COMMUTATIVE POST-LIE ALGEBRA STRUCTURES ON NILPOTENT
LIE ALGEBRAS AND POISSON ALGEBRAS

DIETRICH BURDE AND CHRISTOF ENDER

ABSTRACT. We give an explicit description of commutative post-Lie algebra structures on some
classes of nilpotent Lie algebras. For non-metabelian filiform nilpotent Lie algebras and Lie
algebras of strictly upper-triangular matrices we show that all CPA-structures are associative
and induce an associated Poisson-admissible algebra.

1. INTRODUCTION

Post-Lie algebras and post-Lie algebra structures arise in many different contexts. We have

introduced these structures in [I1] to characterize simply transitive nil-affine actions of a nilpo-
tent Lie group G on another nilpotent Lie group N. This plays an important role in the theory
of nil-affine crystallographic groups and complete nil-affinely flat manifolds. Post-Lie algebras
arise there as a natural common generalization of pre-Lie algebras [21) 22, 25 [4] 6, [7] and
LR-algebras [9, [10], and the geometric questions can be formulated on the level of post-Lie
algebras.
On the other hand, post Lie algebras have been introduced independently by Vallette [20] in
connection with the homology of partition posets and the study of Koszul operads. Since then
several authors have studied these algebras in various other contexts, e.g., for algebraic operad
triples [23], in connection with the modified Yang-Baxter equation, with Rota-Baxter opera-
tors, universal enveloping algebras, double Lie algebras, classical R-matrices, isospectral flows,
Lie-Butcher series and many other topics [I}, [15] [16] [18].

An important question arising from geometry here is the existence question of post-Lie algebra
structures for a given pair of Lie algebras. This is in general a very hard question and the
answer depends very much on the algebraic properties of the two given Lie algebras. For a
survey on the results and open problems see [8, 11, [12]. An important class of post-Lie alge-
bra structures is given by commutative structures, so-called CPA-structures. These structures
are much more accessible than general post-Lie algebra structures and we can answer several
questions concerning existence and classification, thereby finding directions to understand the
general case of post-Lie algebra structures. For CPA-structures on semisimple, perfect and
complete Lie algebras, see [13], 14]. For CPA-structures on nilpotent Lie algebras, see [15].

In this paper we also show that CPA-structures are related to other algebraic structures coming
from geometry, namely to Poisson structures [2] and Poisson algebras [19]. Indeed, for many
classes of Lie algebras, CPA-structures are associative and induce a Poisson admissible algebra
structure.
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The paper is structured as follows. In section 2 we show that for a CPA structure (V) on
g we have g - [g,g] = 0 if and only if (V;-) is an associative algebra, if and only if it is a
Poisson-admissible algebra. We prove that g-g C Z(g) implies g - [g,g] = 0 and that (V- [, ])
is a Poisson algebra if and only if the CPA-structure is central, i.e., satisfies g - g C Z(g).

In section 3 we show that every CPA-structure (V,-) on a non-metabelian complex filiform Lie
algebra is associative, i.e., satisfies g - [g, g] = 0 so that (V) is Poisson-admissible. The result
does not hold for metabelian filiform Lie algebras, where we only obtain [g, g - [g,g] = 0. For
special families of filiform Lie algebras we can give an explicit description of all CPA-structures.

In section 4 we show that every CPA-structure (V) on the nilpotent Lie algebra n,,(K), n > 5
of n x n strictly upper-triangular matrices over K is associative and (V/ -) is Poisson-admissible.
This paper is based on results of the PhD thesis [17] of the second author, where further details
can be found.

2. PRELIMINARIES

Let K denote a field of characteristic zero. We have defined a post-Lie algebra structure on
a pair of Lie algebras (g,n) over K in [11] as follows:

Definition 2.1. Let g = (V,[,]) and n = (V,{,}) be two Lie brackets on a vector space V'
over K. A post-Lie algebra structure, or PA-structure on the pair (g,n) is a K-bilinear product
x - y satisfying the identities

(1) I'y—y'l‘:[l‘,y]—{l’,y}
(2) [yl z2=2-(y-2)—y-(x-2)
(3) Ay, 2y ={v-y, 2} +{y, -2}

for all x,y,z € V.

Define by L(z)(y) = = -y and R(z)(y) = y - = the left respectively right multiplication
operators of the algebra A = (V,-). By (3)), all L(x) are derivations of the Lie algebra (V,{, }).
Moreover, by , the left multiplication

L:g— Der(n) C End(V), z — L(z)
is a linear representation of g. The right multiplication R: V' — V, x — R(x) is a linear map,
but in general not a Lie algebra representation.

If n is abelian, then a post-Lie algebra structure on (g,n) corresponds to a pre-Lie algebra
structure on g. In other words, if {x,y} = 0 for all z,y € V, then the conditions reduce to

roy—y-x =[x,y
[yl z2=2-(y-2)—y-(x-2),

i.e., x-yis a pre-Lie algebra structure on the Lie algebra g. If g is abelian, then the conditions
reduce to

z-y—y-z=—{z,y}
- (y-2)=y- (x-2),
z-{y, 2z} ={x-y,z} +{y,x -z},

i.e., —x -y is an LR-structure on the Lie algebra n. For details see [11].
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An important case of a post-Lie algebra structure arises if the algebra A = (V, -) is commutative,
ie., if x -y = y -z is satisfied for all z,y € V, so that we have L(z) = R(x) for all x € V.
Then the two Lie brackets coincide, i.e., we have [z, y] = {z,y} and we obtain a commutative
algebra structure on V' associated with only one Lie algebra [13]:

Definition 2.2. A commutative post-Lie algebra structure, or CPA-structure on a Lie algebra
g is a K-bilinear product x - y satisfying the identities:

(4) Toy=y-x
(5) [z, yl-z2=2-(y-2)—y-(z-2)

for all z,y,z € V.
We often write (V) for a CPA-structure on g.

It turns out that certain CPA-structures are related to Poisson algebras and Poisson-admissible
algebras. Such algebras also have been studied in a geometric and algebraic context, see for
example [2 19]. The definition is as follows.

Definition 2.3. A Poisson algebra is a triple (V, o, [, |), where (V,0) is a commutative, asso-
ciative algebra, and g = (V,[, ]) is a Lie algebra such that the identity

(7) [z, yoz]=[zaloy+zolzy
holds for all z,y,z € V.

Recall that a non-associative algebra is a vector space V' together with a bilinear product
V xV =V, (z,y) = x-y. The product need not be associative in general.

Definition 2.4. A non-associative algebra (V-) is called Poisson-admissible if (V,o,[, ]), given
by

[,y =2-y—y-x,

1
zoy=g(@ y+y- )

is a Poisson algebra.

A CPA-structure (V) on g often satisfies g - [g, g] = 0. This means that (V) is a Poisson-
admissible algebra.

Lemma 2.5. Let (V,-) be a CPA-structure on a Lie algebra g. Then the following properties
are equivalent.

(1) g-[g,0] = 0.
(2) (V,-) is an associative algebra.
(3) (V,-) is a Poisson-admissible algebra.

Proof. Using and we have
(@-y)z—z-(y-2z)=z-(x-y)—z-(y-2)
=zl yta-(z-y) —z-(y-2)
:y[27$]
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for all z,y,z € V. This shows that (1) < (2). Since (V,-) is commutative we have
1

xoy:é(ﬂf-wy-w):w-y?

[yl =2 y—y-2=0,
and is trivially satisfied. Hence (V,o,[, ]) is a Poisson algebra if and only if (V) -) is asso-
ciative. This shows that (2) < (3). O

The lemma motivates the following definition.

Definition 2.6. A CPA-structure (V) on g is called associative if g - [g,g] = 0. It is called
central if g- g C Z(g).

We have the following implications.

Lemma 2.7. Fvery central CPA-structure on g is associative and every associative CPA-
structure on g satisfies g-g C Z([g, g])-

Proof. Assume that g-g C Z(g). Then by (6] we have
€z - [y,Z] = [Q?'y,Z] + [y,LU'Z] =0
for all x,y,2 € V. Hence we obtain that g - [g,g] = 0. Conversely suppose that g - [g,g] = 0
and let x,y € g and z € [g,g]. Then x - z = 0 by assumption, so that by @ we have
Hence we have g-g C Z([g, g]). O

We have studied central CPA-structures on nilpotent Lie algebras in [I5] and shown the
following result, see Theorem 4.3.

Theorem 2.8. All CPA-structures on a free-nilpotent Lie algebra Fs. with 3 generators and
nilpotency class ¢ > 3 are central.

This result should also hold for every number of generators g > 3 and nilpotency class ¢ > 3.

Lemma 2.9. Let (V,-) be a CPA-structure on g. Then (V,-,[,]) is a Poisson algebra if and
only if (V,-) is central.

Proof. Suppose that (V,-) is central. Then it is also associative by Lemma . Hence (V) is
commutative and associative and for the product z - y becomes

[y 2] =y [z 2]+ 22y
which is satisfied, because every term is zero. Hence (V- [, |) is a Poisson algebra. Conversely,
if (V,-,[,]) is a Poisson algebra, then (V-) is associative, hence satisfies g-[g, g] = 0 by Lemma
2.5, Hence we have [z,y-z| =y [z,z|+z-[2,y) =0forall x,y,2 € Vsothat g-g C Z(g). O

Also certain LR-structures are related to Poisson-admissible algebras.

Lemma 2.10. Let (V,-) be an LR-structure on a Lie algebra (n,{, }). Then the following
properties are equivalent.

(1) n-n C Z(n).

(2) (V,-) is an associative algebra.

(3) (V.-) is a Poisson-admissible algebra.
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Proof. Since v -v —v-u = —{u,v} we have z- (z-y) — (v -y) - 2 = —{z,2 -y} and also
x-(z-y)—z-(y-2z)=—x-{z,y}. Hence the associator is given by
v-(y-z)—(ryz=x-(y-2) =z (v y) = {zz-y}
=z-(y-2)—z-(2-y) —{z7 y}
=z {zy} {22y}
={z- 2y},

which vanishes if and only if n-n C Z(n). This shows that (1) < (2). For the equivalence
(2) < (3), see Proposition 3.2 in [2]. O

Again we call an LR-structure on n associative, if one of the above conditions is satisfied.
We obtain the following interesting consequence.

Proposition 2.11. Let (V,-) be an associative LR-structure on a Lie algebra n. Then n is
2-step nilpotent.

Proof. By Lemma (V) is associative if and only it is Poisson-admissible. In this case the
Lie algebra n is 2-step nilpotent by Corollary 3.1 in [2]. OJ

Proposition 2.12. Let (V,-) be an associative LR-structure on a Lie algebra n and suppose
that Z(n) C {n,n}. Then we have

n-(n-n)=(Mm-n)-n=0.
In particular, all left multiplications L(x) are nilpotent.
Proof. Because of n-n C Z(n) and Z(n) C {n,n} we have
n-(n-n)Cn-Zn) Cn-{nn}

C{n-n,n}+{nn-n}

C{Z(n),n} =0.
Similarly we have (n-n)-n=0. O
Remark 2.13. Proposition is no longer true for LR-structures which are not associative.
The classification of LR~structures on the 3-dimensional Heisenberg Lie algebra n = n3(K), see

Proposition 3.1 of [9], gives a counterexample. Let ey, €9, e3 be a basis of V' with {e1,e3} = es.
The LR-structure A4, given by the products

€2 €1 = —€3, €263 = €3,
€2 - €2 = €9, €3 €2 = €3
is not associative, since ey - (e1-e3) — (eg-€1) - €5 = eg, and L(esy) is not nilpotent. In particular,
n-(n-n)#0.
3. CPA-STRUCTURES ON FILIFORM LIE ALGEBRAS
Let g be a Lie algebra. The lower central series of g is given by
¢’=92¢'2¢°2¢° 2
where the ideals g’ are defined by g' = [g, g '] for all i > 1. The derived series of g is given by



6 D. BURDE AND C. ENDER

where the ideals g are defined by g = [g¢~V, g=V] for all i > 1. The nilpotency class c(g)
is the smallest integer k > 1 with g* = 0 and the solvability class d(g) is the smallest integer
k> 1 with g® = 0.

Definition 3.1. A Lie algebra g is called metabelian if it is solvable of class d(g) < 2. It is
called filiform if it is nilpotent of class ¢(g) = dim(g) — 1. Furthermore g is called a stem Lie
algebra if Z(g) C [g, g].

Let g be a complex filiform Lie algebra of dimension n. Then there exists an adapted basis
(é1,...,6e,) of g, which among other relations satisfies [e1, ;] = e;41 for 2 < ¢ < n — 1. For
7 > 1 define the characteristic ideals

I; = span{ej, ..., e,},
which refine the lower central series of g with I; = g and I; = ¢g/~2 for j > 3. Note that
I,=27(g) Clg,9] =I5 and I,,,; =0 for all i > 1.

Lemma 3.2. Let (V,-) be a CPA-structure on a filiform Lie algebra g and (e, ..., e,) be an
adapted basis of g. Then L(e;)(I;) C I;41 for 1 <i,j <mn. In particular we have g-g C I, and
g - Iy C I3. Furthermore it holds

g:-9C I3 e1-€ €I

g-lggf4<:)€1'€2614, €y ey € 1.
Proof. Since the ideals I; are characteristic and the left multiplications L(e;) are derivations,
it follows that L(e;)(I;) € I; for all 1 < 4,5 < mn. Since filiform Lie algebras are nilpotent
stem Lie algebras, all left multiplications are nilpotent by Theorem 3.6 in [I5]. Hence we have
L(e;)(1;) € Ij4q for 1 <4,j < n. This implies that g- I, C I3, so that g- g C I3 follows from
e1-e; € I3. We also have g - I3 C I, so that g- Iy C I follows from ey - €5, €5 - e € . O

Lemma 3.3. Let (V,-) be a CPA-structure on a filiform Lie algebra g and (e, ..., e,) be an
adapted basis of g with g-g C I3 and g - Iy C 1. Suppose that for some ¢ > 0 we have

er1-€; € Liypio for all 3 <j <n,
e -e; € L for all (1,5) # (1,1),(1,2),(2,1),(2,2).
Then the same is true for £ + 1, i.e., we have
er1-€; € Liypps forall 3 <j <n,
e -€j € Lijiopr forall (4,7) # (1,1),(1,2),(2,1),(2,2).
Proof. We first show by induction on j > 3 that es - e; € Is;j1¢. By and we have
(8) €k " €j41 = €j41 - €
= [er,e5] - ex
=e1-(ej-ex) —ej-(e1-ep).

In particular we have es - e3 = €1 - (€3 - €2) — ea - (€1 - €3). Since ey - €9 € Iy, €1 - €3 € Iy we have
er-(ex-ex) € ep -1y C Iyrpyo = Igyy by assumption and also ey - (e1 - €2) € eg - Iy C Igyp. It
follows that ey - e3 € I, 4. For the induction step j — j 4+ 1 we have, using ,

€2 €541 = €1~ (ej . 62) — €5 (61 . 62).
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By induction hypothesis we have ey-e; € I3, 40, s0 that e;-(ex-€;) € Iy jios(eq2) C© Laqjye. Also
ey - ey € I, implies that e; - (e -e3) € Ij 1444 It follows that es- €41 € 1414, and we have shown
that ey - €; € Is4j4¢ for all j > 3. We can replace ey by es, ..., e, and use induction as above.
Then we obtain e; - e; € I;4;4 4 for all pairs (¢, 7) which are not of the form (1, j), (¢, 1), (2,2).
To complete this for the remaining pairs (i, j) it is enough to show the first claim, i.e., that
e1-¢€j € Ijioqg forall 7 > 3. For j = 3 we see that e; - e3 € Is1¢ as above and for the induction
step j — j + 1 we have, using again (§g),

e1-ejp1 =e1-(ej-e1) —e;-(er-eq).

By induction hypothesis, e; - e; € 143, so that e; - (e; - e1) € L1045 C Iyt je. Furthermore
e1-ey € I3. Because of e;-¢e; € I;yj1o41 for ¢,5 > 3, which we have shown before, it follows that
ej-(er1-e1) € Isyjyppr = Iyt j1g, and we are done. O

We can state now our main result for filiform Lie algebras.

Theorem 3.4. Let g be a complez filiform Lie algebra of solvability class d(g) > 3. Then every
CPA-structure (V,-) on g is associative and the algebra (V,-) is Poisson-admissible.

Proof. Let dim(g) = n. Since every filiform Lie algebra of dimension n < 5 is metabelian, we
have n > 6 because of d(g) > 3. For n = 6 we can prove the result by a direct computation.
Every 6-dimensional filiform Lie algebra g has an adapted basis (e, ..., eg) such that the Lie
brackets are given by

[elyei] = €i+1, 2 S 7 S 57 [62765] = —Q36€g,
lea, e3] = ajes + aseg, les, eq] = e,
[62, 64] = (1€g,

for some ay, as, a3 € C, see [5], section 2. Here g is metabelian if and only if g = 0. So we
have a3 # 0 and d(g) = 3. Let (V,-) be a CPA-structure on g. Denote the matrices for the left
multiplications by
Liey) = (¢f), 1<4,j < n.

All matrices are lower-triangular with respect to the basis (e, ..., eg) because of Lemma .
The identities ,,@ are equivalent to a system of equations in the variables C{j, which can
be easily solved directly. Indeed, and @ yield linear equations, which enables one to solve
the quadratic equations coming from . We obtain the following CPA-structures:

1 1
€1-€1 = <51€5 + §61€67
1 1
€1 ey = —a3(5165 + (g6,
2 -1 2
€2 - €2 = 043§51€5 + €62€6-

Recall that e; - eo = e - e;. This shows that g - [g,g] = 0, so that (V) is associative and a
Poisson-admissible algebra by Lemma [2.5

We may now assume that (V,-) is a CPA-structure on g with n > 7. Denote again by L(ey) =
( Z) the left multiplications. We distinguish two cases, namely whether or not g-g C I3. This
does not depend on the choice of an adapted basis for g. The first case is again divided into
two subcases whether or not g - Iy C I,.

Case 1a: It holds g-g C I3 and g- I, C I,. An adapted basis has the property that [e;, e;] € I,
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holds for all 1 < 4,5 < n except for the case where n is even, where we have the following
exceptional Lie brackets

i en—iv1] = (—1)ae,, 2<i<n—1.

Here the scalar a € C is zero if and only if gfnT_ﬂ is abelian.

Case lal: gfnT_ﬂ is abelian. In this case we have [[;, ;] C [;4; for all 1 < 4,j < n with the
convention that I,,, = 0 for all m > n. Using @ we obtain

€161 = €1- [61, ei]
= [e1-e1, €] + [er, e - €]
forall 2 <1 <n—2. Wehave e; -e;y1 = <i1+277;+1ei+2 + z with z € I;;3. On the other hand it
follows from ey - ey € I3 that [e1 - eq,€;] € I;13 for all 2 < i < n — 2. The case i = n — 2 requires
the assumption that gfnT_41 is abelian, because we need that [I3, I,,_s] C I,,;; = 0. Furthermore
we have [e1, e; - ;] = () ;€42 + w With w € I3, so that

1 s
Ci+2,i+1€i+2 +z= <i+1,iei+2 +w

for all 2 <7 < n — 2. This implies that C]l—i-l,j = C?}g forall 2 < j <n —2. Since e; - e5 € I, we
have (3, = 0, so that

(1, =0forall2<j<n-—2

Hence the first subdiagonal of L(e;) is equal to zero. The same argument for L(ey) gives that

12+1,j = (3, for all 2 < j <n —2. However, (5, = 0 because we have

ey-e3=-¢e1-(e2-€3) —eg-(€1-€3)

by formula . Indeed, ey - e3 = C§7264 + z with z € I, and e; - (e3 - €2),e5 - (€1 - €2) € I,
So we have shown so far that e; - e; € I;15 and ey - ¢; € I;15 for all 1 < i < n. It follows by
induction on ¢ > 3 as before that also e; - e; € I;; for all 4,7 > 3. Now we can apply Lemma
for £ = 0, then for £ = 1 and so on. Finally we obtain that e; - e; € I,,;1 = 0 for all pairs
(2,7) # (1,1),(1,2),(2,1),(2,2). This exactly says that g - [g,g] = 0, i.e., that L(e;) = 0 for all
i > 3. Hence (V,+) is associative and a Poisson-admissible algebra.

Case 1a2: g(anﬁ is not abelian. The proof is the same as above except for a slight modification.
We have the additional non-trivial Lie brackets [e;, ,_i11] = (—1)"tae, for 2 < i < n—1 with
a # 0. Therefore we can show [e; - e1, ;] € I;13 only for all 2 < i < n—3, but not for i =n —2.
Consequently the first subdiagonal of L(e;) is not necessarily zero, but of the form (0,...,0,\)
for some A € C. Similarly for L(ey) it is of the form (0,...,0, ). By induction we see that

L., ifi+j 1,

€€ € = 12+]7én+

I, ifir+j=n+1
We want to show that e; - e; € [;4; for 2 < 7,5 < n. We already know this, except for the case
where ¢ > 2,7 >3 withi+j=n+1,ie, with j =n—i+1. But thene;-e;_1 =¢;-e,_; € I,
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and e; - €; = ¢€; - €p—_i41 € Iy, so that we can write ¢; - ¢;_1 = (e, and e; - ¢; = ne,. We have

nen, = €; - €
=e1-(ej_1-€)—ej_1-(e1-€)
=(e1-ep
=0,

so that 7 = 0 and hence e; -e; = 0 for these 7, j. Hence we have e;-e; € [;y; for all 2 < 4,5 < n.
Similarly we see that e; - ¢; € ;45 for all 7 > 3. Now we can apply repeatedly Lemma (3.3]
starting with ¢ = 0. It follows again that g - [g, g] = 0 and we are done.

Case 1b: It holds g-g C I3 and g- Iy € I,. It follows that g must be metabelian. This is a
contradiction and hence this case cannot occur. The method of proof is very similar to the one
of case la, so that we will only sketch a few steps. For a detailed proof see Proposition A.2 in
[17]. First one can write ey - e3 = Aey + z for some A € C and z € I5. Because of

er1-e3=er-(ez-e1) —ex-(er-en)

we see that Aey + 2 = Aey + w for z,w € I5 so that A(A — 1) = 0. By assumption g - Ir € I4,
so that A 7 0 and hence A = 1. This implies that both ez - exn, exn - €nt2 are multiples of e,

and [e%, e%] = 0. It follows that g(%w is abelian. Using several involved inductions we finally
obtain that g is metabelian and that [g, g] - [g, 9] = 0.

Case 2: 1t holds g- g € I5. In this case one can even show that g is isomorphic to the standard
graded filiform Lie algebra L,, defined by the Lie brackets [e1, ;] = ;11 for 2 <i <n —1, see
Proposition A.4 in [I7]. Since L,, is metabelian, we obtain a contradiction. This finishes the
proof. O

Remark 3.5. By the theorem every CPA-structure on a non-metabelian filiform Lie algebra
with adapted basis (ey,...,e,) is of a very simple form. Because of g - [g,g] = 0 the left
multiplications L(e;) are zero for i = 3,...,n, so that the only non-zero products are given by
e1-ep,e - 63 = ey - eq,e - €9, which lie in Z([g, g]) by Lemma . For example, in dimension
6 we have Z([g, g]) = I = span{es, e}, which recovers the result of our direct computation at
the beginning of the proof of the theorem.

The following example shows that Theorem cannot be extended to other nilpotent stem
Lie algebras, which are not filiform.

Example 3.6. There exists a nilpotent stem Lie algebra g of solvability class 3 and nilpotency
class 5 admitting a CPA-structure (V) which is not associative.

Let (ey,...,e9) be a basis of V' and define the Lie brackets of g by
= €3, [627 63] = €7,

= €4, [627 65] = —€g,

[e1, €2]
[e1, es]
[e1,e4] = €5, es,eq] = e,
[e1, 6]



10 D. BURDE AND C. ENDER

A CPA-structure, which is not associative since (es - €1) - €3 — ey - (e1 - €1) = eg, is defined as
follows:

€1°-€1 =6, €1 €= ECg,
€1 €3 =€, €€y = Cg,

€1 - €3 = €g, €o * €3 — €3.

We also see that Theorem does not hold for metabelian filiform Lie algebras, because we
have the following result.

Proposition 3.7. Let g be a metabelian filiform Lie algebra of dimension n > 4. Then there
exists a CPA-structure (V) on g which is not associative.

Proof. According to [3] there exists an adapted basis (e, .. ., e,) for g such that the Lie brackets
are given by

[el,ei] = €i+1, 1 §2§n— 1
le2, ex] = aoseai + -+ on_kisen, 3<k<n-—2

with structure constants {asy | 5 < k < n}. By convention we set these constants equal to
zero for n = 4. We define an algebra (V) -) as follows:

e1-e =le,e), 1 <i<n,
es-ej = leg, €], 3<j <n,
ey - €y = 209 5€4 + - + 2009 pep_1.

It is easy to verify that (V) defines a CPA-structure on g, which is not associative. In fact,
ey - [e1, ea] = e4 so that g - [g, g] # 0. However, it satisfies [g, g] - [g, 9] = 0. O

Note that the proposition does not hold for n = 3, because all CPA-structures on the Heisen-
berg Lie algebra n3(C) are associative, see Proposition 6.3 in [13].

Remark 3.8. One can show in general that all CPA-structures on a filiform Lie algebra g satisfy
lg,9] - [g,9] = 0. If g is not metabelian, this follows from Theorem [3.4] For metabelian filiform
Lie algebras it is proved in [I7].

We can apply the results now for special classes of filiform Lie algebras and determine all
CPA-structures explicitly. The explicit form is less complicated and is often better suited for
applications than a classification up to CPA-isomorphism. Therefore we do not give such a
classification.

We consider the classes Ly, Q,, R,, W, of filiform Lie algebras discussed in [20], Chapter 4. We
always assume that (eq,...,e,) is an adapted basis.

Definition 3.9. The Lie algebra L, for n > 3 is defined by the Lie brackets
ler, 6] =e€ir1, 2<i<n-—1

The Lie algebra @,, for n > 6 even is defined by the Lie brackets
ler, 6] =¢€i41, 2<i<n-—1,

leisen—in] = (1) e,, 2<i< %
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The Lie algebra R, for n > 5 is defined by the Lie brackets
ler, 6] =eir1, 2<i<n-—1,
lea, €] = €ira, 3<i<n-—2.
The Witt Lie algebra W, for n > 5 is defined by the Lie brackets
le1,e;] =ejp1, 2<j<n-—1,
3G 61(]1)_(]%52) €itj, 2<1< nT_l, i+1<j<n-—1i

To give a CPA-structure (V,-) on g explicitly it is enough to list the non-zero products e; - €;
forall 1 << 7 <n.

[ei7€j] =

Proposition 3.10. Fvery CPA-structure on L,, n > 5 with an adapted basis (eq,...,e,) is
either of type 1 with products

€1 €1 = g€y + +++ + Qpky,

e1 - ex = e, 1+ ven,

e1- ez = fey,

ey - ey = ey,
with arbitrary parameters oy, 5,7,0 satisfying axd + 8 =0, or of type 2 with products

€1 €1 = Qg€ + -+ + €y,
€1 ey =e3+ e, 1+ vey,
e1-ep=¢ekr1, 4<k<n-—1,

€g - €y = 0e,,

with arbitrary parameters oy, B,7,0 satisfying asd — = 0. In both cases we have [L,, L, -
L, L,] =0, but not L, - [Ly, L,] =0 in general.

Proof. A direct verification shows that the above products indeed define a CPA-structure on
L, for all given parameters. Conversely let (V,-) be a CPA-structure on g. We will show by
induction on n > 5 that (V) is either of type 1 or of type 2. For n = 5 this follows from a direct
computation. For the induction step we use that L, /Z(L,) = L,—y. Since dim(Z(L,)) =1
it follows L,, - Z(L,) = 0 from Corollary 3.4 of [I5]. Hence (V;-) induces a CPA-structure on
L,,_1, which by induction hypothesis is already of type 1 or of type 2. We may assume that
it is of type 1, because the proof for type 2 works exactly the same way. Hence we know that
the products e; - e; are of the required form up to a certain multiple of e,. Now since all left
multiplications are derivations of L,, and since we have an explicit basis of Der(L,,) with respect
to (e1,...,e,), it follows that

[L’an] : [Lna Ln] - O, ]2 : ]4 = O, Ln : I5 = 0.

Indeed, by Proposition 1 in Chapter 4 of [20], a basis of Der(g) with respect to (eq,...,e,) is
given by the 2n — 1 endomorphisms

ad<el)7 <o 7a‘d<en—1)7 tla t27 t37 h’27 Ty hn—2



12 D. BURDE AND C. ENDER

defined by
ti(er) =0, ti(e;) =€, 2<i<mn,
tao(er) = e1, tale) = (i—1)e;, 2<i<n,
ts(er) = eq, t3(e;) =0, 2<i<n,
hi(er) =0,  hi(e;) =ejp, 2<i<n-—k,
hi(ej) =0, n—k<j<n

for all 2 <k <n — 2. Hence we see that the non-zero products e; - ¢; are given as follows:

e1-e1 = ey + -+ ap_16,_1 + (e,
e1- e = feno+ Yen1 + (aen,
e1- €3 = Pep_1 + (€,
e1 - €4 = (4€n,
€+ €2 = 0€n_1 + (5€n,
ey - ez = (gen.
Since L(e;) and L(eq) are each a linear combination of the above derivations, we immediately
see that (3 =7, (4 = f and (5 = 6. By we have
0e, = e3 - €
= [e1, €] - €2
261'(62'62)—62'(61'62)

=e1 - (0en_1 + Gsen) — €2+ (Ben—a + ven—1 + Co€p)

which is equal to 0 for n > 5. Hence we have 6 = 0. Similarly we obtain

Ben—1+ Gen =e3- €
= [61, 62] " €1
261'(62'61)—62'(61'61)
= €1 (Ben—a+ ven—1+ (2€y) — €2+ (azea + - + ap_1e,1 + (165)
= —2(6En,
which gives f = 0 and as(s + (3 = 0. So we obtain exactly the CPA-structure of type 1 on
L,. OJ

Remark 3.11. For n = 4 these two types of CPA-structures in Proposition [3.10] can be merged,
but with a different condition, namely S(8 — 1) = a2 and L(es) = 0,

0 0 0 0 0000 0000
a0 0 0 ~looo0 o0 oo o0 o0
Ked=\o, g8 0ol M2=15 00 0| X =|o 00 0
ay v B0 v 6 0 0 6 0 0 0
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Proposition 3.12. Fvery CPA-structure on Q,, n > 6 even, with an adapted basis (e1, .. ., e,)
15 given as follows:

€1 €1 = ae,_1 + fey,
€16y = —Qep_1 + Ve,
€y - €3 = Qep_1 + 0€p,

with arbitrary parameters «, 3,7, 0.

Proof. Let (V,-) be a CPA-structure on @,. Then @, - [@,,®Q,] = 0 by Theorem Now
using a basis of Der(@,,) we obtain that the products are given as above by a straightforward
calculation. U

In the same way, by using the explicit form of the derivation algebra, one can show the
following result.

Proposition 3.13. Every CPA-structure on R,, n > 6 with an adapted basis (eq,. .., e,) is
either of type 1 with products

€1-€1 = gez + -+ Qpen,
er ey = ages+ -+ an_ge, 1 + Bep,
€y €y = 3€5 + +++ + Qp_3€p_1 + Ven,
or of type 2 with products
€10€, = €1 '614‘[61,@], 1 Szgn,
€90 ey = 2€e4 + €9 - €9,

egoe; = [eg, €], 3 <i <,

where e; - ej is a CPA-structure of type 1.
Remark 3.14. There is a third type of CPA-structure on R, for n = 5, given by

1
e1-e1 = ——es + aes + Pey + yes,

2
€1 €2 = ;€3 + dey + ces,
er-e3 = geq+ (0 — av)es,
€z €3 = € + (6 — a)es.

Finally, the result for W, is given as follows.

Proposition 3.15. Every CPA-structure on W,,, n > 7 with an adapted basis (eq, ..., e,) is
given as follows:
€1 €1 = aen_o+ fen_1 + Ve,
6(n —4)
ey ey = ae,_1 + de,,
1" €2 (n—2)(n—3) 1+

€9+ €9 = E€y,.
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4. CPA-STRUCTURES ON LIE ALGEBRAS OF STRICTLY UPPER-TRIANGULAR MATRICES
In this section we study CPA-structures on the Lie algebra n, (K) of strictly upper-triangular
n X n-matrices over a field K. This Lie algebra is nilpotent of class ¢ = n — 1 and dimension

%. It has a basis {Ej; | 1 < j < k < n}, where the matrices E;; have an entry 1 at
position (7, j) and 0 otherwise. The non-trivial Lie brackets are given by

[Eik, Erg = Eig, 1<j<k<{<n.
The following lemma is well known.

Lemma 4.1. Let g be the Lie algebra n,(K) with n > 4 and suppose that [z,[g,9]] = 0 for
some z € g. Then we have z € g%,

Here is the main result of this section.

Theorem 4.2. Let g be the Lie algebra n,(K) with n > 5. Then every CPA-structure (V,-) on
g is associative and the algebra (V,-) is Poisson-admissible. Moreover we have g - g C g">.

Proof. Since g is a nilpotent stem Lie algebra, all left multiplications are nilpotent by Theorem
3.6 in [I5]. Hence they are nilpotent derivations of g. By Theorem 3.2 in [24] there exists for
every nilpotent derivation D € Der(g) an u € g and a ¢ € Der(g) such that D = ad(u)+ 1 and
P(g) C g" 3, ¥([g,g]) = 0. Hence for every x € g there is a z € g and a ¢ € Der(g), depending
on z, such that L(z) = ad(z) + ¢ with these properties. We show by induction over n that
g-1]g,9] = 0. For n = 5,6 this can be verified by a direct computation. So we may assume
n > 7 for the induction step. Define Lie ideals I and J in g as follows

I =span{F;,; |2 <i<n},
J=span{E;, |1 <i<n-—1}.

Let a =1+ g¢"2 b= J+ g"? and note that g"* = span{E ,_1, B2, E1,}. Then we have
g/a=h/Z(h) with h = n,_1(K). By induction hypothesis every CPA-structure on b satisfies
h-[b,h]=0and h-h C h" % Let x € g. Then we have

x-a=L(z)(a)
= ad(z)(a) + ¢(a)
Ca+g"”,

so that g - a C a because of g" 3 C a. Now let (V,-) be a CPA-structure on g. It induces
a CPA-structure on the quotient g/a = h/Z(h), so that we have (g/a) - (g/a) C Z(g/a) and
g/a-[g/a,g/a] = 0. This implies that g- g C Z(g/a) +a and g - [g,g] C a. On the other hand
we also have g/b = b/Z(h), so that g-g C Z(g/b) + b and g - [g,g] C b. Together this yields

9-9C (Z(g/a) +a)N(Z(g/b) +b) =g",
g-[g.0] Canb=g""
Using this we obtain by @ that
g-9°Clg-gl0,0+90- (90
9,(g,0-0]] +[0,[0-9,0]] + [0, 0
g

C 7’L—3]
-
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This implies similarly that

9-9°Clg 9,07+ 19,0 9°
g,

lg.0],0-0]+1[lg. 0], [9-9,0] +[9,6"]

C g,
Cg" =0.
Since n > 7 we have g"~* D g and hence g - g"* = 0. Then, by (F)),
g-lo.0]Co-(g-9)Ca-g" " =0

It remains to show that g-g C g" 3 and not only g-g C g"* Suppose that L(x)(g) is
not Contained in g”*3 for some x € g. Then there is a 2 6 g and a ¢ € Der(g) such that

[z, 9]+ (g) € g" 2. Then [z, g] € g"® because of 1(g) C g"?, and hence z ¢ g"*. By Lemma
it follows that [ 2,19, 8]] # 0. Because of ¥([g, g]) = 0 this implies that L(z)([g, g]) # 0 and
we obtain a contradiction to g - [g, g] = 0. O

Note that the result does not hold for n = 4. There are CPA-structures on ny(K'), which are
not associative.

Remark 4.3. One can extend this result to the solvable Lie algebra t,(K) of all n X n upper-
triangular matrices over K, see Proposition 5.34 in [I7]. Every CPA-structure (V;-) on t,(K)
for n > 3 is associative and satisfies g- g C Z(g) + Z([g, g]).

ACKNOWLEDGMENTS

Dietrich Burde is supported by the Austrian Science Foundation FWF, grant P28079 and
grant 13248 and Christof Ender is supported by the Austrian Science Foundation FWF, grant
P28079.

REFERENCES

[1] C.Bai, L. Guo, J. Pei: Rota-Bazter operators on sl(2,C) and solutions of the classical Yang-Bazter equation.
J. Math. Phys. 55 (2014), no. 2, 021701, 17 pp.
[2] S. Benayadi, M. Boucetta: Special bi-invariant linear connections on Lie groups and finite dimensional
Poisson structures. Differential Geometry and its Applications 36 (2014), 66-89.
[3] F. Bratzlavsky: Classification des algébres de Lie de dimension n, de classe n — 1, dont l’idéal dérivé est
commutativ, Bull. Cl. Sci. Bruxelles 60 (1974), 858-865.
[4] D.Burde: Affine structures on nilmanifolds. International Journal of Mathematics 7 (1996), no. 5, 599-616.
[5] D. Burde: Affine cohomology classes for filiform Lie algebras. Contemporary Mathematics, Vol. 262 (2000),
159-170.
[6] D. Burde, K. Dekimpe, S. Deschamps: The Auslander conjecture for NIL-affine crystallographic groups.
Mathematische Annalen 332 (2005), no. 1, 161-176.
[7] D. Burde: Left-symmetric algebras, or pre-Lie algebras in geometry and physics. Central European Journal
of Mathematics 4 (2006), no. 3, 323-357.
[8] D. Burde, K. Dekimpe and S. Deschamps: Affine actions on nilpotent Lie groups. Forum Math. 21 (2009),
no. 5, 921-934.
[9] D. Burde, K. Dekimpe and S. Deschamps: LR-algebras. Contemporary Mathematics 491 (2009), 125-140.
[10] D. Burde, K. Dekimpe, K. Vercammen: Complete LR-structures on solvable Lie algebras. Journal of Group
Theory 13 (2010), no. 5, 703-719.
[11] D. Burde, K. Dekimpe and K. Vercammen: Affine actions on Lie groups and post-Lie algebra structures.
Linear Algebra and its Applications 437 (2012), no. 5, 1250-1263.
[12] D. Burde, K. Dekimpe: Post-Lie algebra structures and generalized derivations of semisimple Lie algebras.
Moscow Mathematical Journal, Vol. 13 (2013), Issue 1, 1-18.



16

D. BURDE AND C. ENDER

[13] D. Burde, K. Dekimpe: Post-Lie algebra structures on pairs of Lie algebras. Journal of Algebra 464(2016),

226-245.

[14] D. Burde, W. A. Moens: Commutative post-Lie algebra structures on Lie algebras. Journal of Algebra 467

(2016), 183-201.

[15] D. Burde, K. Dekimpe, W.A. Moens: Commutative post-Lie algebra structures and linear equations for

nilpotent Lie algebras. Journal of Algebra 526 (2019), 12-29.

[16] D. Burde, V. Gubarev: Rota-Baater operators and post-Lie algebra structures on semisimple Lie algebras.

Communications in Algebra, Vol. 47, Issue 5, 2280-2296 (2019).

[17] C. Ender: Post-Lie algebra structures on classes of Lie algebras. PhD-thesis, University of Vienna 2019.

https://homepage.univie.ac.at/Dietrich.Burde/papers/thesis_ender_2019.pdf

[18] K. Ebrahimi-Fard, A. Lundervold, I. Mencattini, H. Z. Munthe-Kaas: Post-Lie Algebras and Isospectral

Flows. SIGMA Symmetry Integrability Geom. Methods Appl. 11 (2015), Paper 093, 16 pp.

[19] M. Goze, E. Remm: Poisson algebras in terms of non-associative algebras. Journal of Algebra 320 (2008),

294-317.

[20] M. Goze, Y. Khakimdjanov: Nilpotent Lie algebras. Mathematics and its Applications, 361. Kluwer Aca-

demic Publishers Group, Dordrecht (1996), 336 pp.

[21] J. Helmstetter: Radical d’une algébre symétrique a gauche. Ann. Inst. Fourier 29 (1979), 17-35.
[22] H. Kim: Complete left-invariant affine structures on nilpotent Lie groups. J. Differential Geom. 24 (1986),

no. 3, 373-394.

[23] J.-L. Loday: Generalized bialgebras and triples of operads. Astrisque No. 320 (2008), 116 pp.
[24] S. Ou, D. Wang, R. Yao: Derivations of the Lie algebra of strictly upper triangular matrices over a

commutative ring, Linear Algebra and Its Applications 424 (2007), 378-383.

[25] D. Segal: The structure of complete left-symmetric algebras. Math. Ann. 293 (1992), 569-578.
[26] B. Vallette: Homology of generalized partition posets. J. Pure and Applied Algebra 208 (2007), no. 2,

699-725.

FAKULTAT FUR MATHEMATIK, UNIVERSITAT WIEN, OSKAR-MORGENSTERN-PLATZ 1, 1090 WIEN, AUs-

TRIA

FE-mail address: dietrich.burde@univie.ac.at

FAKULTAT FUR MATHEMATIK, UNIVERSITAT WIEN, OSKAR-MORGENSTERN-PLATZ 1, 1090 WIEN, AUs-

TRIA

FE-mail address: christof.ender@univie.ac.at



	1. Introduction
	2. Preliminaries
	3. CPA-structures on filiform Lie algebras
	4. CPA-structures on Lie algebras of strictly upper-triangular matrices
	Acknowledgments
	References

