How to guess and prove explicit formulas for some Hankel determinants

Johann Cigler
Abstract

In many papers all hints how the results have been found are eliminated. In this note | want to
reverse this procedure and sketch how in some cases explicit formulas for Hankel determinants
can be guessed and proved.

1. Theoretical background

Let (a(n)) be a sequence of real numbers with a(0) =1.
n-1

Itis often easy to guess the Hankel determinants det(a(i + j));' ;- Fortunately in some cases it is
even possible to prove the guessed results by guessing some more results.

We make use of the following results:
1) If all Hankel determinants det(a(i + j)):}io # 0 then the polynomials

a@ a@® -+ amM-1 1
. a® a2 - a(n) X

p(n,x) = det(ali + J'))in,}io det a(:2) a@d - a(n+1 x (1.0
a(n) a(n+1 --- a(2n-1) x"

are orthogonal with respect to the linear functional F defined by
F(x")=a(n). (1.2)

This means that F (p(n,x) p(m,x))=0if m=n and F ( p(n, X)Z) # 0.

In particular for m =0 we get

F(p(n,x))=[n=0]. (1.3)

These identities also characterize the linear functional F.

By Favard's theorem there exist numbers s(n),t(n) such that

p(n,x)=(x—s(h-21))p(n-1,x)-t(n-2)p(n-2,x). (1.4)



2) If for given sequences s(n) and t(n) we define a(n, j) by

a0, j)=[j=0]
a(n,0)=s(0)a(n—-1,0)+t(0)a(n—-1,1) (1.5)
a(n,)=a(n-1,j-D+s(pa(n-1,j)+t(jan-1,j+1)

then the Hankel determinant det(a(i + j, 0)) is given by

det (a(i + j) T t(j). (1.6)

i=1 j=0

So the Hankel determinant det(a(i + j, O)) only depends on the sequence (t(n))

Thus if we start with (a(n)) and guessall s(n),t(n) and a(n, j), then our guesses lead to an
exact proof, if (1.5) holds and a(n,0) = a(n). In this case we also have

Zn:a(n,k) p(k,x) =x". (1.7)
k=0

This situation is well- known (cf. e.g. [3] and the literature cited there). It is especially useful if
for a given sequence (a(n))nZQ closed expressions for s(n),t(n) and a(n, j) can be found.

2. A simple example

Let us consider the sequence

a(n) = (Znnj. (2.1)

After computing (with Mathematica) the first Hankel determinants

Table [Det[Table [Binomial [2 i +2 ], i +jJ], {i,0,n-1}, {J, 0, n-1}11, {n, 1, 8}]

{1, 2, 4, 8, 16, 32, 64, 128}

2i+2] 1
we guess that det =2""
I+ J i =0

2n
First we compute the orthogonal polynomials associated with a(n) = ( . We get
n



pln_, x_] :=
Expand [Det[Table[If[j <n, Binomial [2i+2j, i +J], x™i], {i,0,n}, {J,0,n}11/

Det[Table [Binomial [2 1 +2j, 1 +J], {i,0,n-1}, {j,O0,n-13}111;
p[0, x_]:=1

Table[p[n, x], {n, 0, 5}]

(1, -2+X,2-4x+%x%, -2+9x-6x%+x3,2-16x+20x>-8x3+x%*, -2+25x -50x?+35x%-10 x* + x°}
Then we compute the corresponding S(n),t(n) and get

Table [Factor [PolynomialQuotient [p[n+1, X], p[n, X], X]], {n, 0, 5}]
(-2+X, -2+X, -2+X, -2+X, -2+X, -2+X}

t[n_] := -Factor [PolynomialRemainder [p[n+2, X], p[n+1, X], X]/p[n, X]]
Table[t[n], {n, 0, 7}]

2,1,1,1,1,1,1, 1)

Thus our guess is that S(n) =2, t(0) =2 and t(n) =1 for n > 0.
Therefore the polynomials p(N, X) satisfy the recursion

p(n,x)=(x-2)p(n-1,x)— p(n-2,x) (2.2)
for n > 2.

But how can we be sure that our guesses are correct?
To this end we must compute a(n, j) defined by (1.5).
This gives

a[n_, j_J1 :=
If[n==0, If[J ==0, 1, 0], If[J =0, 2a[n-1, 0] +2a[n-1, 1], a[n-1, j-1]1+2a[n-1, jl+a[n-1, j+1]1]11



TableForm [Table[a[n, j], {n, 0, 6}, {j, 0, n}1]
1

2 1
6 4 1
20 15 6 1
70 56 28 8 1
252 210 120 45 10 1
924 792 495 220 66 12 1
It is now easy to guess that
_ 2n
a(n,;)::( .]. (2.3)
n-)

If you are not so familiar with binomial coefficients then it suffices to look into The Online
Encyclopedia of Integer Sequences (OEIS) [7]. There this array is listed under A094527.

Now using the recursion for the binomial coefficients it is immediately verified that with

) 2n
a(n, j)= (n B J the equations (1.5) are satisfied.

Therefore a(n,0) =a(n) and our guesses are correct.

The coefficients of the corresponding orthogonal polynomials p(n, X) can also be guessed or
found in OEIS [7], A110162 and A127677. A simpler method will be given in the next paragraph.
They are given by p(0,Xx) =1 and

n n(n+j-1) .
nxX)=(-D"2+> (-1)'—| _. X! (2.4)
p(n,X) = )[ X )J[zj_lj )
for n> 0.

This can be written in hypergeometric form

=), (), ey
p(n,x) =2(-1) Y~ 1 =2(-D"R| 1 i) (2.5)
1) e 2
(2)1

Here (X), is defined by (X), = X(X+1)-:-(X+n—1). Details about notation and other
standard properties of hypergeometric polynomials can be found in [1] and [6].
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Remark

Guessing can often be simplified when all s(n) =0. In this case identity (1.5) reduces to
A, j)=[i=0]

A(n,0) =T (0)A(n—1,1) (2.6)
A, )= AN -1 j-D)+T(j)A(N -1, j +1).

There we have A(2n,2j+1)=A(2n+1,2))=0 forall n, j.

A useful identity is
Z(—l)" A(2n,2k)HT(2j) =[n=0]. (2.7)

For the proof let T(-1) =0 and observe that A(2n,-2) = A(2n,2n+2)=0. We have

A(2n,2K) = A(2n -1, 2k —1) + T (2k) A(2n — 1, 2k +1)
= A(2n - 2,2k — 2) + T(2k —1)A(2n — 2, 2K) + T (2k) A(2n — 2, 2k) + T (2K)T (2k + 1) A(2n — 2, 2k + 2)

Therefore we get
n+l

> (D A@n+ 2,2k)ﬁT(2j)

= S (1 (AN, 2k~ 2) + (T 2k D)+ T (2k)) A2N. 26)+T ()T (2K + Da(2n. 2k +2)] [ T(2])

i=0

- Zn:(—l)kA(Zn,2k)ﬁT(2j)(T(2k ~1)+T(2k)—T(2k) -T(2k —1)) =0.

=0

If we define
a(n, j) = A(2n,2j), (2.8)

then it is easily verified that (1.5) holds with

s(0) =T(0),
s(n)=T(2n-1)+T(2n), (2.9)
t(n) =T(2n)T(2n +1).



Furthermore we have

p(n, x) = P(2n,~/X). (2.10)
This follows immediately from

P(2n,x)=xP(2n-1,x)-T(2n-2)P(2n -2, X)
=(x*-T(2n-2))P(2n-2,x) —=xT (2n-3)P(2n -3, x),

P(2n—-2,x) =xP(2n-3,x) -T(2n—-4)P(2n —4,X)

Eliminating XP(2n — 3, X) we get

P(2n,x) =xP(2n-1,x)-T(2n-2)P(2n—2,x)
=(x*-T(2n-2)-T(2n-3))P(2n-2,x) =T (2n=3)T(2n—4)P(2n -4, x)
= (x*-s(n-1))P(2n-2,x) —t(n —2)P(2n — 4, x).

For the above example we set
2n
A(2n) =[ A j,A(Zn +1)=0. (2.11)

Thenweget T(0)=2 and T(n) =1 for n > 0.

. . -1 _
Therefore the Hankel determinants are det ( A(i + j,O))ianO =2""

The table (A(N, j)) is given by OEIS, A108044,

1

0] 1

2 0] 1

0 3 0] 1

6 0 4 0] 1

0 10 0 ) 0 1

20 0] 15 0 6 0] 1

0] 35 0 21 0 7 0 1
70 0] 56 0] 28 0] 8 0

2n 2n+1
Here we have A(2n,2K) = (n k} A(2n+1,2k +1) :( j

n-k

Here again (2.6) can be easily verified.



The corresponding orthogonal polynomials satisfy

P(n,x)=xP(n-1,x)-P(n-2,x)
with initial values P(0,X) =1, P(1,X) = X and P(2,%) = x> — 2.

H .
n (n kj x"2kgk (2.12)

—=n-k\| k
are characterized by L(0, X,S) =2, L(1, X,S) = X and the recursion

Recall that the Lucas polynomials

NS

L(n,X,s) =

L(n,x,s)=xL(n-1,X%,8)+sL(n—2,Xx,5). (2.13)

The sequence L(N, X,—1) begins with

Expand [Table[I[n, X, -1], {n, 0, 6}1]

(2, X, -2+%X%, -3x+x3,2-4x%+x*, 5x-5x3+x>, -2+9x%2-6x*+x5}

Since the Lucas polynomials L(N, X,—1) satisfy the same recurrence and initial values

L(1,x,-1) = X and L(2, X,—1) = x> —1 we conclude that for N >0 these polynomials
coincide with the Lucas polynomials

3 .
P(n,x) = L(n, X,~1) = L(” kj(—l)"x”‘z". (2.14)
—=n-k{ Kk

Equation (1.7) reduces in this case to

i(nznkjuzk, X,—1) = X",

k=0 -

41 (2.15)
n.(2n+
> L(2k +1, x,—1) = x*"*.
o\ n—k
The linear functional F defined by
F(x")=A(n) (2.16)
is also uniquely determined by
F(P(n,x)) = F(L(n,x,-1))=0 (2.17)

for n >1.



Now we can also express the orthogonal polynomials (2.4) in terms of the Lucas polynomials.
For (2.10) gives that

p(n, x) = L(Zn,ﬁ,—l). (2.18)

Thus

n . 2n (2n-K o . 2n (n+k -
o0 =3 52 X et - B Z 0
i n n(n+k-1)
- (-1 [2@(—1) e ) J

3. Central trinomial coefficients

As a slight generalization we consider the generalized trinomial coefficients

a(n) =[x”](1+ax+bx2)n (3.1)

2n
which for a=2,b =1 reduce to :
n

From

d[n_] :=Det[Table [Coefficient[(1+aX+bx"2)N (i +J), X, i +jJ], {i,0,n-1}, {J, 0, n-1}1]

Table[d[n], {n, 1, 5}]
{1, 2b, 4b3, 8b%, 16 b1%

we guess that

d(n)= 2”‘%@ (3.2)

We have

2\ _ N[N jjjbk_ njj—kkk+j
(1+ax+bx) =j:0[jj(ax) Z;‘(kJ(EXj —%(J(k]a b*x 1,



Therefore we get

n+m ~ n J ek r]!an+m—2kbk
() [J[k}a D Sy T T

j+k=n+m J
This gives
n EJ n\( 2k
a(n) :[x“](1+ ax+bx2) = a" b
—1 2k )\ k
and
n 1 n+1-2k | k
[X"*](1+ax+bx?) = nta’ 7b

Z(k—l)!k!(n+l—2k)!
Yy ma

Z nla
(K+Dk!(n-1-2k)! < (k-D'k!'(n+1-2k)!

n-1-2k bk n+1-2k bk—l

[X"*](1+ax + bx* )

which implies that

[x"*](1+ax+bx?)" =b[x"*](1+ax+bx?) . (3.3)

We compute the corresponding S(n),t(n).

hin_ ] := Coefficient[(l+ax+bx”"2)™n, X, n]
d[n_] := Factor [Det [Table [h[i+j], {i, 0, n-1}, {j, 0, n-1}111;d[0] :=
afn_, i_, j_1:=1F[J<n, h[i+J], x™i]

p[n_] :=Factor [Det[Table[a[n, &, j], {1, 0, n}, {j, 0, n}1]/d[n]]
p[0] :=

Table [Factor [PolynomialQuotient [p[n + 1], p[n], X]], {n, O, 5}]
{-a+X, —a+X, —a+X, —a+X, - a+X, —-a+X}

t[n_] := -Factor [PolynomialRemainder [p[n+2], p[n+1], X]/p[n]]

Table[t[n], {n, O, 6}]
{2b, b, b, b, b, b, b}

Therefore we guess that



s(n)=a

t(0) = 2b,t(n) = b 54

If this guess is correct we immediately get (3.2).
Define now a(n,k) by (1.5).
We get

a[n_, k_] :=
If[n==0, If[k=0, 1, 0], If[k=0, aa[n-1,0]+2ba[n-1, 1], a[n-1, k-1] +aa[n-1, k] +ba[n-1, k+1]]]

TableForm [Expand [Table [a[n, k], {n, 0, 4}, {k, 0, n}]11]

1

a 1

a+2b 2a 1

as+6ab 3a2+3b 3a 1
a*+12a%b +6Db? 4a3+12ab 6a2+4b 4 a 1

Now we have also

TableForm [Table [Coefficient [(1l+aXx +bx”2)”n, X, n-k], {n, 0, 4}, {k, 0, n}]]
1

a 1

a+2b 2a 1

as+6ab 3a2+3b 3a 1
a*+12a%b +6Db? 4a3+12ab 6aZ+4b 4 a 1

Therefore we guess that a(n, k) =[x"*](1+ax + bx?)".

This can again easily be verified:
For K >1 we have

a(n,k) =[x"*1(L+ax+bx?)" = [x"*](1+ax+bx* ) (1+ax + bx*)"*

= [x"" D)@+ ax + bxH)" ™+ a[x" (1 + ax + bx?)" !+ b[x" D)1+ ax + bx*)"
=a(n—-Lk-1)+aa(n—-1k)+ba(n—-1k+1).

For K =0 we get
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a(n,0) =[x"" V] +ax+bx*)" +a[x" (L +ax + bx*)" + b[x"FP](L+ax + bx*)"!
=ba(n-1,1)+aa(n-1,0)+ba(n-1,1) =aa(n-1,0)+2ba(n-1,1).

This completes the proof.

It should be mentioned that for this example the sequence A(N) with
A(2n) =a(n), A(2n +1) = 0 gives no simplification.
For in this case we get from (2.9) and (3.4) that

T(2n) = a—T(2n —1),T(2n +1) :ﬁ

with initial values T (0)=a and T (1) = 2—b

For the central trinomial coefficients (a :?) =1) we therefore get for

D(n) = det(AGi + )); .,

the rather curious sequence of determinants

D(1) = D(2) = D(3) =1,D(4) =2,D(6n +5) = (-1)"*2°? D(6n +6) = (-1)"*2°™*%,
D(6n+7) =(-1)""2°"°,D(6n+8) = D(6n +9) = (-1)""2°"*°, D(6n +10) = 2°"*",

4. Our main example

b1 n-1 .
In [3] I have considered in some detail the example a(n) = % where (x;q), = H(l— q’'x).
] n j=0

After completion of [3] the paper [5] appeared where analogous results have been derived with
other methods. In that paper the authors considered the slightly modified sequence

_ (ag;q),
aln) = (abg?; ),

the little g — Jacobi polynomials in the usual notation.

. This has the advantage that the corresponding orthogonal polynomials are

Since my aim in this paper is to show how you can guess Hankel determinants | want to sketch
the above method in this case in some detail. | am using Mathematica for the computations. |

also use the (] — notations [n] = 11_ (1: , [n]'=T[1][2]:--[n] and

[n}: (q;q)“ = [n]! for0<k <n and H:o for k <0 and k > n.
k] (@:0), (%9),, [K]'[n-k]! k

For later use we observe that

11



lim (475, _ (a+D),

g—1 (qa+ﬂ+2;q)n - (a+ﬂ+2)n ' (41)

Let
a(n) = (ag;q),

= . (4.2)
(abg*;q),

Define A(2n) =a(n), A(2n +1) = 0. Then we compute the corresponding first polynomials
P(n, X, a, b) and the corresponding Favard recurrences. This gives the first values of

T(n,a,b,q):

-l+aq a(-1+q)q(-1+bq) g(-1+ag? (-1+abqg?)
-1l+abg?2’ (-1+abg?) (-1+abgd) ’~ (-1+abqgd (-1+abg?) ’
a(-1+9)g®(1l+q) (-1+bg®) g?(-1+ag® (-1+abg?

(-1l+abg?) (-1+abqgd) " (-1+abqg®) (-1+abqd)
a(-1+9)q° (1+9+0°) (-1+bg’)
(-1+abqg® (-1+abqg’)

We guess that
1-aq
h= 1-abg? “3)
and for n >0
. q"(1-9""a)(1-q""ab)
A, =T(2n,a,b,q) = 2n+1 FTYCNRN
(1-g"ab)(1—qg™""“ab) (4.4)

. aq"(1-9")(-q"b)
C =T(2n-1a,b,q) = .
n ( q) (1_ q2n+lab)(1_q2nab)

By (2.9) the orthogonal polynomials p(n, X,a,b) corresponding to the original sequence
(a(n)) satisfy the recurrence

xp(n,x,a,b) = p(n+1,x,a,b)+ (A +C,)p(nxab)+A ,C p(n-1x,a,b).(45)

It turns out that this is the normalized recurrence relation [5], (14.12.4), for the little  —Jacobi
polynomials (cf. [5], (14.12.1))

12



qn’aqul.q qxj: n (q*n;q)j(abqnﬂ;q)'
J

p,(x;a,b|q) = (/ﬁl( Lqix!. (4.6)
2 aq = (ag;a), (),

We could of course also have guessed this result directly.

j+1
Let r(n, j) = L : 1p(n,x,3,b) where [x!]p(X) denotes the coefficient of X' in p(x).
[x']p(n, x,a,b)
r[n_, j_] :=Coefficient [p[n], X, J +1] /Coefficient [p[n], X, j]

wln_] := I;actor[Table[r[n, J1, -0, n-1}11

wl4]
(- (1+q) (1+9? (-1+abg®  (1+g+g® (-1+abg®  (1+q) (-1+abqg’) ~ -1+abqg® )
g (-1+aq) ’ 9> (1+q) (-1+ag?® ~ qg(l+g+g? (-1+ag® > (1+q) (1+9?) (-l+ag?
w[S]
(- (1+9+9*+9®>+9* (-1+abg®  (1+9°% (-1+abqg’)
g4 (-1+aq) ’ a3 (-1+aq?)
_-l1+abg?® ~ -1+abg® ~ -1+abqg?l® |
g2 (-1+aq® > qgq(l+9?) (-1+aqg* > (lL+dg+92+9g3+9%) (-1+aqd

From this we guess that

1_ qj—n)(l_abqj+n+1)
(1-q"a)l-q™)

Therefore we conclude that p(n, X, a,b) is the normalization of (4.6).

r(n, )=

If our guesses are correct this would be another proof of the known fact that the moments for the
linear functional F defined by F(p(n,x,a,b))=[n=0] for the normalized little q —

Jacobi polynomials
n+l

. —n’ b n+l
p(nxab)— (e 8D anaba
(abg™;q) aq

are given by
F(x")= (ag;q),

=0 (4.8)
(abg*;q),

13



All that remains to be done in order to prove these results is to define A(n, j) by (2.6) and to
(ag; q),

verify that A(2n,0) = (@b q)

To this end we consider again some small values:

a[n_] :=g™n (1-ag”™(n+1l)) (1-abg”r(n+1))/ (1-abgr2n+1))/(1-abg™(2n+2))
c[n_]:=g”na(l-g™n) (1-g™nb)/ (21-abg™”@2n+l))/(1-abg”™(2n))

t[n_] :=I1Ff[EvenQ[n], a[n/2], c[(n+1) /2]]
Aln_, J_1:=1F[j=0, t[0O]JA[n-1, 1], A[n-1, J-1]+t[JIA[n-1, j+1]];
A[O,j_] o= If[j ::O, 1, O];

Factor [Table [A[2n, 0], {n, O, 3}]]

{1 -1+agq (-1+aq) (-1+ag? (-1+aq) (-1+aqg?) (-1+aqg® }
> -1+abg?2’ (-1+abqg?) (-1+abqg3 ’ (-1+abg?) (-1+abgd (-1+abqg4

Factor [Table [A[2n, 2], {n, O, 4}]]

{0,1, 1+ (-1+ag®) (1+q+0¢) (-1+a@®) (-1+aqg®) (1+q) (1+0* (-1+ag® (-1+aq’® (-1+aq? )
T -l+abg4 ? (-1 +abg% (-1+abgd®) ’ (-1+abg4) (-1+abg® (-1+abgd)

Factor [Table [A[2n, 4], {n, 0, 4}]]

(0,0, 1 (1+g+9® (-1+ag® (1+09® (1+q+9? (-1+ag® (-1+ag? )
T -1+abqg® ? (-1+abgf) (-1+abq’)

We guess that
a k+1;
A(zn,zk)zm ( qu)n—k . @9)
] (aba™*q),,

In the same way we guess that

(aq k+2 : q)n_k
(b a) (4.10)

A@2n+1,2k +1) :m

It remains to verify (2.6).
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A(2n,0) =T (0,a,b,q)A(2n—1,1) reduces to the trivial identity

(aga), _ (-ag) (a059),
(aba’;a), (L-aba®) (abe’sa)

A2n,2j) = A2n-1,2j-1)+T(2j)A2n-1,2 j +1) means
o el (i,
2ij+2. H 2j+1.
iJ(abg?%q) - [i-1)(abgq)
q'(1-q’"a)(1-q'"ab) {n_l} (2" a),,,
(

(1_ q2j+1ab)(1_ q2j+2ab) abq2]+3 q)nilij
The right-hand side equals

{n —1} (aa™a) ((babq“*f“) In- j]q"(l—q"“ab)j
i-1)(abeP%a) | (@-abg™) | [jI0-abe?)

j+1.

{n—} (aa™a), | [n]—abq““([j]q“J‘+[n—j])_m (20"%4),,
j-1|(abg®"%;q) [i1(1-abg?™) iJ(abg*"*q)

In the same way we see that A(2n+1,2j-1)=A(2n,2j-2)+T(2j-1)A(2n,2]):

n—j+1

A2n 2'—2)+T(2'—1)A(2n2')—[ " }w
- : e J_l (aquj;q)n,

j+l

aq’'(l-q))a-g’b) [n] (20"%0),
(1-q*"ab)(1-q”'ab)| j|(abg*"*:q)

[0 7 (aa™a), L, (@-agh)a-aba ) | agi-g)a-ba')
i-1)(abaq), | @-ag)@-abg™) " (1-aq")(1-abe?)
- n-j+
— - aqj+l.q -
| " ( — b = A(2n+1,2j-1).
j—1](abg**;q)

n—j+1

15



Later we will need the concrete form of (2.7) for this case.
By (4.3) und (4.4) we get

o) (ama), (avatia),, [ _(agia),

k-1
T(2]) = e
H ()= (abg?;q) (aba*;q),

2k-1

Thus (2.7) implies

i(—1>{ﬂ((aq+;q)"'k S )

abqZk-+—2 q) . (abqk+1 q)

or equivalently

Z( N []{ }(1 abg™ ") (ac; ). .

(abqk+l q)

n+l

Dividing by (a; q)n and replacing ab — cq‘l we get the following useful well-known result:

Z( 1) qUH((lq C;‘)) ~[n=0]. (4.10)

(ag;a),

For the sequence a(n) = (aqu.q)

we get

aq2n+l(1_ qn+1)(1_ qn+1b)(1_ qn+la)(1_ qn+1ab)

t(n,a,b,q)=AC, . = . (4.12
( q) Ah 1 (1_ q2n+1ab)(1_ q2n+2ab)2 (1_ q2n+3ab) ( )

For N =0 this reduces to
(0.a.b,q) = 290D ab)L-ga) 19

(1-g*ab)’(1-g’ab)

Using (1.6) we can compute the corresponding Hankel determinants. This has been done in [3]
and [5].
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5. A simple special case
By changing  — °,a=b — q " we get

(@9'), @-qa-g)-@-q") 1 {Zn}(_l)n I
(a50), @)= a-") [Ia.qyl"

a(n) =

1(2n
If we let g tend to 1 we get a(n) =2l

Now observe that if we change the sequence a(n) — r"a(n), then the following functions
change too: s(n) — rs(n),t(n) = r’t(n), a(n,k) - r"*a(n,k) and

p(n, x) > r”p(n,éj.

2n

j which we obtained in the beginning.
n

Therefore we get again the results about (

In this special case direct guessing is simpler:

Consider A(2n) = ((q;q 2))” ,A(2n+1) =0.
0*0°)

In this case we get

T(O)- ﬁ 52)
andfor n >0
qn
T(n)= : 5.3
W= @) o3
This gives
. -\\h-1 q[3j
det (A(i + J))i’j=0 =— : (5.4)
H(1+ qk)Zn—Zk—l
k=1

17



The orthogonal polynomials are given by

P(n,x)=xP(n-1,x)-T(n—-2)P(n—-2,x)

with initial values P(0,X) =1,P (1, X) = X and P(2, x) = X —%.
+q

We compute these polynomials and get

t[0] :=1/(1+q)

tin_ ] :=g™n/ 2+g™n) / (1+g™(n+1))

p(n_] :=p[n] =xp[n-1]-t[n-2]p[n-2]; p[0] :=1; p[1] :=X

Since for  — 1 we get the Lucas polynomials we compare the coefficients of p(n, X) with the
natural  —analogue of the coefficients of the Lucas polynomials.

c[n_, k_ ] -= Factor [Coefficient [p[n], X, n-2K]]

cc[n_, k ] :=gbin[n-k, k, glgbin[n, 1, q] /gbin[n-k, 1, q]

Factor [Table[c[n, 1] /cc[n, 1], {n, 2, 5}]1]

{- 1 - 1 - L _ 1 }
(Leq?” (1+q) 1+0?) 7 (1+q)?(1-q+q?) " (1+q) (1+g%

Factor [Table[c[n, 2] /cc[n, 2], {n, 4, 6}]]

9 q? q?
{ (1+q)2(1+g2)2(1-q+g?)  (L+q)?(1+02) (1-q+0g?) (1+g% ~ (1+q? (1+0®) (1+g*) (1-9+g2-g3+0% )

Factor [Table [c[n, 3] /cc[n, 3], {n, 6, 8}]]

B q
{ (L+q)* (1+g2) (1-9+02)2 (1+0%) (1-gq+92-q3+q4) ’
. q°
(1+q)%(1+g2)2 (1-g+92) (1+g% (1-g2+q%) (1-g+92-g3+q4) ’

_ q°
(1+q)%(1+92)2 (1-q+92) (1-92+g%) (1-q+02-g3+qg%) (1-q+92-g3+g%-q5+Qd) }

This leads to the conjecture

18



n

P(n, %)= % g I {”_k}k LS
ALY ) (CRXDICERA)

which can be easily verified.

For the sequence

1 2n
a(n) _—[ } (5.6)
H(1+q )’

n(n-1)(4n-5)

we get in the same way as above

1 6
det(ai+ 1))y =5 . (57)
H (1+ qk)Zn—k—l
k=1

Remark

It is natural to ask for analogous results for the sequence A(n|() defined by

A(2n|q) = {2”, A(2n+1|q) = 0. 5.9)

But unfortunately here we get no simple formulas for the Hankel determinants. This can already
be seen by computing the first values of t(n) which are

[1:q q(-1+9+9°+9®) q(1+9% (-2-9+q°+q*+20°+q°)
’ l+q ’ (1+q) (-1+9+9?+q3) ’
g(l+q) (-2-29-2°+¢3+20*+g°+q®°-29"-3¢®-49°+q1 +49?+39g¥+3qg*+29g®+ g )
(1+0?) (-1+q+0?+0°%) (-2-9+a+q*+2a°+0°)

There are also no simple formulas for the corresponding orthogonal polynomials.

But there is an interesting ( —analogue of (2.15).

Let

19



2
A2n, 2K |q) = {n _nk} A(2n+1,2k | q) =0,

59
2n+1 9
A(2n+1,2k +1|q) = ’ ,A(2n,2k +1|q) =0.
n —
We want to compute the uniquely determined polynomials P(n, X | q) which satisfy
D Ak |g)P(k,x|q)=x". (5.10)
k=0

a[n_, k ,q_] :=1F[EvenQ[n-Kk], gbin[n, (n-Kk) /2, q], O]

pln_, x_, 0_] :=x"n-Sum[a[n, k, q] p[k, X, ], {k, 0, n-1}]; p[0, x_,q_] :=1

Expand [Table [p[n, X, q], {n, 0, 4}]]

(1, X, -1-gq+x°, -X-gx-2x+x3, g+q°-x? 2

Sgx -2 x2 - B X2+ xh

These polynomials are also ( —analogues of the Lucas polynomials. With the same reasoning as
above we guess that

H ) n—k
P(n,x|q) = Z( 1) q[ ][ [i]k]{ }x“" (5.11)

for N> 0. For N > 0 these are the g — Lucas polynomials LUC, (X,—1) which I have studied in
[2].

To prove (5.10) we have to show that

n| 2
Z{ ”}P(zk,xm):x“ 512)
o n—k
and
n12n+1 -
) P(2k +1,x|q)=x"". (5.13)
k=0 -

Equation (5.12) is true because by (4.11) the coefficient of X*™ s

20



§ Ly 2 [2n]i[2m+2j][2m + j -1
2. [n—m-— in+m+ I jJ2m]!

o o, () —m] [2m+j-1]!
_[2m]![n—m]ljzo( D'q” [2m+2”{ j }[n—m+2m+j]!

B 0 T Ak < PPN B m{”—m} L e
[2m]'[n—m 25( D'aT =gt i J(a'e™a) m=nl

2m+1

In the same way we get for the coefficient of X in (5.13)

§ Ly 3 en+eme+2j+1][2m+ ]!
i [n—m— ' [n+m+ j+1]I[ j]I[2m +1]!

_ [en+a) H -m
= G+ = m]IZ( 1)1g‘? [2m+2j+l]|: J }

Cpvemegrie, () oafem] 1
[2m+1]![n—m]! = Z( D'q¥(1-q"g { j :|(qjq2m+1;q) =[m=n].

[2m+ j]!
[n—m+2m+ j+1]!

n-m-+1

Identity (2.17) has the following ( —analogue.

Define a linear functional on the polynomials by F(x") = A(n|q).
Then we have

F(P(n,x|q))=[n=0]. (5.14)
Note however that these polynomials are not orthogonal with respect to F, since e.g.

4 2
F(P(Lx,a)P(3 x,9)) = F(x(x*~[3]x)) = F (x*) - [3]F (x*) = {2}—[3]{1} =q'-q=0.

To prove (5.14) we use the identities (5.12) and (5.13). It is clear that F (P(2n +1,x| q)) =
since it contains only odd powers of X.

By induction we get from (5.12)
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an} F(PO.x| q)){zon} F(P(2n,x|a)) = F (x™) = Fn}

n

and therefore

F(P(2n,x|q))=0 for n>0.

6. Generalized central binomial coefficients and Catalan numbers

k!(2n)!
nt(n+k)!
generalization of the central binomial coefficients (k = 0) and the Catalan numbers (k =1).

As examples | want to consider the sequences ( J for k € N, which give a common
n>0

I I
In general f(n,k)= % is not an integer but f (0,k) = f(k,k) =1.
I(n+k)!

E.g. (f(n,2)):(1,%,1,2,%,12,33,2;:6,...j or

(f(n!7)):(1!1)111111l11a112)17) j
46 6 33 22 13 4

More generally let

o)
k1(2n+2k)!(2k + 2)! g 2),

a(n,k, )= = (6.1)
(n+2k + )Y (n+k)!(2k)! (2k+70+1),
By (4.1) this is the limit for  — 1 of
2k+1. N2 1 1 |
APPSR R N 5 2o
T a+a) AL
j=2k+1
n_ _ ) 1— qzj
Here we use [[n]]! to denote lj:![j]q2 with [j]qz = T
In this case we get by (4.4)
' Sl Pks2rd 2 2n (1_q2n+2k+1)(1_q2n+4k+2//)
A =T(2n,q ‘ g ‘ 9°) = : An+ak+21 Ans2+ake20y
(- a™ A" ) 62)

' q2n+2k—l(1_ q2n)(1_ q2n+2k+28—1)
C,=T(2n-1a,b,q) = o i
(1_q4 4k 2[)(1_q4 2+4k 2()
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For N =0 we get

AO = T(O qZk—l q2k+2/,—1 qz) _ (1_ q2k+l)

If we let 0 — 1 we see that for a(n,k, ¢) we get

T(0,k,¢) BECSR : (6.3)
2k +7+1)
T(2n.K,0) = 2(2n+2k +1)(n+ 2k + /) (6.4)
(2n+2k + £ +1)(2n + 2k + /)
and
T(@n-1k,0) = 2n(2n+2k + 2/ -1) . (6.5)
(2n+2k +0)(2n+ 2k + ¢ -1)
Theorem 1

For each integer k >1

2 n+k+ j
] ( (2k —1)1(2i +2 j + 2k)! ]”‘1 _lj_![ j
et — — = : (6.6)
k=DWi+j+kNi+j+2K) ), (k+ jj
ol K

Proof
To prove this we consider for integers k >0 the sequence

K1(2n + 2K)!
(n+2K)!(n +k)!

Z, . =a(nk,0)= (6.7)

depending on the parameter k. Notice that Z;, =1.

2n
For k =0 we get the central binomial coefficients Z_, :( j for k =1 the Catalan numbers
' n

2n+2 ]
1 = 1 .For general k we have Z , = LS(n +k,k), where
n+2{ n+1 " (2k)!
I I
S(m,n) = _(Zm)t(zn)!t are the super Catalan numbers considered in [4].
min!(m+n)!

In this case (6.4) and (6.5) reduce to
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@ik =412 T2j-1-—. 6:8)
k j+k
For the sequence (Zn’k) we get by (2.9)
. . j+1 j+2k
s(j.k)=2.t(j.k) =L (6.9)
J+1+k j+k
From this we derive for k >1
d(n.k)=det(ati+ jk0)" = T[Ttk [T -2 A -2
’ PES o i1 0 3 1o Jrl+k jHk

2k +i-1 2k +i-1
[ k ]k!(k—l)!_ 1 ﬁ( k j

BRI

(n +k+ i]
I (6.10)

B 1 z k
b0 ok -1\ o (k+iY)
S L

e ikI2k+i-D)Nk-)
A k+i)1Ek DNk +i-1)! _1;[

This can be simplified to give

n-1

det(Z,,;,)

2k -1
If instead of Z , we consider the integers ( " ]Zn’k we get (6.6).
For the sequence (b(n, k,?)) we get by (2.9)
2(2k +1)
s(0,k, 1) =T(0,k,1) =a(Lk, /) =
2k +1+¢
s(nk, 1) =T@2n -1k 1)+ T(2n.k 1) =2+ 20(2k+£-1) (6.12)

(2n+2k + £ -1)(2n+ 2k + £ +1)
4n+1D)2k +n+ 0)(2k +2n +1)(2k + 2n + 2/ + 1)

t(n,k,1) =T(2n,k,DT(2n + L k,I) = -
2k +2n+2+1)"(2k +2n + £)(2k + 2n + £ + 2)

Let
d(n,k,?):=det(a(i + j,k,e)):‘jio. (6.12)
Now consider
_ k!(2n)!
a(n,0,k) _—n!(n+k)!' (6.13)
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In this case we get the simpler formula

(J+ D +2k)
(J+K)(j+k+1)°

T(},0,k) =

We know that
d(n,0,/+1) 1917 t(JO€+1)
d(n,0,7) 1:1[1,_! t(],0,7)

By (6.11) we have

ﬁt(j,0,£+1) H (j+0+)@2j+20+3) j++DR2j+0)2j+1+2)
i 1(J,0,0) 0 Ri+0+2)°(2j+1+3) (j+0)(2j+20+1)
)2+ 20+1)(0+1)

C(20+1)(2i + £ +1)(2i + 0)

Thus

H (C+1)(2i+20+1)(0+1) H (C+1)2i+20+1)(0+1)
T 20+D2I+0+D)(21+0) G2 +D2I+0+1)(20+0)

_(€+1j (L+n=D! (L+DY2n+20)12" (0 +1)!

2+l (O (£+2n=1)1(20+2)12™ (n+0)!

_(€+1 j (L=D1(2n+20-1)!

\20+1) 2"@n+ D120 -1)!

We have therefore proved that
d(n,0,¢+1) _i[ ’+1 j (2n+20-1)1(¢-1)!
d(n,0,0) 2"\ 20+1) @2n+¢-1)1(2¢-1)!

Since d(n,0,1) =1 we get

r n —NDI(/ -1
d(n,O,r+l):Hi(£+1j @n+20-D)1(¢-1)!
22"\ 20+1) (2n+-1)1(2¢-1)!

n

1| 2+ @2n+20-)1(0-1)1 (2n+20-1)1(¢ -1)!
H H(2n+f D120 -1)!

ol f2r+2Y | L ensecoiee—nr for et
r+1 ( J

r
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Consider now the sequences

C,, :(2r+1Ja(n,O,r+1) _(er+Dl(2n)! (6.15)
' r r‘ - nl(n+r+1)!

which have been studied by Gessel [4].
Here we get

Theorem 2

VHJ 2n+2r-1-2i
T@n+20-DN-)! A 2n +2i

n-1
det(C.,. = = - 6.16
( '“’r)i’i=0 a1 (2n+0-1)1(2¢0-1)! l,:OI 2r-1-2i (6.10)
2i
More generally with the same method we find that
2k +r
d(n,k,r) k —~ (k+/-D)1(2k +2n + 2/ -1)'(2k + £ +n —1)! (6.17)

d(n,k,0) (2k+2r] i 2k +2n+ 012k +20 -1k +n+ =11
K+r
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