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Abstract 
We give a simple proof of a variant of the q-binomial theorem which generalizes a result by S. 
Nalci and O. Pashaev. 
 
 
We give a simple proof of a variant of the q  binomial Theorem which generalizes a result 
obtained by S. Nalci and O. Pashaev [2]. 
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S. Nalci and O. Pashaev proved the following Theorem (in a different notation): 
 
 
Theorem 1 
 
Let .yx Qxy Then 

 
1

21

0

( )( ) ( )
k

n kn
n n k k

Qk
q

n
x y x qy x q y q x y

k

 
   



 
     

 
  (1.1) 

 
and 
 

 21 2

0

( )( ) ( ) .
k

n
n n n k k

k qQ

n
x q y x q y x y q x y

k

 
    



 
     

 
  (1.2) 

 
 
For 1, 1q p   this reduces to the  
 
q-binomial Theorem (cf. e.g. [1]) 
 
Let .yx Qxy Then 
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We show more generally 

Theorem 2 
 
Let yx Qxy and ,p q  be arbitrary numbers. Then 
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Theorem 2 is equivalent with the q  binomial Theorem. The proof is almost trivial: 
 
   
Proof  
 
 Let   be the linear operator on the polynomials in ,x y  defined by  x qx   and y y   
and let   satisfy x x   and .y py   
 

Then        2 2
y x qyx qQxy      and      2

.x y pxy    

Therefore 
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By the q  binomial theorem this gives  
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The left-hand side is 
 

1 1( ) ( ) ( ) ( )( ) ( ) .n n n nx y x y x y x y qx py q x p y              
 
Applying these operators to the constant polynomial 1 gives (1.4). 
 

For 1q  and p q  we get (1.1) and for 1q  , 1ny q y  and 
1

p
q

  we get (1.2). 

 

If we let 
1

p
p

  and 1ny p y  we get the symmetric identity 
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The generating function of these polynomials is given by 
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For 1Q   and p q   identity (1.5)  reduces to 
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for commuting variables ,x y  which (in a different notation) plays an important role in [3]. 
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