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1. INTRODUCTION

IN THIS PAPER we show that the general two vessel gradostat with ‘‘Monod’’ and more general
growth functions is globally stable. However, for other growth functions, multiple stable
equilibria are possible. Examples with multiple stable equilibria are also constructed in three
vessel gradostats with Monod growth functions.

The original gradostat is a linearly connected chain of » vessels each of which is a chemostat.
The model takes the form (cf. [1, 2])

. U; U;
S;=(Si-; — 28, + S, )d — y_f(S;) - y_lg(Si)

u

= Uiy — 2u; + u )d + u; f(S;) (i=1,...,n) (L.1)
0; = (Vo) — 20; + vid + 0,8(S))

where S, = S > 0 is the concentration of the input nutrient (substrate) to the first vessel
and d > 0 is the washout rate. S;, #; and v; denote the concentration of the nutrient and the
two competing micro-organism species in vessel / (with the convention that u, = v, = 0 and
Spi1 = Uyry = Uynyq = 0). The functions

S
M_ and g(s) = my

S:
J5) a, + S a,+ S

(1.2)

are the nutrient uptake (growth) functions of the two competing species. The quantities m,, a,,,
¥, are the maximal growth rate, the Michaelis-Menton (half saturation) constant and the yield
constant of one of the species and similarly m,, a, and y, of the other. Since lim,_, S;(t) +

/7y u;(t) + (1/y v () = ¢;, where ¢; = (1 — i/(n + 1))S,, (1.1) reduces to
;= Uiy — 2u; + u )d + u fle; — (u; + v;))
) i=1,...,n (1.3)
U = (Vo — 20, + v d + vigle, — (u; + v;))

on X = {(4,v) € R2"|u + v =< c}. We have assumed that y, = y, = 1, which can be achieved
by a suitable rescaling.
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One also considers more general nutrient uptake functions. They are assumed to satisfy

J0) =g(0) =0, f(S),g(S)>0 (1.4)
and usually also
J(S), g"(S) < 0. (1.5)

In [3], it is also assumed that the two uptake functions are related to each other by a relation
of the form

g(S) = Bf(as) (1.6)

for some positive constants «, f, as is the case for Monod functions (1.2). Although it is not
clear why the two growth functions should be related in this way, we will also discuss this
special case for completeness.

The above linear configuration has been extended to a more general situation. The following
description is taken from [4]. Let E;; be the volumetric flow rate from vessel j to i (i # j), with
the convention £; = 0 and let E be the n by n matrix (£;;). Let V; be the volume of the ith
vessel, D; the flow rate from an input reservoir to vessel i, S,-({)) the concentration of the substrate
in the input reservoir feeding vessel i and C; the flow rate from vessel i to a receiving reservoir.
The rate of change of the vector S(¢) := (S,(¢), ..., S,(t)) when there is no consumption is
given by

[diag{¥;}]S = AS + ¢ (1.7)

where

A = E — diag{C;} - diag {2 E,,,} and e=(D,S9,...,D,59.
h

Moreover, since the volume V; is a constant, the volumetric in and out flow rates must be the
same, i.e.

ZEIJ + D,‘ = ZE;”‘ + Ci‘
J h

If we multiply (1.7) throughout by diag{¥, '} and denote e = [diag{V, '}]é and A =
[diag{¥;"'}]A, then (1.7) becomes

S=AS +e.

We will assume that S > 0 for some / so that e > 0. Moreover, 4;; < 0, A; = 0 (i # j) and
YA, = ~V,7'D; = 0, with strict inequality for some /. The matrix A4 will also be assumed to
be irreducible. The full system (with consumption) now becomes

S=e+ AS — F(S)u — G(S)v
Au + F(S)u (1.8)
v=Av + G(S)H

u

where F(S) = diag{ f(S)), ..., f(S)} and G(S) = diag{g(S)), ..., g(S,)}.
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It can be shown that (cf. [4, lemma 3.1]) lim, ., S(¢) + u(t) + v(¢) = c, where ¢ > 0 is the
unique solution of Ac = —e. Using this fact, (1.8) can be reduced to

{u=[A+F(c—u—v)]u
v=1[A4 + G(c — u— v

1.9

on X ={(u,v) e R¥"|u + v <cj
We will need the following important and well-known fact about monotone flows (cf. [5,
theorem 10.5; 6, lemma 2.1; 7, remark 1.2] for the second part of the statement).

Lemma 1.1. Consider the autonomous ordinary differential equation
x = f(x) (1.10)

defined on a closed, convex set U C R". Assume fe C'(U), U is positively invariant
under the flow 7(-,t) defined by (1.10) and there exist m; =0 or 1 ((=1,...,n) such
that all the off-diagonal entries of PDf(x)P are nonnegative for every x e U, where
P = diag{(—1)™, ..., (—1)"}. Define the cone

K={xeR" (-1)"x; =0, forall 1l =i < nj

and the ordering
X <gy if and only if y — x € K\[0].

Then 7 preserves the ordering <, (i.e. n is K-monotone) in the sense that x <y y implies
(x, t) <g n(y, t) for all t = 0. Moreover, if E,, E, are two equilibria of (1.10) with E, <y E,,
then one of the following holds.
(i) There is an increasing (under <g) orbit connecting E, to E,.
(ii) There is a decreasing orbit connecting E, to E,.
(iii) There is a third equilibrium E; of (1.10) such that E, <x E; <x E,.

For equation (1.9), if welet m; = Ofori=1,...,nand m; = 1fori=n+ 1,...,2n, then
the cone K above is given by

K={u,v)eR"|y;z0andv;<0foralli=1,...,n}

and lemma 1.1 is applicable to (1.9) on X.
We summarize some of the known facts about (1.9) in the following theorem (cf. [4, Sections
4, 5]).

THEOREM 1.2. (I) The flow defined by (1.9) is K-monotone on X and is strongly X-monotone
on int(X).
(I1) If v were absent, i.e. for v = 0 in (1.9), we have:
(i) if the stability modulus s(4 + F(c)) < 0, then lim,_, , u(¢) = 0 provided 0 < u(0) < c;
(ii) if s(4 + F(c)) > 0, then there exists (unique) # > 0 such that lim,_, , u(¢) = & provided
0 < u0) <c.
Similarly, if ¥ were absent and s(A + G(c)) > 0 we have ¥ > 0 satisfying the analogous
properties.
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(III) Let E, = (0, 0), E = (i, 0) and E = (0, D). Let also X be the set of equilibrium points of
(1.9). We have:
(i) if ¥ = {E,}, then Ej is a global attractor for (1.9);
(i) if L = {E,, E}, then E attracts all solutions (u(1), v(f)) in X with u(0) > 0. There is an
analogous statement when ¥ = {EO,E};
(i) if X = {EO,E,E}, then either lim,_ . (u(t), v(¢)) = E for all solutions in X with
u(0) > 0, or lim,_ . (u(t), v(t)) = E for all solutions in X with v(0) > 0.
(IV) If an equilibrium point of the form E* = (u*, v*) (u* >0, v* > 0) exists, then
E <y E* <4 E. Moreover, for every solution (u(?), v(¢)) in X that does not converge to one of
the boundary fixed points £, E, E, there is a t, such that (u(z), v(¢)) € 1E, E[ for ¢ > to-

Note that the uniqueness and global stability of & and ¥ in theorem 1.2 II (ii) follows from
the monotonicity of the growth functions f and g (cf. [8, theorem 2.1; 9, theorem 6; 10,
theorem 2.3]). Statement III (iii) also follows from a modification of lemma 1.1.

The global dynamics of (1.9) when an interior equilibrium E'* exists is an open question. In
the case of two vessels (i.e. n = 2), we will show in theorems 2.1 and 3.1 that if E* exists, then
it is unique and is globally stable, provided (roughly speaking) the graphs of f and g intersect
transversely at only one positive value S. This generalizes theorems 5.6 and 6.1(d) from [2] on
the standard two vessel gradostat (1.1). On the other hand, if f and g intersect at more than one
positive value, then it is possible to produce examples with unstable E* (see Section 3). In
Section 4, we show that it is also possible to have an unstable interior equilibrium E* for a
general three vessel gradostat even if £ and g are Monod. This is carried out for the tridiagonal
case (a3 = a3, = 0) as well as for the cyclically linked case (a3 = @,; = a3, = 0). Some
concrete numerical examples illustrating the results in Sections 3 and 4 are given in Section 5.

2. THE GENERAL TWO VESSEL GRADOSTAT WITH MONOD GROWTH FUNCTIONS
When there are only two vessels, (1.9) becomes
Uy = ayu + apuy + u f(S)
Uy = Gy Uy + Ayt + Uy f(S,) @.1)
Uy = ap vy + apv, + v8(S)
Uy = dpty + anv, + 0,8(5,)

where S; = ¢; — (u; + v;) = 0 and ¢ = (¢, ¢;) is a positive vector. In this section, we will
always assume that f and g are Monod functions as given in (1.2). Let A be the two by two
matrix (a;;). From the assumptions in Section 1, we know that

Q15,0 >0, a; <0(i=1,2) and det(4) > 0. 2.2)
The Jacobian matrix of (2.1) is given by
a, + f(S) — u f'(S) a, —u, f'(Sy) 0
. ay @y + f(S) — uy f1(Sy) 0 —uy f(S) @3
-v,8'(S) 0 ay + g(5)) — v,18'(S) a5

0 —028'(Sy) as ay; + 8(S;) — v,2'(Sy)
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According to (2.1), f(S,) = —(a;, 4, + a,,u;)/uy, etc. at an interior equilibrium and J becomes
a,u )
——2=2 — u, f(Sy) ay ~urf'(S) 0
1
ay u
an - 2; : u f'(S3) 0 —uy f'(S)
2
J =
Qv
~v18'(S) 0 —== - ng's) a,
1
ax v
0 —0,8'(Sy) ax —=A v,8'(S,)
2
2.4)

The determinant of this matrix turns out to be (after some tedious calculation)

ai,da
det(J) = —22 (u v, — w0 WiV f'(S)E'(Sy) — uivif(S)g'(Sy). (2.5)
U UV Uy

For Monod growth functions f and g, their derivatives can be expressed as

a

f’(S)=%l—zi‘§—2f(S)2 and  g(S) = 45 8().

mll
Inserting these into (2.5), we obtain

a,a,a»a
det(.l) uto®12+21

S22 uaory, (02 T 0D WIVA(S1YR(SD)® — urvi f(S:)e(S))
ulfty D9 K 42 V1 L2

a,a,a,,4a;,

= o, S2S2u 1y 01 0y (1,0, £(S1)g(Sy) + uyv, f(S2)8(SONuy v; — Uy 0y)

X (u 0, f(5,)8(S7) — up v, /(82)8(S1)). (2.6)

Again using the equilibrium equations of (2.1), the expression of det(J) in (2.6) can be
rewritten as

a,aq,a,,0a,,

det(J) = mumquSzzuluz 0,0 (u; 02 £(S1)g(Sy) + v f(S)e(S 05 — uyvy)

X (@ Uy + a0y + @ty — (@ Uy + apip)a vy + a;0,))

a,0q,a1,4;,

= o, S2S%u 0.0, (40, (SDE(S2) + v, F(S)E(S))) det(A)(uy v, — upv)*.  (2.7)

Note that the last equality follows from the product formula for determinants. Based on (2.2),
this shows that at any interior equilibrium E* = (u}, u3, v}, v¥), det(J) > 0 holds as long as
utvy # uivt.



1022 J. HOFBAUER and J. W.-H. So

Remark. Another way to derive the above result would be to eliminate the diagonal terms a,,
and a,, from the equilibrium equations of (2.1)

u v
auu—z + f(S) = alzv—z + g(S) (= —ay))
1 1

(2.8)

u v
1+ S8 = @+ 8(S)) (= —az).
2 2

If we express g(S,) and g(S,) in terms of f(S;) and f(S,) using (2.8) and insert them into the last
line of (2.6), we obtain

auaua12a21
2Q2
M, m, S{S U U U, U,

det(J) = (U, v, fS1)&(S,) + uyv, f(S2)e(S))u, vy — u2U1)2

2

u u
x (f(sl)ﬂsz) + @ fS) =+ anf(S) u—2>. (2.9)
1
This again shows det(J) = 0 and det(J) = 0 if and only if u}/vf = u¥/v}.

Similarly (and much easier), one shows that the other leading principal minors of J alternate
in sign. For example, the leading 3 by 3 principal minor of J is given by

—ul‘z’;vl Wiuz30, f1(SOS(Sy) + ay 470, f1(S) + apu30,f'(Sy) + 301 f/(S,)g'(SD)
which is always negative, provided f and g satisfy (1.4). Therefore, a well-known stability
criterion for quasipositive matrices (cf. {9, lemma 1; 6, theorem 2.7]) implies the stability of E'*.

Now we consider the ‘‘degenerate’’ case when there is an interior equilibrium E* with
ufvy = uivy,i.e. v* = ku* for some constant k > 0. By (2.8), f(S) = g(S¥) fori = 1, 2. If the
Monod runctions f and g are not identical, then either

(@) f(S) # g(S) for all S > 0 and there is no interior equilibrium, or

(b) f and g intersect at a single positive value S and, hence, S} = S = S.

In case (b), ~f(S) (= —g(S)) coincides with the spectral modulus, s(4), of A and there is a
continuum, &, of equilibria given by

&={Au*, (1 +k—Du*)|0=< i <1+ k)

which connects the two boundary equilibria, £ = (u* + v*,0) = (1 + ku*,0) and E =
0, u* + v*) of (2.1). If f and g were identical, the situation is even more degenerate and there
is a (two-dimensional) quadrilateral of equilibria.

THEOREM 2.1. Assume f, g are Monod as in (1.2) and f is not identical to g. Let § > 0 be such
that £(S) = g(3).

(i) If —f(S) # s(A), then there is a unique globally attracting equilibrium. In particular, if
an interior equilibrium exists, it must be unique and is globally stable.

(ii) If —f(S) = s(4) (and S < ¢,, c;), then there is a line of equilibria & which is globally
attracting in the sense that every interior orbit of (2.1) converges to one of the equilibria in &.
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Proof. (i) The case of no interior equilibrium has been completely analysed in [3, theorems
5.2 and 5.4}, see theorem 1.2.1I1 above.

If an interior equilibrium E* exists, then E <y E* <, E. Since any interior equilibrium is
asymptotically stable, lemma 1.1 implies uniqueness of E* and the existence of two monotone
solutions y,(t), y,(¢) such that lim,_, , y;(¢) = E* and lim,_, _, y,(z) = E, lim,_ _, y,(¢) = E. If
(uy, Uy) lies in the (open) order interval 1E, E[, then one can find ¢, such that () <k
(uy, vy) <k 7-(ty). Hence, by comparison, the solution (u(t), v(¢)) through (u,, vy) converges
to E*.

(i1) It follows from theorem 9.7 (and its proof) in [5], that every orbit in the open order
interval £, E[ converges to one of the fixed points on the line & But then theorem 1.2 (IV)
implies the assertion. W

3. MORE GENERAL UPTAKE FUNCTIONS FOR THE TWO VESSEL GRADOSTAT

We first give another proof for theorem 2.1, which extends to more general uptake functions
satisfying the assumption (1.4).

TeEOREM 3.1. Suppose that f and g are such that f'/g’ is a monotonic function, and f is not
identical to g on any interval [0, ¢], ¢ > 0. Then the assertions of theorem 2.1 again hold
for (2.1).

Proof. 1t is sufficient to show that (2.5) is again positive, whenever ufvy — wiv} # 0, since
the rest of the proof of theorem 2.1 works in general. For this we rewrite (2.5) as

Ay, dy
U U1 U,

_ @120, 07032'(5))8'(S) <54_1 _ u2>< RCH I f’(52)>
Uy, Uy vi 8'(S) U% g'S)/

Without loss of generality we may assume that f'/g’ is monotonically increasing. Then
(ignoring the trivial case when f£(S) # g(S) for all § > 0) there is a unique value § > 0 such that
f(S) = g(S) for S = S. (The possibility of a continuum of intersection points, i.c. f = g on an
interval [a, b] would imply f = g on [0 b] which is ruled out by the assumptions.)

First consider the case where uf/vf > ui/v3 (i.e. ut/us > v¥/v}). Then

det(J) = (v — u, Ul)(ul sz (SDg'(Sy) — UZU f((SZ)gl(Sl))

3.1

uy vy
SSF) = —ay, — ay,—5 > —ay, — a;,—5 = &(SY)
Uy Uy
and
* *
Uy Uy
S8 = —ay — @y, — < —ay — ay;— = &(S).
U U,

This implies Sy > §> S}, sothat f/(SF)/g'(SF) = £'(S5)/g'(S¥) and (uF*/v¥H)(f'(8})/g'(S1)) >
WX /v (f'(SF)/g'(S¥)). Hence, the last two factors for (3.1) are positive.

Similarly, in the case where u¥/v} < u3/v%¥, all inequality signs are reversed so that the last
two factors of (3.1) are negative.

In either case det(J) is positive and the proof is complete. W
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To apply theorem 3.1 to uptake functions related by (1.6) we need the following lemma.
LEmMma 3.2. Let ¢: R* = R*. Then ¢(ax)/¢(x) is monotone increasing in x for 0 < « < 1 and
monotone decreasing in x for o > 1 if and only if
()" (X) + xP(N)P"(x) — xp'(x)* = 0 (3.2)
holds for all x = 0.
Proof. Let ¢(ax)/$(x) be monotone increasing in x for 0 < o < 1 and monotone decreasing
in x for o« > 1. By differentiating ¢(ax)/¢(x) we have
ad'(ax)o(x) — ¢lax)o’'(x) = 0 O<a<l
ad'(ax)p(x) — d(ax)é’(x) = 0 (@>1)
for all x > 0 which simplifies to

axg'(ex) _ x¢'(xX)

o) = ey 0D
ax¢’(ax)  x¢'(x)
=< 1).
o) = o9 @7

This implies that x¢'(x)/¢(x) is monotone decreasing. Hence, by differentiating again,

() (x) + x(x)"(x) — x¢'(x)* < 0.

Since the above argument can be reversed, this completes the proof. B
Applying lemma 3.2 to the function ¢(x) = f’(x) yields the following corollary.

CoroLLARY 3.3. Let f and g satisfy (1.4) and (1.6) and let furthermore
F1SSS) + SFS)f(S) — §f(S) <0, (3.3)

then the assertion of theorem 2.1 holds for (2.1).

This confirms the conjecture in [3, p. 218] under the additional assumption (3.3). That it is
not true in general will be shown in the rest of this section. Note that for the Monod function
f(x) given in (1.2), the left-hand side of (3.3) simplifies to —2m:a’/(a, + S)°, which is indeed
negative.

The assumption in theorem 3.1 implies that the two growth functions f and g have only one
positive intersection point. In contrast, we will now show that if f and g intersect at more than
one positive value, then it is possible to choose the other parameters in (2.1) to produce an
unstable interior equilibrium. The monotonicity of the flow implies then that there will be at
least two stable equilibria in system (2.1)—either in the interior or on the boundary.

Recall from Section 2 that the determinant of the Jacobian J of (2.1) evaluated at an interior
equilibrium is given by (3.1). If we can construct an interior equilibrium E* = (u*, v*) for (2.1)
such that (3.1) is negative, then E*is unstable and we are done. We will first present the general
construction of such examples and give a concrete example in Section 5 to convince the sceptical
reader.
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i g(s)

Fig. 1.

Let f and g be two arbitrary functions satisfying (1.4). Assume that f and g intersect at
two positive values, i.e. there exists 0 < S, < §; such that £(S;) = g(§;). Let furthermore
a; = f'(5)/g'(S;) (i =1,2) be such that «; < 1 < «,. Note that this assumption is auto-
matically satisfied at two consecutive transverse intersection points of the graphs of f and g,
maybe after interchanging f and g (cf. Fig. 1).

Let S* = §; — ¢, (0 < ¢ < 1,i=1,2). Then f(S}) > g(S}) and f(SF) < g(S).

Let E* = (u7, u3, v}, v3) be an interior equilibrium of (2.1) corresponding to the given
S, S¥. By (2.1)

u_T:_azz+f(S;)=_ b

uy ax ay + f(SP) G.4)
Bl*:__azz+g(52*)= _ a2

vy az ay; + &g(8H

so that uf/uj > v}/v}. Hence, if we choose S;* sufficiently close to S; and less that S, (i = 1, 2),
then u¥ /vy < uf/v¥ < u¥/v¥(a,/a;)"? and the determinant in (3.1) is negative.

Since the construction of a general gradostat (1.8) with general diffusion matrix A4 is now
rather easy, we will be more ambitious and construct an ““original’’ gradostat (1.1). Hence, let
ay) = a,; = —2d and a;, = a,; = d. (We have assumed that y, = y, = 1.)

Denote 4, = f(§;) = g(S;) (i = 1,2). Then

JS) = A — & f'(S) .
_ _ (i=1,2). (3.5)
&(S;) = 4; — £8'(S)

In order for (2.1) to have an interior equilibrium E* = (uf, u¥, v}, v¥), we need

et(“n + f(SD) ap > _ 0= det<a” + g(S7) a; > (3.6)

as ay + f(89) ay; ay, + g(S5)
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which simplifies to

{ d* = (=2d + f(SH)(-2d + f(S})) 4)
d* = (=2d + g(SH)(-2d + g(53))
or to
{dz = (=2d + %, — &/ (SON-2d + X, — & 1'(5)) 3.8)
d* = (=2d + Zl - 518'(5_1))(‘251 + Zz - ezg/(S—z))-

These two equations are to be satisfied by one unknown d. However, we still have the choice
of &, and &,. For ¢, = g, = 0, these two equations coincide and have a unique solution d,
satisfying 2d > Z;and d* = (=2d + 1,)(=2d + 1,). Therefore, we can expect that thereis a C'
curve in &,-&,-plane through the origin, where d = d(g,, &,) satisfies both of the equations in
(3.7). In the first approximation, this curve is given by

&1 (f'(S) — &'(S))2d — 1) = £(g'(Sy) — f'(S))N2d — 4)).

Therefore, we can choose such ¢, > 0 and &, > 0 as required in the beginning. The coordinate
vectors of the equilibrium E*, u* and v*, are then the positive eigenvectors of the quasipositive
matrices in (3.6), and are determined from (3.4) up to multiples. The only further constraint to
make this example an original gradostat is that ¢, = 2¢, > 0, where ¢; = S + u} + vf. This
can be achieved as long as S > 25 by using suitably large scalar multiples of u* and v*.
Otherwise, if S} < 25, we can at least achieve ¢,/2 < ¢, < 2¢, this way, so that the input
vector satisfies e = —Ac > 0.

We conclude by showing that this is possible even if f and g are concave and related through
(1.6). Suppose that for each choice of «, § > 0 the equation f(S) = g(S) = Bf(«S) has only one
solution S > 0. Then f(S)/f(«S) must be strictly monotonic for each « # 1. By lemma 3.2 this
holds if and only if

FS)(S) + SF)(S) = SF(S)* <0, (3.9)

holds for all § > 0. It is not difficult to construct functions f satisfying (1.4)-(1.5), but
violating (3.9). For example, one can take a smooth strictly concave perturbation of

S
0
TS <S«<l
S =1 +595) 1l=S=<2 (3.10)
9§
e 2< S
8(1 + S) ’

and
2(S) = 3/28)
then f(3) = g(3) and f(1) = g(1). Moreover, f(0) = 0, f'(S) > 0 and f(S) < 0.

4. THE THREE VESSEL GRADOSTAT

In this section we show that for nonlinear uptake functions, the global stability result for the
two vessel gradostat (theorems 2.1 and 3.1) does not generalize to the situation of more than
two vessels.



Global stability problem for the gradostat 1027

More precisely we show the following.

THEOREM 4.1. Let f and g be bounded functions satisfying (1.4)~(1.5), such that there is a unique
S > 0 with £(S) = g(S). Suppose f'(S) > g'(S) so that f(S) = g(S) for § = S. Further assume
that f'/g’ is a strictly increasing function (or at least (f'/g')(0) < (f'/g')S) < (f'/g')()).
Then there exists a three vessel gradostat as described in Section 1 with a linear configuration
(i.e. a;3 = a;; = 0) and intervessel flow rates a,,, as,, @, @453 > 0 and certain input rates
e; > 0 such that (1.9) has an unstable interior equilibrium.

THEOREM 4.2. Under the same assumptions on f and g as in theorem 4.1, there exists a three
vessel gradostat as described in Section 1 with a cyclic configuration (i.e. a,5 = @,, = a3, = 0)
and intervessel flow rates a,,, a3, @3; > 0 and certain input rates e¢; > 0 such that (1.9) has an
unstable interior equilibrium.

As observed in Section 3, these assumptions on the uptake functions f and g are satisfied for
Monod functions (1.2). The differential equations (1.9) can be written more explicitly as

u.:
J

a;iu; + u f(S;)

1

e s

4.1

b= ) a;v; + v;g(S;)
j=1
with S; = ¢; — (4; + v;). The Jacobian matrix J = (J(i, j)); ;=1
in (2.3)

2 has a similar block form as

,,,,,

JU, 0) = a; + f(S) — w, f'(S)),
JU + n, i+ n) = a; + g(S;) — v;8'(S)),

JG,j) =JG + n,j+ n) = ay,

4.2)
JU, i+ n) = —u f'(S:),

JG + n, i) = —v,8'(S)),
JG,j+n) =Ji+nj)=0

(,j=1,...,n,i# j). Again, when evaluating J at an equilibrium point £* we can simplify the
diagonal terms to

TG, 1) = —u" L agu; — ui f'(S) 4.3)

J®i

and similarly for J(i + n, i + n). For a tridiagonal 3 by 3 matrix 4 the determinant of J can be
expressed as follows

d12d3,
detJ = —=——
UyUy U3V, U, U5
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where
D = ay(u, v, - IR VIG; - uiF 0} G F v, + 035G
(U vy ~ VU)W F 036G, — s Fui G us P v, + up 3Gy + azuyv)
2p 2 2 2 2 2
+ ap3(U 3 — VU U FoU5Gy — U GLus B (Wi Fiv, + 01 Gy + apupvy)
2 2 2 .2
+ @y @p3(U Uy — Uz DU (U F 035Gy — usFu1GY). 4.4

We used the notations F; = f'(S;) and G; = g'(S;) for short. Each term in this expression which
resembles (2.5) obviously would be positive if f and g are linear functions, or more generally
f'/g" is constant. For more general functions, like Monod functions, at least one of the three
terms in D may be negative, and it is not obvious at all whether D = 0 could still be true. The
following construction shows that it is not true in general.

To simplify computations we assume v, = v, = v; = v. This is equivalent to defining the
diagonal terms from the second set of the equilibrium equations of (4.1) as

a; = - L a; — &S (4.5)
J#i

This automatically guarantees that the row sums of 4 will be negative, as required in Section
1. Inserting this into the first set of equilibrium equations of (4.1) gives

m(% - 1> — &(S) ~ f(5) 4.6)
1
021<1 - ﬂ) + 023<1 - E> = f(Sy) — g(S,) 4.7)
U, 1253
“32(2—2 - 1> = 2(Sy) — £(Sy). 4.8)

Since the diagonal terms «;; do not occur in (4.4), conditions (4.6)-(4.8) are the only side condi-
tions we have to take care of when analysing the sign of D.

Let us pick S, < S; < S < S,. Then from (4.6) and (4.8) u, > u, and u, > u;. This makes
the first two terms in (4.4) positive, since f'/g’ is increasing in S. Therefore, we have to try to
make the last term in (4.4) negative. Of course, this will be the case if

, F) F;
u, >u;  and ufG—']<u3253;.
Clearly (4.9) can be achieved by assuming u; = qu,, where ¢ is any number satisfying
((F)/G)(G3/F3))"* < g < 1. To complete the argument that the D in (4.4) can be made to be
negative, we pick any u, such that u, > u,, u; and compute @,, > 0 and a;, > 0 from (4.6)
and (4.8). Next, we choose a,,, a@,; > 0 such that (4.7) holds. Since limg_ . /f'(S) = 0 and
limg_ . g'(S) = 0, F; and G, and hence the first two terms of D can be made arbitrarily small
if S, was only chosen large enough. Therefore, the negative third term in of D in (4.4) will
dominate and D < 0. Finally we have to guarantee that the input vector e = —Ac has positive
components. Sincec = S + u + vand Au, Av < 0, this will hold if we only replace the vectors
u, v by a large scalar multiple (note, that in (4.6)-(4.8) only the ratios of the u; entered). More
precisely, since also the vector S or its second component is large, we need u, v > S, to make
e > 0. In order to keep the first two terms of D small (they are of higher order in u, v than the

4.9
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third term), we also need F,u < 1, etc. Now for Monod functions F, = f'(S,) is of order S,
as S, — oo, so that we need u, v < S? to make the first two terms of D small. For more general
functions the same idea works, since (1.4)-(1.5) imply that limg_ . Sf'(S) = 0.

We will present a concrete numerical example in Section 5 to convince the sceptical reader.

Remark. Solving (4.6)-(4.8) with a bit more care, e.g. by taking S, close to 0 and S; close to S
one can achieve any prescribed ratio of the intervessel flow rates, in particular one may choose
them all equal: a,, = a5, = a,; = a3 > 0.

The discussion on the case of a cyclic three vessel gradostat is similar. The determinant of J
can be expressed as

1203043,
detJ = ———=———
UyU U300, U3

where D stands now for
D = a3, 0,u,(Up 0, — 4, 0,0 Gyv3u30, — u3v3GyFyuy)
+ (U0 — u, VU3 V(G F3 Fuzu3 v — uiv; Gy G, Fyvs)
+ Ay U3(—v3u; + usv))(Fyuy Gy uyv] — ui G Fiv,0y)
+ (—v3u; + U300 v(G, G Fy0,uiv} — uiF,v3Gy Fuy)
+ ap(Vyuy — U U Uy(—F, Gy 3, + GouiFyv vy)
+ vyuy(—vus + Uy 03)(V F, G, Gy v3ub — FyviGyuiFauy). (4.10)

Again, in the limit S; — oo only the first term remains, which can be easily made negative. We
skip the details and present only a numerical example in Section 5 to show that it is indeed
possible for det(J) to be negative at an interior equilibrium.

5. NUMERICAL EXAMPLES

In this section, we will show by means of numerical examples that the ideas presented in

Sections 3 and 4 can be realized. More specifically, we will present numerical examples of
(I) a two vessel gradostat with f and g intersecting at two positive values,

(I) a tridiagonal three vessel gradostat with Monod f and g, and

(III) a cyclically connected three vessel gradostat with Monod f and g,
all of which possess an unstable interior equilibrium. All of these examples are found with the
help of MAPLE, a software package designed by the Symbolic Computation Group at the
University of Waterloo in Ontario, Canada.

(I) A two vessel original gradostat
Let f be the piecewise linear function
S for0=S=<1
S =51+4HS-1 forl<S=<3
2+38-3) for3<S§
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and let g(S) = Bf(«S), where o = and B = 12, Then J and g intersect transversely at
four positive values: 4%, 14, 24 and . Let S =%% and §, = 1%, It is easily verified that

(S§, S5, d) = (3.797477130, 0. 8990909091 1.713687059) is solution of (3.7). Moreover,
F(SP) = 2.599159043, f(S) = 0.8990909091, g(S¥) = 2.264100319, g(S¥) = 0.9028409093,
SISH =173, /(8P =1, g'(SH =5/12 and g'(S}) = 5/8. Now take uy = 52.38466620
and v} = 10.48452334. Then by (3.4), uy =2 — f(SH/duf = 7.117035300 and vy =
[2 — g(S{/d]vf = 25.31720712. One can easily verify that the determinant of the Jacobian
matrix is —123.2453615 so that the interior equilibrium E* = (u}, u3, v¥, v¥) is unstable.
Moreover, ¢, = S + uf + vf = 200/3 and ¢, = S§ + uF + v¥ = 100/3.

(1) A tridiagonal three vessel general gradostat

(i) Let £(S) = S/(1 + S) and g(S) = +S/(4 + S). Then § = 1.

(ii) Let Sf =5 SF = 10000 and S3* = 5. Then f(S)) = i, f(S5) = 16882, f(SH =,
g(ST) = 35, 8(55) = 1358 and g8 = . AISO f(Sl*) 1512 S (S3) = teausesers S/ (ST = %
g'(SH) = {28, g'(83) = m and g'(Sy) = 123

(iii) Let u} = 10, u¥ = 11, 43 = 9 and vf = v5 = v} = 22000. Then ¢, = S§ + uf + v} =
220101 " = 32011 and ¢; = h1105046_

Solving (4.6)-(4.8), we have a,; = 77, @3, = 35 and @, + 2a,, = 1GAN00  |f we choose

ay; = 1, then a,, = L5888 Using the second set of the equilibrium equations of (4.1), we
obtain a,; = -4, a,, = — Yoot and a;; = —35. One could easily verify that the first set of

equilibrium equations of (4.1) are also satisfied and that the row sums of 4 are negative.

Finally, one computes det(J) at E* and it turns out to be the negative number
53484543941518654741443208169665625
1838200446519660888909516980694272

Hence, the interior equilibrium E* is unstable and there are at least two stable equilibria.

Moreover, the input vector e = —Ac = (252233, 18302663105500 ' SI0240T g hositive.

—-29.096.

(III) A cyclically connected three vessel general gradostat with Monod growth functions

Let
(i) f£(S) = S/ + S) and g(S) = 28/(%5 + S),
(i) ¢, =98, ¢, = 999 and ¢y = 13, and
(i) a;, = =3%, @ =F5 an=—33, @3 = 347, @3 = Tooiess @33 = —igoi09y and
ay; = ay = az = 0.
Then
E* = (S§, SF, S, uf, uf, uf, v, v, v = o o 10,4,3,2,1,1,1
12222933y Uy, Up, H3, Uy, Uy, Uy 1000 1000

is an interior equilibrium point and the determinant of the Jacobian matrix evaluated at E* is
the negative number

70632079697353776142248000000000

7.
" 229819434172014692903238630972683 ~0.30

Hence, E* is unstable. Note also that ¢ = S+ u + v = (3553, 1993, 13)” and the input e =

291513 376107 34009009
~Ac = (‘533050 3470005 “1004003 Tisa positive vector.




Global stability problem for the gradostat 1031

REFERENCES

. Tanc B., Mathematical investigations of growth of microorganisms in the gradostat, J. math. Biol. 23, 319-339

(1986).

. JAGER W, So J. W.-H., TancG B. & WaLT™MaN P,, Competition in the gradostat, J. math. Biol. 25, 23-42 (1987).
. SmrtH H. L. & WarLtmMaN P., The gradostat: a model of competition along a nutrient gradient, Microb. Biol. 22,

207-226 (1991).

. SmiTH H. L., TanG B. & WaLTMAN P., Competition in an n-vessel gradostat, SIAM J. app!. Math. 51, 1451-1471

(1991).

. Hirscu M. W, Stability and convergence in strongly monotone dynamical systems, J. reine angew. Math. 383,

1-53 (1988).

. SMitH H. L., System of ordinary differential equations which generate an order preserving flow: a survey of

results, STAM Rev. 30, 87-113 (1988).

. Dancer E. N. & HEess P., Stability of fixed points for order-preserving discrete-time dynamical systems, J. reine

angew. Math. 419, 125-139 (1991).

. SmrtH H. L., On the asymptotic behavior of a class of deterministic models of cooperative species, SIAM J. appl.

Math. 46, 368-375 (1986).

. HorBAUER J., An index theorem for dissipative semiflows, Rocky Mount. J. Math. 20, 1017-1031 (1990).
. LiN X. & So J. W.-H., Global stability of the endemic equilibrium in epidemic models with subpopulations, J.

Aust. math. Soc., Series B 34, 282-295 (1993).



