark 1.1.
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Remark 3.8. In contrast to the case of strong migration and weak selection (Theorem

2.2), here the number of alleles that is maintained at a locus cannot exceed the number

of demes. Below, we show that this is true generically. We also note that, again in

contrast to Theorem 2.2, in the above theorem, absence of dominance at every locus

and in every deme is admitted. Indeed, any intermediate level of dominance is admitted.

Theorem 3.9. For arbitrary number of loci, sufficiently weak migration and epistasis,

and partial dominance, the number of demes is the generic maximum for the number of

alleles that can be maintained at any locus at any equilibrium (stable or not) of (1.1).

Proof. By Theorem 3.7, this upper bound is assumed on an open set. Corollary 3.4,

applied to every deme, shows that in the absence of migration and with partial domi-

nance, only equilibria exist with at most Γ different gametes present. Thus, the number

of alleles per locus is also at most Γ. Consequently, under the generic hyperbolicity as-

sumption I-(H.2), I-Theorem 5.4 can be applied, and this yields the assertion.

Remark 3.10. For a single locus, Theorem 3.9 was proved in NL07 (Remark 4.4).

According to Theorem 2.4 of Nagylaki and Lou (2001), for a single locus and in the

absence of dominance, the number of demes is a generic upper bound to the number of

alleles maintained at any, i.e., stable or unstable, equilibrium. It is an open problem if

this holds for multiple loci with no epistasis.

4 Discussion

We have established that in a subdivided population, migration-selection balance can

maintain multiallelic polymorphism at arbitrarily many loci under conditions for which

in a panmictic population no polymorphism at all can be maintained (Theorem 2.2,

Theorem 3.7, Corollaries 3.4 and 3.5). These conditions are no or weak epistasis and

intermediate levels of dominance at every locus (and in every deme). Because it is well

known that high levels of genetic variation can be maintained in a panmictic population

if there is either (strong) epistasis or overdominance, we restricted our attention to no
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or weak epistasis and intermediate dominance. We ignored underdominance because,

at a single locus, weak migration can maintain (multiple) stable polymorphic equilibria

in the presence of heterozygote inferiority in every deme (Karlin and McGregor 1972).

The polymorphisms determined in the present work are robust with respect to small

perturbations of the parameters, i.e., of the backward migration rates and the genotypic

fitnesses, and do not depend on the recombination distribution provided all pairwise

recombination rates are positive. Since we assume constant backward migration rates,

our results apply in particular to soft selection. The open sets of parameters, for which

stable, multiallelic multilocus polymorphism exists, have been constructed by extending

single-locus results of Nagylaki and Lou (2007). These constructions, carried out in

the proofs of Proposition 2.1 and Proposition 3.6, provide insight into the conditions

required for maintaining genetic variation in subdivided populations.

Interestingly, for strong migration and only two demes, an arbitrary number of al-

leles can be maintained at each of arbitrarily many loci, whereas for weak migration,

the number of demes is a generic upper bound for the number of alleles that can be

maintained (Theorem 3.9). At first, this contrast appears counterintuitive given the

frequently expressed view that, in general, it should be easier to maintain polymor-

phism under weak migration than under strong migration. This view derives from the

fact that for a single diallelic locus and two demes, the parameter region for which a

protected polymorphism exists increases with decreasing migration rate, as is immedi-

ate from the conditions for protection (e.g., Bulmer 1972, Nagylaki 1992, pp. 148-151).

Additional support for this expectation comes from the study of weak migration in ho-

mogeneous and heterogeneous environments (Karlin and McGregor 1972, Christiansen

and Feldman 1975, Christiansen 1999), from an analysis of the Deakin (1966) model,

in which a fixed fraction of individuals does not migrate whereas the rest is distributed

randomly over the demes in proportion to their size (also called random outbreeding

and site homing, and generalizing the Levene model) for a single locus (Christiansen

1974, Karlin 1982) and two loci (Christiansen and Feldman 1975), as well as from recent
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numerical studies of symmetric migration between two demes. Spichtig and Kawecki

(2004) explored a soft-selection model with multiple diallelic loci, Star et al. (2007a,b)

one with a single multiallelic locus. In contrast, Karlin (1982, p. 128) noted that for

the non-homogeneous Deakin model, in which the ‘homing probabilities’ vary among

demes, “it is possible to increase a single homing rate and reduce or even abrogate the

event of A-protection”.

Obviously, the present results, as well as those of Nagylaki and Lou (2001, 2006,

2007) for a single locus, are not at variance with those mentioned above, but compli-

mentary. In particular, they yield a deeper understanding of the conditions under which

variation can be maintained by migration-selection balance. With strong migration, a

stable multiallelic polymorphism requires some form of overdominance at this locus for

suitably averaged fitnesses. The reason is that strong migration leads to strong mix-

ing, so that gamete and allele frequencies become similar among demes. Therefore,

we expect that the constraints on selection for maintaining multilocus polymorphism

under strong migration are quite stringent, i.e., some form of average overdominance

is required. If there is no dominance (additive genes), or fitnesses within loci are mul-

tiplicative (haploid selection), then only monomorphic equilibria exist if migration is

strong (Corollary 3.5), and no polymorphism can be maintained.

The conditions for maintaining loci polymorphic under weak migration are much

weaker. Basically, with arbitrary intermediate dominance, to maintain all alleles it

is sufficient that at each locus every allele is the fittest in at least one niche. This,

obviously, limits the number of alleles that can be maintained.

It seems remarkable that these results hold for any number of loci and, thus, provide

a simple answer to question (1) in the Introduction. As will be shown elsewhere, also

in the Levene model arbitrarily many loci can be maintained polymorphic. But there,

the maximum number of polymorphic loci depends on the pattern of dominance and

the number of demes (Nagylaki unpubl., Bürger unpubl.). It is an open problem if for

every (ergodic) migration scheme, arbitrarily many loci can be maintained polymorphic
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in the absence of epistasis and of overdominance and underdominance.

Concerning question (2), our results demonstrate that the maximum number of

alleles that can be maintained at a locus depends on the strength of migration. Since

the proofs of Proposition 2.1 and Theorem 2.2 remain valid if migration is restricted to

yield the Levene model (Remark 2.4), also in this special case arbitrarily many alleles

at arbitrarily many loci can be maintained at a stable equilibrium if selection is weak

and dominance is intermediate. Of course, Theorem 3.7 does not apply to the Levene

model because the Levene model precludes weak migration.

For a single locus, arbitrary migration, and in the absence of dominance, the number

of demes is the generic maximum for the number of alleles that can be maintained. This

is also true for Levene model (Nagylaki and Lou 2001). Although we have extended this

result to multiple (nonepistatic) loci if selection is weak or strong (in the latter case,

the upper bound is 1), question (3) remains open for arbitrary migration. It will be

shown elsewhere that it holds for the multilocus Levene model. It would be of interest

to study these problems for other special migration models, such as the Deakin or the

stepping-stone model.

Although the range of parameters, in which the conditions for maintenance of mul-

tiallelic multilocus polymorphisms are satisfied, decreases rapidly in proportion to the

full parameter space as the number of alleles or loci increases, for a small or moder-

ate number of alleles or loci, stable multiallelic polymorphism does not seem unlikely.

What is required if dispersal is weak, basically, is that there is a mosaic of directional

selection pressures and different genes or genotypes that are locally well adapted. Es-

sentially, weak epistasis and intermediate dominance are expected under many forms of

directional selection. Under strong epistatic directional selection (whether concave or

convex), the number of polymorphic loci at a stable equilibrium can be severely reduced

relative to nonepistatic selection (cf. Spichtig and Kawecki 2004).

All polymorphic equilibria constructed by the methods in this paper are in (quasi)

linkage equilibrium. As demonstrated by Li and Nei (1974), this is not the case for mi-
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gration of arbitrary strength, even if fitnesses are completely additive (i.e., no epistasis

and no dominance). Their figure shows that linkage disequilibrium can be substantial

and is maximized at intermediate migration rates. In a completely additive model,

linkage disequilibrium is expected whenever there is differentiation between the niches

(unequal allele frequencies) and migration is not very weak (Christiansen and Feldman

1975). Clearly, differentiation requires that migration is not too strong.

Finally, we briefly point out a difference to another mechanism that has the poten-

tial of maintaining high levels of polymorphism. This is negative frequency-dependent

selection, in particular, intraspecific competition for resources that is sufficiently strong

to induce disruptive selection (see Bürger 2005 and references therein). At least in

the case of competition for a unimodal, continuously distributed resource, the pattern

of multilocus polymorphism differs from those described above for migration-selection

balance. In the first case, at most two alleles can be maintained at a locus, namely the

alleles with most extreme effects (Schneider 2006), whereas in the second case we have

seen that multiallelic polymorphism is possible, and even likely if genotypes carrying

different alleles are the fittest in different niches. Competition for multivariate resources

or several discrete resources could lead to different results.
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