A CURIOUS ¢-ANALOGUE OF HERMITE POLYNOMIALS

JOHANN CIGLER AND JIANG ZENG

ABSTRACT. Two well-known g-Hermite polynomials are the continuous and discrete g-Hermite
polynomials. In this paper we consider a new family of g-Hermite polynomials and prove
several curious properties about these polynomials. One striking property is the connection
with g-Fibonacci and g-Lucas polynomials. The latter relation yields a generalization of the
Touchard-Riordan formula.

1. INTRODUCTION

The classical Hermite polynomials have two important properties: (i) they form a family
of orthogonal polynomials and (ii) are intimately connected with the commutation properties
between the multiplication operator x and the differentiation operator D. In contrast to
the discrete g-Hermite polynomials, which generalize both aspects, the continuous ¢-Hermite
polynomials generalize only the first one. The purpose of this paper is to introduce a g-analogue
which generalizes the second property and establish the missing link with the continuous ¢-
Hermite polynomials. It turns out that these new polynomials are in some sense dual to
the continuous g-Hermite polynomials. Moreover, they provide interesting connections with
g-Fibonacci and g-Lucas polynomials and the Touchard-Riordan formula for the moments of
the continuous ¢-Hermite polynomials. In order to provide the reader with the necessary
background we first collect some well-known results about the classical Hermite polynomials
and their known g-analogues.

The normalized Hermite polynomials H,,(x,s) = s™?H,(x/\/s,1) (n > 0) may be defined
by the recurrence relation:

Hyi1(x,s) =xHp(x,s) — nsHy—1(z,s), (1.1)
with initial values Ho(x,s) =1 and H_;(x,s) = 0. By induction, we have
Hy,(z,s) = (x —sD)" -1, (1.2)
where D = % denotes the differentiation operator. It follows that
DHy(z,s) =nHy,_1(x,s). (1.3)
The Hermite polynomials have the explicit formula (see [1, Chapter 6])

Hy(z,s) = Z <27;> (—s)F(2k — 1)1z 2k,

k=0
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The first few polynomials are
1, z, —s+ J:2, —3sT + $3, 3s% — 6522 + a:4, 15822 — 10sz> + 5.

The Hermite polynomials are orthogonal with respect to the linear functional defined by the

moments
1 o0 _ !! . .
iy = / et /2, _ (n—=1! ifnis ever,
Vor oo 0 otherwise.
In other words, the n-th moment pu,, of the measure of the Hermite polynomials is the number
of the complete matchings on [n] := {1,...,n}, i.e., p2, = (2n — ! and pop41 = 0.
Consider the rescaled Hermite polynomials p,,(z,z,s) = Hp(z — x, —s), also determined by

Prnt1(z,2,8) = (2 — 2)pn(z, x, 8) + snpp—1(z,, 8) (1.4)

with initial values po(z,x,s) = 1 and p_i(z,2,s) = 0. Let F be the linear functional on
polynomials in z defined by F(p,(z,2,5)) = d,0. Then the moments F(2") are again the
Hermite polynomials

n

n _
F) = V=9 S () @Vt = Hao.o) (15)

k=0
This is equivalent to saying that the generating function of the Hermite polynomials H,,(x, s)
has the following continued fraction expansion:

H(z,x,s) = Z Hy(x,s)z" = . . (1.6)
n=0 1—zz+

2522

1—xz+
1—zz+

3522

Two important classes of orthogonal g-analogues of H,,(z, s) are the continuous and the dis-
crete g-Hermite I polynomials, which are both special cases of the Al-Salam—Chihara polynomi-
als. Before we describe these g-Hermite polynomials, we introduce some standard g-notations
(see [6]). For n > 1 let

n n

;o [nlg!t = H[k]qv [2n — ]!t = H[Qk —1g,

k=1 k=1

and (a;q)n = (1 —a)(1 —aq)---(1 — ag"™ ') with (a;¢q)g = 1. The g-binomial coefficient is

defined by |
=, - waens

for 0 < k < n and zero otherwise.
Recall [8] that the Al-Salam—Chihara polynomials P, (z;a, b, ¢) satisfy the three term recur-
rence:

Puii(z;a,b,c) = (x — ag")Po(z;a,b,¢) — (¢ + bg" 1) 0]y Pu_1(z;a, b, c) (1.7)

with initial values P_j(x;a,b,c) = 0 and Py(z;a,b,c) = 1.
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Definition 1. Let F,; . be the unique linear functional acting on the polynomials in z that
satisfies

Fap,e(Pa(z;a,b,¢)) = dno. (1.8)
Then the continuous ¢g-Hermite polynomials are
Hy(z,]q) = Pa(;0,0, 5) (1.9)
and are also the moments (see [8] and Proposition 16):
H,(,5)q) = Fa—s0(2"). (1.10)
The discrete g-Hermite polynomials I are
hon(z,53q) = Po(2;0, (1 — q)s,0), (1.11)
and the discrete g-Hermite polynomials II are
ho(;q) = (=) hp (i, 1547 1). (1.12)
It is also convenient to introduce the polynomials
hn(z,s;q) = P,(0; —x,0,s), (1.13)

which are actually a rescaled version of iLn(a:;q) (see Section 4). The main purpose of this
paper is to study another g-analogue of Hermite polynomials.

Definition 2. The g-Hermite polynomials Hy(x,s|q) are defined by
H,(x,s|q) == Fyo0,-s(z"). (1.14)

The g-Hermite polynomials H,(z, s|q) have, amongst other facts,

(

(2) an explicit 3-term recurrence relation,

(3) explicit expressions,

(4) a combinatorial model using matchings,

(5) are moments for other orthogonal polynomials,
(6) a closed form expression for Hankel determinants,
(

The new g-Hermite polynomials H,(z, s|q) are not orthogonal, i.e., they do not have (1) and
(2). Instead they have a nice g-analogue of the operator formula (1.2) for the ordinary Hermite
polynomials (see Theorem 5), the coefficients of the H,(x, s|q) appear in the inverse matrix
of the coefficients in the continuous ¢-Hermite polynomials (cf. Theorem 6), they have simple
connection coefficients with g-Lucas and g-Fibonacci polynomials (cf. Theorem 12). The
discrete g-Hermite polynomials h, (z, s; ¢) also have (1)—(4), and we will show in Theorem 7 that
they are also moments. Moreover, the quotients of two consecutive polynomials h,(x, s;q) (see
Eq.(4.21)) appear as coefficients in the expansion of the S-continued fraction of the generating
function of the H,(x, s|q)’s, which leads to a second proof of Theorem 5.

This paper is organized as follows: in Section 2, we recall some well-known facts about the
general theory of orthogonal polynomials and show how to prove (1.10) by using this theory; we
prove the main properties of H,(z, s|q) and h,(x, s;q) in Section 3 and Section 4, respectively;
in Section 5 we shall establish the connection between our new g-Hermite polynomials and the
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g-Fibonacci and ¢-Lucas polynomials. This yields, in particular, a generalization of Touchard-
Riordan’s formula for the moments of continuous ¢-Hermite polynomials (cf. Proposition 15),
first obtained by Josuat-Verges [10].

2. SOME WELL-KNOWN FACTS

In this section we recall some well-known facts about orthogonal polynomials (see [2, 18, 17]).
Let p,(x) be a sequence of polynomials which satisfies the three term recurrence relation

pn—i—l(x) = (.%' - bn)pn(x) - )\npn—l(x) (2'1)

with initial values po(z) = 1 and p_1(z) = 0.
Define the coefficients a(n, k) (0 < k < n) by
n

> a(n, k)py(x) = 2" (2.2)
=0

These are characterized by the Stieltjes tableau:
a(0, k) = 0.0,
a(n,0) = boa(n —1,0) + A\a(n — 1,1), (2.3)
a(n,k) =a(n —1,k — 1) + bga(n — 1, k) + Agy1a(n — 1,k + 1).

If F is the linear functional such that F(p,(x)) = 50, then

F(z") = a(n,0). (2.4)
The generating function of the moments has the continued fraction expansion
1
Z}'(a:")z” = 5 . (2.5)
)\1Z
n=0 1—bpz — 3
)\22
1—b1z—
1—
The Hankel determinants for the moments are
n—1 1
d(n,0) = det(F(z") 2 =TT T M (2.6)
i=1 k=1
and
d(n,1) = det(F(z Z4'34'1))” o =d(n,0)(=1)"pyp(0). (2.7)

By using the Stieltjes tableau we can give a simple proof of (1.10).
Proposition 3. The continuous q-Hermite polynomials H,(x, s|q) defined by (1.9), i.e
I:InJrl ($, 5|Q) = ZL‘ﬁn(fL‘, S|Q) - S[n]qﬁn,1($, 3|Q)7 (28)

are the moments of the measure of the orthogonal polynomials p,(z) := P,(z;x,—s,0) defined
by the recurrence

Pa41(2) = (2 = 2¢")pa(2) + 5¢" [n]gpn—1(2). (2.9)
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Proof. Let b, = ¢"x and \p,11 = (—s)¢"[n + 1], for n > 0. It is sufficient to verify that in this
case (2.3) is satisfied with

a(n, k) = m Hy1(2,5]q). (2.10)

This is clearly equivalent to (2.8). 1

As a consequence of the previous proposition, and in view of (2.6) and (2.7), we can derive
immediately the Hankel determinants

n—1
d(n,0) = (—5))gl&) TT 1l (2.11)
=0
and
d(n,1) =d(n,0)r(n), (2.12)

where r(n) = (=1)"p,(0; z, —s,0).
Note that the polynomials r(n) satisfy

r(n) = q¢" tar(n — 1) + ¢ 2s[n — 1,r(n — 2).
This implies that

n(n— ~ 1
r(n) =q (2 2) H, (x\/a, —s|q> . (2.13)

The first few polynomials of the sequence H,(z, s|q) are
1, 2z, —s+2% 2(—(2+q)s+2%), 1+q+¢>)s*> — (3+2q+ ¢*)sz? + 24,
2((3+4g+4¢° +3¢° + ¢*)s* — (44 3¢+ 2¢° + ¢*)sa® + a*).
From their recurrence relation we see that

ﬁgn(0,3|q) =(—s)"[2n —1],!! and ﬁgnH(O,s]q) =0.

3. THE ¢-HERMITE POLYNOMIALS H,(z, s|q)

By (1.8) the g-Hermite polynomials H,(z, s|q) are the moments of the measure of the or-
thogonal polynomials P,(z) satisfying the recurrence:

Pai1(2) = (= — 24" Pa() + slnlqPa1(2). (3.1)
Recall [13, p.80] that the Al-Salam—Chihara polynomials Q,(x) := Qn(x; «, 3) satisfy the three
term recurrence:
Qu+1(x) = (22 — (a + £)g")Qn(z) — (1 = ¢")(1 — aBq" ") Qu-1(), (3.2)
with Qo(x) = 1 and @Q_1(x) = 0. They have the following explicit formulas:

-n —i6

. _. ) e _ .
Qn(x;aaﬁ@ = (aele;Q)ne Z62¢1 ( aflzfnJrlein |QS06 1(1629) ) (3-3)

where © = cos 6.



Comparing (3.1) and (3.2) we have P,(z) = 2a)” Qn(az;a,0) with

-1 — 1
\/ and o=z (3.4)
s

Using the known formula for Al—Salam—Chlhara polynomlals we obtain

IR L Dk 4 2,2 :
Pu(z) = P | | (1 i 2g
o (2) (ac)" @ +a ¢'aaz)

= (GO
(s ' (=g ‘T  Diirs — s — (0 — 1) %22
B (9«“((1—1)> ,;) (4 ) <5> g((q L)g (@—1)g*2%).  (3.5)

The first few polynomials P, (z) are
Pl (Z) =z,
Py(z) = 2% —2(1+ @)z + (s + q2?),
Ps(z) = 2% — 2[3],2% + (25 + g5 + q[3]42%)2 — (s + ¢s + ¢*s + ¢*2*)x.

A matching m of {1,2,...,n} is a set of pairs (i, 7) such that ¢ < j and ¢, € [n]. Each pair
(i,7) is called an edge of the matching. Let ed(m) be the number of edges of m, so n — 2ed(m)
is the number of unmatched vertices. Two edges (7, j) and (k,1) have a crossing ifi < k < j <
or k <i<1l<j. Let cr(m) be the number of crossing numbers in the matching m. Using the
combinatorial theory of Viennot [17], Ismail and Stanton [8, Theorem 6] gave a combinatorial

interpretation of the moments of Al-Salam—Chihara polynomials. In particular we derive the
following result from [8, Theorem 6.

Lemma 4. The moments of the measure of the orthogonal polynomials {P,(x)} are the gen-
erating functions for all matchings m of [n]:

m 0, 75 Z " 2ed(m S)ed(m)qc(m)—s—cr(m), (36)

where ¢(m) = Y, oices [1€dges @ < 71 i < a < j}| and the sum extends over all matchings
m of [n].
Let M(n, k) be the set of matchings of {1,...,n} with £ unmatched vertices. Then

Foos(") = 3 eln,kyq)a®(—5) 7", (3.7)
k
where
cln,k,q)= Y gotmretm) (3.8)
meM (n,k)

It is easy to verify that

C(n7 ka Q) = C(Tl - 17 k— 17 Q) + [k + 1]110(” - 17 k+ 17 Q) (39)
with ¢(0, k, q) = 0x0 and ¢(n,0,q) = c¢(n—1,1,¢q). Indeed, if n is an unmatched vertex then for
the restriction mg of m to [n — 1] we get ¢(mgy) = ¢(m) and cr(mg) = cr(m). If n is matched

with m(n), such that there are ¢ unmatched vertices and j endpoints of edges which cross the
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edge (m(n), n) between m(n) and n, then ¢(m) = ¢(mg) +7—j and cr(m) = cr(mg) +j. Thus
c¢(m) + cr(m) = c¢(myg) + cr(mg) + 4. Since each i with 0 <1 < k can occur we get (3.9).
Let now D, be the g-derivative operator defined by

Dof(z) = f(z) = flez)

(1—-q)z
We have then the following g-analogue of (1.2).

Theorem 5. The qg-Hermite polynomials Hy(x, s|q), defined as moments Fp o —s(2"), have the
following operator formula:

Hy,(z,s|q) = (x —sDy)" - 1. (3.10)
Proof. We know that
(z,s|q) = Zc n,k,q)z )nTik, (3.11)
k

where ¢(n, k, q) satisfies (3.9). Therefore
Hy(w,s1q) =Y e(n—1,k - 1,q)z"(~s)"2 + > [k +1geln =1,k +1, g)z*(—s)"7"

k k
= an—l(x7 S‘Q) - SDan—l($7 5|Q)'

The result then follows by induction on n. |

Remark. It should be noted that the method of Varvak [16] (see also [10]) can also be applied
to prove Theorem 5. In fact her method proves first that (x —sD,)™ -1 is a generating function
of some rook placements, which is then shown to count involutions with respect to the statistic
c(m) + cr(m) (see [16, Theorem 6.4]). We will give another proof of (3.10) by using continued
fractions, see the remark after Theorem 9.

The first few polynomials H,(x, s|q) are
1, z, —s+2% 2(—2+q)s +2%), 24 ¢)s*> — (3 +2¢ + ¢*)sz? + 2*,
2((5+ 64 +3¢° + ¢°)s* — (4 + 3¢+ 2¢° + ¢*)sa® + ™), ..
Let
(x,s]q) = Zb n,k,q)z"(—s) = (3.12)

Theorem 6. The matrices (c(i, j, q))” o and (b(i, 7, q)(—l)i? )Z"J_:l0 are mutually inverse.

Proof. We first show by induction that
H,(x + 5Dy, 8lq) - 1 = 2™ (3.13)
For this is obvious for n = 0. If it is already shown for n we get
Hyi1(z + 5Dy, s|q) - 1 = (x + sDy) Hy(x + 8Dy, 8lq) - 1 — s[n]gHu—1(x + 5Dy, s|q) - 1
= (v + sDy)x" — s[n]gz" "t = 2"t

7



On the other hand we have

n

Ho(z+ 5D, slq) - 1=y b(n,k, q)(—s) % (& + sDy)* - 1
k=0
n i k oo
= b(n,k,q)(—5)"T Y (k. j.q)s 2 2!
k=0 j=0
= sn;jxjZb(n,k,q)(—l)n%kc(k,j,q). (3.14)
=0 k=j
The result then follows by comparing (3.13) and (3.14). 1

Remark. If we set ¢ = 0 then (3.9) reduces to the well-known Catalan triangle (see [2, Chap.

7]), which implies
1 2n
2n,0,0) = C,, =
(20,00 = 6, = — (%)

2k+1 2n 2n 2n
c(2n’2k’0)_n+k—l—1<n—k) N (n—k‘) a <n—l€—1)7

2% +2 [(2n+1 o + 1 o + 1
c(2n+1,2k+1,0):+(n+ ):<”+ )-( m >

n+k+2\n—=k n—k n—k—1

The recurrence (3.1) implies that the Hankel determinants of H,(z, s|q) are

n—1
det(Hiy(z, slg)75" = (=)&) TTLil4! (3.15)
§=0
and
n—1
det(Hisj1 (2, 50)05 1 = ha(z, —s:9)(—5) &) T g, (3.16)
=0
where
Csg) = (—1)" _ s "= (T 9k kkil 220 — 12 /s
b5 = 17 R0) = () DG TT 0+ a7 - 0¥

4. THE RESCALED DISCRETE ¢-HERMITE POLYNOMIALS 11

By definition (1.13) and (1.7) we have

hns1(z, s59) = ¢"xhy (2, s;q) — [n]gshn—1(z, s;q). (4.1)
8



Comparing with the three-term recurrence relation for the discrete g-Hermite polynomials 11
(see (1.12) and (1.7)), we derive

hn(z,8;q) = q(;)\/STLan (\2&) (4.2)
— zn: (") [2’2} 2k — 1], 11(—s)Fan 2k, (4.3)
k=0

where the last expression follows from the known formula for h,(z; q).
Since Dy(fg) = Dy(f)g + f(qz)Dy(g) and Dy(x) = 1, we see that

Dg(hnt1(x)) = ¢"2Dyg(hn(x)) + ¢"hn(qz) — [n]¢sDg(hn-1(z)).
We find by induction on n that
Dohn(z,5;9) = [n]ghn-1(qz, 57 q). (4.4)
The first few polynomials h,(z, s; q) are
1, =, qz*—s, ¢2%—s[3x, Or — s+ gt + 263 + ¢ + )2 + 523,

The following result shows that the polynomials h,(z,s;q) are moments of some orthogonal
polynomials.

Theorem 7. The generating function of hy(x, s;q) has the continued fraction expansion:

1
Z hn(I’S;Q)tn = 2 )
Ait
m20 1-— bot — 3
Aot
1—0bit — 5
Azt
1 — bot — T
with
by =q"" "+ ¢ =Dz and Ny = —¢" " [n]y(s + P21 - q)x?). (4.5)
Proof. To prove this it suffices to show that the Stieltjes tableau (2.3) is satisfied with
a(n, k) = m ho—k(d", 5;.q)-
This is easily verified. |

Using (2.6) and (2.7), Theorem 7 implies the following Hankel determinant evaluations:

det(hitj(z,8:9))7; - 1:[ (s + ¢ (1 — q)z )n_l_j) (4.6)

and
det(hiyji1(z, s59)p; "
det (ot (2,55 )
9

= w(n), (4.7)



where w(n) satisfies
w(n+1) = ¢" " (¢" + ¢ — Daw(n) + ¢ n]y(s + " 21 — ¢)x*)w(n — 1).

It is easily verified that
win) =3 ¢ [2’;] 2k — 1) l1skzm2k (4.8)
k=0

satisfies the same recurrence with the same initial values.
Lemma 8. Let L, (z) := hyp(z, (1 —q)s;q). Then
§Ln(z) + xLni1(z) = (@2 + 5) Ly (qz). (4.9)

Proof. First we note that the constant terms of both sides of (4.9) are equal to sL,(0). So it
suffices to show that the derivatives of the two sides are equal. Applying D, to (4.9) and using
(4.4) we obtain, after replacing = by x/q,

S[n]Ln—l(SU) + J:Q[n - 1]Ln($) + Ln—&-l(x) = (x2 + S)Q[n]Ln—l(q$)'
Since Lyt1(x) = ¢"xLy(x) — (1 — ¢")sLy,—1(x), we can rewrite the above equation as follows:
$Ly_1(x) + 2Ly (z) = (2 + 8) Lp_1(qz). (4.10)

The proof is thus completed by induction on n. |

We shall prove the following Jacobi continued fraction expansion for the generating function
of (x + (1 — q)sDy)" - 1. This is equivalent to Theorem 5.

Theorem 9. Let T,,(z,s) = (x+ (1 — q)sDy)" - 1. Then

1
ZTn(:E, st = 5 , (4.11)
At
n=0 1— bot — 3
Aot
1—bit —
1— ...
where the coefficients are
b, =q"x, forn>0; and X\,=(1-¢q")s, forn>1. (4.12)

Proof. Since T, (z,s) = (v + (1 — q)sDq)T,—1(z, 5), we have
To(z,s) = (z+ E)Tn,l(m, s) — ng,l(qx, s).

Equivalently the generating function G(z,t) = >, <, Th(x,s)t" satisfies the functional equa-
tion: -

(1 - xQ;“ St) Gla,t)=1— th(qx,t). (4.13)

10



Suppose that

G(z,t) = : (4.14)

where ¢, = (gn — 1)gn—14 with A := A(x) = —% and g; := gi(z).
Substituting (4.14) in (4.13) and then replacing ¢ by ¢/A we obtain

1+t st
(g1 — 1)t i e ) (4.15)
— t - 7
L (gfg )f;g . (g -Daigt
3 2 7
1-— !/ 1 /it
L (9= 1)gst - = Voot
- 1—...
1—...
where A" := A(qx) and ¢} := gi(gz). Comparing this with Wall’s formula (see [12]):
1+z2 giz
=1+ 4.16
| (91— 1)z Lo (g1 =1)g= (4.16)
L (e=Da= L (g2 —=1)gs2
L (93— 1)goz L (93 = 1D)gaz
1_(g4—1)g32 1—...
1—...
we derive that go = 1 and for n > 1,
_ él g/2n71 -1 /
9 (4.17)
_ A an -1 /
9on+1 = A Gon — 1 9on—1-
For example,
g1 = ° 93=£gé_1/= > }
22+ s’ Ag -1 224 s¢
92:£gi—1:q 94:£gé—1g,:—8+qs+q3:c2
Ag—-1 7" Ags—17" —s+gqs+qa?’
In general we have the following result
o = sLy(x) + xLpi1(x)
n — b
(22 + 8)Ly(x)
> 0). 4.18
92n+1 = 3Ln(@) ey | |
S

$Ly(z) + xLpy1(z)’
11



This can be verified by induction on n. Suppose that the formula (4.18) is true for n > 0. We
prove that the formula holds for n + 1. By (4.17) we have

él gén+1 —1 g = sLp(x) + xLpi1(x) Lnyi(go)
A gopy1 — 1 an (552 +5)Lny1(x) Ly, (gr) '
It follows from Lemma 1 that

9on+2 =

sLn+1(w) + Q?Ln+2($)
g = , 4.19
Pt = T ) Ly (@) (4.19)

Since

Lys1(z) —wln(z) = (¢" = 1)(2Ln () + sLn-1(2)), (4.20)
the verification for ga,+3 is then straightforward. We derive from (4.14) and (4.18) that

Ly
con = (g2n — 1)g2n—14 = (1 — q")SLE(g)U), forn > 1;
n(x
(4.21)
Ly,
Cont1 = (92n+1 — 1)g2nA = L:ng)’ for n > 0.

Invoking the contraction formula (see [19]), which transforms a S-continued fraction to a J-
continued fraction,

1 1
C1%Z = c1ea?? ) (4.22)
1- 1 C2Z 1—c1z— 5
- C3C4%
1-— 03g4z 1—(ca+e3)z— 3
1— =22
we obtain
hn ) 1- ; hnf ) 1- ;
p, — Mmi(@: (1= a)siq) = g)s (7, (1 —q)s;q) — gz
hn(z, (1 —q)s;q) hn(z, (1 — q)s;q)
(4.23)
\ = fm(z (A —a)siiq) (1— qn)shnfl(xy (1-q)si59) _ (1= g")s.
hn—1(x, (1 = q)s;q) (2, (1= q)s;5.q)
This completes the proof. |

Remark. Instead of the contraction formula (4.22), we can also proceed as follows. Define a
table (A(n, k))n,k>0 by

A(0, k) = 0.0,
A(n,0) =c1A(n —1,1), (4.24)
A(n,k)=An—1,k—1)+ cxg1A(n — 1,k + 1).

In this case A(2n,2k + 1) = A(2n +1,2k) = 0 for all n, k. If we define
a(n, k) = A(2n, 2k),
then it is easily verified that a(n, k) satisfy (2.3) with

bO = (1, bn = Con + Con+1, )‘n = CnCan—1- (425)
12



Substituting the values in (4.21) for ¢,, we obtain (4.23). Therefore
D AN, 0" =D a(n,0)t" = T, (x, s)t".

As another application of this remark we prove the following result.

n((2m+1)n+1)

Proposition 10. Let w,(m,q) = ¢ 2 . Then
n 1
Z wn(m7 Q)t = 2 )
At
m20 1— byt — 5
Aot
1— b1t — 5
Ast
1 — bot — T
where

by, = q(2m+1)n—m(q(2m+1)n o 1) + q(2m+1)(2n+1)—m

)

A\ = q(2m+1)(3n—1)—2m(q(2m+1)n _ 1)
Proof. Let

A(2n, 2k) = Lolm: @) {”

wk(m) Q) k;:| q2m+1

Then it is easily verified that the table (4.24) holds with co,, = ¢@m+Dn=m(g(2m+1n _ 1) and
Cont1 = qZmHDEH)=m  Therefore

Z A(2n,0)t" = Z a(n,0)t" = Z wp(m, q)t". 1

n

and A(2n+1,2k+1) = :nmmg)m |
k+1(m, q) k] 2mia

5. CONNECTION WITH ¢-FIBONACCI POLYNOMIALS AND ¢-LLUCAS POLYNOMIALS

In this section we derive some explicit expansion formulae for the ¢-Hermite polynomials
H,(z,s|q) in terms of ¢g-Fibonacci polynomials and ¢-Lucas polynomials. We first recall some
basic results about the latter polynomials in the ¢ = 1 case and then define their g-analogue
with the ordinary Fibonacci and Lucas polynomials and g-operator Dj,.

The Lucas polynomials are defined by the recurrence

In(x,8) = xlp_1(x,8) + slp—a(z,s) for n > 2,
with initial values Iy (x, s) = x and lz(z, s) = 22 + 2s. They have the explicit formula

ln(x,8) = Z - i : (n ; k) sk 2k (n > 0). (5.1)

2k<n

Furthermore we define ly(x,s) = 1. Note that this definition differs from the usual one in
which lp(z, s) = 2.
The Fibonacci polynomials are defined by

oz, s) = xfn_1(x,s) + sfn_a(z,s)
13



with fo(x,s) =0 and fi(x,s) = 1. They have the explicit formula

Ful@,s) = LEJ (” - ; - k) shgn—1-2k (5.2)

k=0

We first establish the following inversion of (5.1) and (5.2), which will be used in the proof
of Theorem 12.

Lemma 11.

B (- i

Proof. Recall the Tchebyshev inverse relations [15, p. 54-62]:

] 3]

n n—=k n
b, = (—1)kn % < ] )aan < a, = Z (k)) bn,Qk, (55)
k=0 k=0
where ag = bg = 1, and
15] n—k |%] " .
bn = -1 n— n — — n—2k - .
SEUCUNSISS () NCH NS

We derive immediately (5 3) from (5.1) and (5.5). Clearly (5.2) is equivalent to the left identity

in (5.6) with a,, = ( and b, = {ot1@—s) By inversion we find

Vs
5]

SN ) RS

NG

Now, noticing that

e if n is odd, then (}) = (,",) for k = | 2],
e if nis even, then || = | %],

we see the equivalence of (5.4) and (5.7). 1

Define the g-Lucas and ¢-Fibonacci polynomials by

Ly(z,s) =lp(x+ (¢ — 1)sDg, s) - 1, (5.8)
Fo(z,s) = fo(z+ (¢ —1)sDy, s) - 1
14



It is known (see [3] and [4] ) that they have the explicit formulae

[5]
rs) = (%) [n] [n—Fk gk pn—2k '
Ln(z,5) ];)q [nk][ § } : (5.10)
|25t
F(z,s) = g3 [n B ]1 - k] shgn—1-2k (5.11)
k=0

for n > 0, with Ly(x,s) =1 and Fy(z,s) = 0.
Theorem 12. We have

Hy(z, (¢ —1)slq) = izg::i <Z> s L —on(, =) (5.12)
_ L:ZZ:OJ ((Z) _ (k " 1)) ¥ Fir ok (2, —5). (5.13)

Proof. Since
Ly(x,—s) =lp(x — (¢ — 1)sDy, s) - 1,
Fo(xz,—s) = folx — (¢ —1)sDy, s) - 1,

the theorem follows by applying the homomorphism z — z — (¢ — 1)sD, to (5.3) and (5.4). 1

We derive some consequences of the formula (5.13).

Corollary 13. We have

Ln/3J k(3k+1) n
HolLg—1g= 3 (~1)fg"5" (Ln_gﬂ). (5.14)

k=—|(n+1)/3] 2

Proof. Let r(j) = % Then, it follows from [3] that

n—1 n
Fan(1,-1) = > (=1)q"V), Fauia(1,-1) = Fapo(1,-1) = > (=1)7¢"9,
j:—n jszL

or

Fn(1>_1) = Z (_1)jqr(j)‘

—n<3j<n—1

Let w(n) =3 >0 ((Z) - (kﬁl)) Fpy1-0x(1,—1). Consider a fixed term (—1)7¢"). This term
occurs in Fy(1,-1) if =% < j < 21 We are looking for all k, such that this term occurs
in Fjy1-9x(1,—1). If 7 > 0 then the largest such number is kg = L”_;’jj. For j < "%2’“ is

15




ko

equivalent with k < ko. Therefore the coeficient of (—1)7¢"") in w(n) is 3%

n

k

(- (m) =

0

(,Z)) If j < 0 then —%‘2’“ < j is equivalent with k& < L%J This gives

[n/3] | (n+1)/3]

- i(3it1) n - 3(3i-1) n
Hy(lg— 1) = Y (-1/g"% (Ln_gjj)+ O (ln_gﬂ)- (5.15)
j=0 2 j=1 2
Now, we have
(EEE(p)
n=3j+11] ) = | | n+3j
ol N b
because L”_?’QjHJ + ["'gng =n. So (5.15) is equivalent to (5.14). 1
Corollary 14. We have
qg—1 R 2n 2n 2i(374+1
Hy, (1,—|q) =q¢" - 7G3+1) 5.16
’ < g 'q> ! jzz_n«n—&i) <n—3j—1>>q - B
and
q— Y e on+1 o +1 yi(3ien
Hon1(1,—=|¢) =q " - 185+2), 1
it (1,2 jz_n((n_gj> (L2 ))a (5.17)
Proof. Note that
q—1 1 < 2n 2n k 1
Hop(1, 1= 21g) = = - Fori1(1, —=), 5.18
w0 0= 53 () - (0 ) a6y
Hyra(1 471 )_i"“ 1Y (D) g gL (5.19)
2n+1 ,7(] q _an:o n+l—k n—k q 2k 1, .
Recall (see [3]) that
1 1 .
Bl =) =0, Byunn(l,—0) = ("™, Fraga(l,—) = (1" (5.20)
Hence

o if k= 3j then 2k +1=6j + 1 and ¢*Fop1(1, =) = ¢% Foj1 (1, —

o if k=3j+1then 2k + 1 =6j +3 and ¢ Fyy1 (1, —1) = 0.

If k= 3j +2 then 2k + 1 = 6j + 5 and ¢*Fypi1 (1, —1) = ¢¥+2.
if k = 34 then 2k = 65 and ¢* ' Fy(1, —%) =0.

if k=3 + 1 then 2k = 6 + 2 and ¢"~ " Fyy (1, —1) = g2 +2),

) = g2I@i+D),

If .k = 3j + 2 then 2k = 67 + 4 and ¥~ Fy(1, - 1) = —¢(H T2,
Substituting the above values into (5.18) and (5.19) yields (5.16) and (5.17).

Finally, from (5.12) and (3.8) we derive two explicit formulae for the coefficient ¢(n, k, ).

16



Proposition 15. If k =n (mod 2) then

C(n’ k? q) = Z qC(m)+Cr(m)

meM (n,k)

:u_qyﬂfE:Chg%)gnwgﬂéiﬁwk;q (5.21)

() () L]

We now give a second proof of Proposition 15 using Theorem 6 and the orthogonality of the
continuous ¢g-Hermite polynomials.

Proof. Clearly Theorem 6 is equivalent to

" = Z c(n, k,q)s" P2 (x, 5|q). (5.23)
k=n (mod 2)

To compute c(n,k,q) we can take s = 1 and let H,(z|q) = Hu(z,s|q). Tt is known (see [9])
that the continuous ¢g-Hermite polynomials (H,(z|q)) are orthogonal with respect to the linear
functional ¢ defined by

o(a") = /_ 227; 20, g)dz, (5.24)
where
v(x,q) = ¢1fl_)xWMmIIU+_2_1_Q))f+q%}
Since ((Hy(z]q))?) = [kl ), it follows from (5.23) that, for k = n (mod 2),
cln.k.4) = gyl Bi(al) (5.25)

Recall the well-known formula (see [9])

2 = ﬁi (n%fj>lhﬂx/2% (5.26)

j=—n

where T, (cos 0) = cos(nf) = T_,(cos ) is the nth Chybyshev polynomial of the first kind. By
using the Jacobi triple product formula and the terminating g-binomial formula, we can prove
(see [7, p. 307]) that, for any integer j and a = /1 — ¢,

(71)n+]‘
2a™

n—j

Vg g+ (). (5:27)
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It follows from (5.25), (5.26) and (5.27) that

—2n
c(2n,2k,q) = a

s 2 (1) )etTatar/2) atela)
(=g R &

_ @mz < 2n > (D™ 59)

n—+j 2

{(g7 "7,

1ok + 6" (a7 @)}
Since (¢~ F—7+!

:q)ok is zero if j # —n,...,—kand j # k+1,...,n, and (¢7*77;q)ay is zero if
j# —-n,...,—k—1or j+#k,...,n, we can split the last summation into the following four
summations:
—k .
2n \ (=) ey
1 Z (n +].> 5 1 (q )2k
j=-n
" .
2n \ (—1)F ke ;
S g ( 2 ) _k_j+1'
2= D <n+j> 51 2 1 0)2k;
j=k+1

OV e .
> ( o ~>( D7 (5 g (k.
= n+j 2

n —1)FH ke ;

It is readily seen, by replacing j by —j in S; and Ss, that S; =S4 and So = S3. Therefore,
(L—g) ¥
c(2n,2k,q) = ————(52+ 54
( ) (¢ )2k (524 54)

e 2n 2k +24] [2k + 5
— (1 — o)k < ) _1)) (2)[ 5.28

(1-q) ;erﬂ.()q Tl (5.28)
This corresponds to (5.21) for even indices. To derive the formula for odd indices we can use
(3.9) to get

q)?ka

—k—3j.
g

c(2n+ 1,2k +1,q) = 2k + 2]4¢(2n, 2k + 2, q) + ¢(2n, 2k, q),
and then apply (5.28).

[ |
Some remarks about the above formula are in order.

(a) Formula (5.22) has been obtained by different means by Josuat-Verges [10, Proposition
12] and is also used in [5]. It is easy to see that (5.21) and (5.22) are equal by writing

k+2] _ 5 L]
- + =
[k + ] [k + 7]
(b) When k = 0, we recover a formula of Touchard-Riordan (see [2, 9, 14]):

1 —~ [ 2n (0

_ er(m) _ _1)ig®)
D Y e D i [V (5.20)

meM (2n,0) Jj=—n

18



(¢) Notice that Ha,(0,—1|q) = ¢(2n,0,q) and Hoy,41(0,—1|q) = ¢(2n+ 1,0,q) = 0. Hence

Zc(n; 0,q)t" = 2 :

n>0 1—

3]t
E
1—-..
We derive a known result (see [9]): the coefficient ¢(n,0,q) coincides with the n-th
moment of the continuous g-Hermite polynomials H(z,1|q), i.e

F(z") = ¢(n,0,q),
where F is the linear functional acting on the polynomials in z defined by F ( n(z,1)q)) =
On,0-
As in [11] we can derive another double sum expression for Hy(z, s|q). The proof is omitted.

Proposition 16. We have

n

Hy(x,slg) = ) (-1 i( ek iJqui)n

k=0 =0
x H — 12q_1 — (5.30)
o T+ = @)
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