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ABSTRACT. We here quickly study the initial value problem for the vacuum Einstein equations.
Written in harmonic coordinates, the equations are hyperbolic, and we outline the main steps
involved in proving existence and uniqueness of solutions. These notes are a summary of the
treatment of [I, Chapters 1.1 & 1.2] (see, also, the early chapters of [2]).

1. SOLVING THE INITIAL VALUE PROBLEM

We wish to construct a Lorentzian manifold (M,g) where the metric g satisfies the vacuum
Einstein equations Ricg = 0. In particular, we want to rewrite this condition on g as a wave
equation for the components of the metric with respect to a well-chosen coordinate system. In
order to formulate and solve the initial value problem, we would like to find an appropriate
coordinate system in which to study these equations.

1.1. Harmonic coordinates. Suppose we are given a coordinate system {z%|a = 0,...,n}. The
contravariant components of the metric are then g% = g(dz?, dz®). We wish to write the vacuum
Einstein equations for the metric g as a wave equation for the functions ¢?®. To this end, we
denote by [Jg the wave operator g°40,04 acting on functions, i.e.

Oef = 9*VaVof = ¢°0:0af — 9T cadaf-
We now consider [Jg of the functions g®°.
Proposition 1.1. Let A* := Ogz® = —g“I'%,.. Then
Ceg® = g(d\*, da’) + g(dz®, dA\°) + 2g(V.dz®, Veda®) + 2Ric(Vz®, V). (1.1)
Proof. We first note that, for any function f, we have
OeVaf =V VNV f =V V VOf =V, V. VOf + ReofaVeif = Ve f + (Ric(-, V)),
Equivalently, in differential form notation,
Ogdf = d(Ogf) + Ric(-, Vf).
In particular, taking f to be the coordinate functions xz¢, we deduce that
Ogdz® = dA\* + Ric(-, V).
We now simply calculate
(eg*” = g (g(dz*, da))
= g([Tgda®, da’) + g(dz®, Ogda®) + 2g(V.dz®, Vedz®)
= g(d\*, dzb) + g(dz®, d\°) + 2Ric(dz?, dz’) + 2g(V.dz®, Veda®). O
Treating the components of A as a vector field, we have
g(dA,dz") = g"0.\" = " [V A" — T g\ .
Denoting the contravariant components of the Ricci tensor by R = Ric(dx?, dx’), we therefore

have the following.
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Proposition 1.2.
1 .
R 4 S [VON' 4+ VIAT] = B, (1.2)
where

~ 1 1
Eab = 5|:|ggab _ g(Vcdx“, vcdxb) + 5 [gbcracd)\d + gacrbchd]

The point is to note that if we impose that E =0, this gives us the non-linear wave equation
Ceg™ = 2H"(g, 09, ), (1.3)
where

1
H®(g,09,)\) := g(V.dz®, Vda®) — B [gb‘TaCdkd + g“crbcd)\d] ,

which we may solve for the functions ¢g°. Moreover, assuming that E“b, we note that the metric
g will satisfy the vacuum Einstein equations if we impose the condition that A* = 0, i.e. that the
coordinates xz* are harmonic:

Ogz® = 0.
We quote the following general theorem from the theory of hyperbolic partial differential equa-
tions, which gives us existence of solutions to equation (|1.3)).

Theorem 1.3. For any initial data
gab(07xi) e Hs+1, 6ogab(0,l‘i) e HS

with s > 4, on any open subset O < {0} x R" < R x R", there exists a unique solution g (t, x?)
of (L.3) defined on a neighbourhood, U, of O in R x R™.

As such, we have existence and uniqueness of solutions to (|1.3). This will yield an existence
result for the vacuum Einstein equations if we can show that we can consistently set A* = 0. The
key observation is the following.

Proposition 1.4. Assume that the metric g satisfies the equations E®* = 0 in the coordinate
system x®. Then the functions \* satisfy the wave equation

CeA” + R\ = 0. (1.4)

Proof. Assume that we have solved the problem E® = 0 with a given A. From (|L.2]), we deduce
that the Ricci tensor of the metric g is given by

R* = —% [VaA? + V%] .
This implies that g has scalar curvature
Sg ==V -\
The Bianchi identities for g imply that

0=V, (Rab_ %ggab)

= —%va (VEA" + VOA* — (V- \) g™)
= —% (ON + Vo VA = VPV ,A%)

= —% ([ON + R, X7

= —% (ON° + RPX°)

which gives the required result. O
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As such, if the g?® evolve according to E% = 0, then the A\* also evolve according to the wave
equation . It follows from the standard theory of hyperbolic PDE’s that if we set initial data
on a spacelike hypersurface O with A|p = 0 and egA|o = 0 (where e is the timelike normal to O)
then the unique solution of on the domain of dependence of O, 2(0), is A* = 0. Therefore,
the solution of £%* = 0 that we construct using Theorem [1.3| gives a metric written in harmonic
coordinates that satisfies the vacuum Einstein equations.

1.2. Constraints on the initial data. We have previously seen that, when we do a decompo-
sition of the vacuum Einstein equations into time and spatial parts, then the data on a space-like
hypersurface must satisfy certain constraints. We now quickly discuss where these constraints
arise in the current formulation.

We may choose the harmonic coordinates 2% such that z° = ¢, where the initial hypersurface
where we set our data is the set ¢ = 0. The constraint that A* = 0, i.e. [gz® = 0, implies that we

have
1

\/—detg

Therefore we deduce that

1

0= ¢ = —_—
e \/—detg

Op ( —det ggbcacx“) = Oy ( —det ggba) .

O ( —det ggt“> =0; ( —det ggi“) . (1.5)

This identity must hold on the initial surface ¢ = 0. As such, there are non-trivial relationships
between the initial data for ¢g°® and 0;¢g® at t = 0, and these data cannot be chosen arbitrarily.
More specifically, effectively determines the values of 0;g** at t = 0 once we have prescribed
the components ¢'* at t = 0. In particular, we may choose the coordinates so that the metric
satisfies the conditions

gt =1, g =0 (1.6)
at t = 0. In this case, prescribing the g;; and d;g;; at t = 0 determines the time derivatives of g
at t = 0. It follows that the initial data are completely determined by the spatial metric

h = g;;ds’ ® da’
and its time derivative, i.e. the first and second fundamental form of the hypersurface t = 0.

If we assume that the metric components evolve according to (1.3)), i.e. E® = 0, then the
components of the Einstein tensor of g are given by

1
G = = [VOA"+ VA" = (V- 2) ]
If we, for example, impose the metric conditions (1.6)) and that A* = 0 when ¢ = 0 (and hence
that the spatial derivatives of the A% are zero at t = 0), then we have, for example,
1 1 1
G = -5 [2VIN + V- )] = -5 [20,\" + 0.\ = iatx.

Therefore, the condition that d;A\* = 0 at t = 0 is equivalent to the scalar constraint G* = 0.
Similarly, at ¢ = 0, we have

) 1 . . . 1 .
G" = -5 [VIA + VA — (V- Q) ¢"] = SO
Therefore, the constraint G* is equivalent to the condition that d;\* = 0 at ¢t = 0.
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