Kinetic Boundary Layers and Fluid-Kinetic Coupling in Semiconductors

Pierre Degond^1 and Christian Schmeiser^2

Abstract. The semiconductor Boltzmann equation with elastic collisions as the dominating scattering effects is considered. For the corresponding fluid limit, the spherical harmonics expansion model, kinetic boundary layers are analyzed and higher order accurate boundary conditions are constructed. In a further step, boundary value problems for the energy transport model and the drift-diffusion model are derived. As an application, interface conditions for the fluid-kinetic coupling in a domain decomposition approach are presented.

Key words: Semiconductor Boltzmann equation, spherical harmonics expansion model, energy transport model, drift-diffusion model, domain decomposition, Milne problem.

AMS subject classification: 35Q20, 76P05, 82A70, 78A35

Acknowledgements: The work of the second author has been supported by the Austrian Fonds zur Förderung der wissenschaftlichen Forschung under grant Nr. P11308-MAT. It has been carried out during a visit of the second author at Univ. Paul Sabatier, Toulouse.

1MIP, UMR CNRS 9974, Université Paul Sabatier, 118 rue de Narbonne, 31062, Toulouse Cedex, France.

2Institut für Angewandte und Numerische Mathematik, TU Wien, Wiedner Hauptstraße 8–10, 1040 Wien, Austria.

1 Introduction

For many applications, a semiclassical Boltzmann equation is a sufficiently accurate model for charge transport in semiconductor crystals. However, its complexity makes its use in numerical simulations very expensive. Macroscopic models, on the other hand, are by their comparable simplicity well suited for numerical computations. The classical drift-diffusion model belongs to this category. It has been used extensively for simulation purposes despite its shortcomings regarding physical accuracy.

The derivation of macroscopic models intermediate to the Boltzmann equation and the drift-diffusion model has been the subject of a large amount of work. These attempts have been given a mathematical basis by introducing the classical Hilbert expansion method in a variant used for neutron transport models [1] to the field of semiconductor modelling [12]. It amounts to asymptotic expansions of the distribution function in terms of the Knudsen number, i.e., the scaled mean free path of the electrons. For an overview on the connection between different models by asymptotic methods see [2].

Frequently, kinetic effects cannot be neglected in the whole simulation domain. They can play an important role near boundaries and material interfaces as well as in bulk material when the electric field is large. In the first case, the accuracy of a macroscopic model can be improved by using modified boundary conditions based on higher order asymptotic expansions. For the standard drift-diffusion model, this has been carried out in [17]. The formulation of the higher order boundary conditions involves the computation of the extrapolation length [5] from the solution of a half space problem for a simplified, stationary kinetic equation [12]. In this work, we extend the results of [17] to other macroscopic models. The derivation of higher order transmission conditions for heterojunctions is the subject of [6].

For situations where kinetic effects are important in parts of the bulk material, domain decomposition strategies are natural, where the Boltzmann equation is solved in regions with strong kinetic effects and a macroscopic model is used whereever it is accurate enough. Then the two models need to be coupled at the kinetic-fluid interface. Coupling conditions connecting the Boltzmann equation and the standard drift-diffusion model have been derived in [10]. An extension of these results to other macroscopic models is carried out in this work.

The basic assumption in the following is that elastic scattering of electrons with lattice defects is the dominating effect in macroscopic regions. This means that the energy gained or lost by an electron in a scattering event is small compared to the mean energy of the electrons. The macroscopic model related to this assumption is the so called spherical harmonics expansion (SHE-) model [2], [7], [14], [16]. Its name is related to one way it can be derived [16]. Calling it a macroscopic model is not quite justified since it contains the electron energy as an independent variable. In other words, the shape of the distribution function is only specified to be isotropic. The SHE-model was referred to by one of its fathers F. Odeh as “poor man’s Boltzmann”.

From the SHE-model other macroscopic models can be derived by successively assuming the dominance of other scattering mechanisms. If electronelectron interaction is considered as the dominant effect, the distribution function is relaxed to a Fermi-Dirac distribution with arbitrary chemical potential and temperature. The corresponding fluid model is the energy transport (ET-) model [2], [3], [15], consisting of balance equations for charge and electron energy. By a direct derivation of the ET-model from the Boltzmann equation [3], compared to the derivation via the SHE-model [2], different transport coefficients are obtained. In the latter case, their evaluation is much easier since it is based on the linear elastic collision operator.

In the ET-model, the inelastic contributions of the scattering with lattice defects are contained in an energy relaxation term. For sufficiently large time scales and length scales, this term drives the temperature towards the temperature of the crystal lattice. Then the ET-model is reduced to the charge conservation equation, which can be interpreted as a generalized driftdiffusion (DD-) model for Fermi-Dirac statistics. In the nondegenerate limit it reduces to the standard drift-diffusion model.

In section 2 we consider a scaled Boltzmann equation and recall the derivation of the corresponding SHE-model. We also show that the leading order equation is actually accurate up to the order of the square of the Knudsen number.

This motivates the construction of boundary conditions in section 3, which are also second order accurate. We consider the case of general, nonequilibrium inflow data. The half space problems to be solved involve the elastic scattering operator. Simplifying physical assumptions lead to partially explicit solutions.

In section 4 we are concerned with the ET-model and the DD-model.

A heuristic derivation of the bulk equations from the SHE-model is given which can be based on formal asymptotic methods [2]. Then, by the same heuristic approach boundary conditions are constructed. The main argument for this procedure is the simplicity of the involved computations. The data in the boundary conditions can be derived from those for the SHE-model by integrations.

Interface conditions for fluid-kinetic coupling are presented in section 5, where the fluid model can be the SHE-model, the ET-model or the DD-model. This is a straightforward application of the boundary layer analysis and an adaption of the ideas in [10]. The formulation of the coupling conditions again requires the solution of certain half space problems which can be efficiently carried out by a recently developped iteration method [8]. The method is outlined in section 6, and the resulting approximations are given.

2 The Hilbert Expansion

To make this work self contained, a short formal derivation of the SHE-model is given in this section. More details can be found in [2] (see also [7], [14]). Our starting point is the following scaled Boltzmann equation for electrons in the conduction band of a semiconductor: ∂f ∂t + 1 α v · ∇_xf + 1 α ∇_xV · ∇_kf = 1 α^2

Q_0(f) + Q_1(f) (2.1)

This is an equation for the distribution function f(x, k, t), depending on position x ∈ Ω ⊂ IR^3, wave vector k ∈ B ⊂ IR^3 and time t. Here Ω denotes the region occupied by the semiconductor crystal, and B denotes the Brillouin zone, i.e. the elementary cell of the dual L^∗ of the crystal lattice. The Brillouin zone has to be understood as a representation of the torus IR^3/L^∗. Therefore any function of k will be considered as L^∗-periodic, i.e. satisfying periodic boundary conditions on ∂B.

The velocity v(k) = ∇_kε(k) is given in terms of the prescribed energy band diagram ε(k). We assume ε to be an even function of k which can be interpreted as a reflection symmetry of the crystal.

The right hand side of (2.1) describes scattering effects such as scattering of electrons with lattice defects and short range electron-electron interaction. The operator Q_0 is obtained by neglecting the energies gained or lost by an electron during collisions with lattice defects. The necessary corrections and electron-electron scattering are contained in Q_1. The elastic scattering operator Q_0 is given by

Q_0(f)(k) = ∫ B Φ(x, k, k^′)δ(ε^′ − ε)(f^′ − f)dk^′ , (2.2) where the prime denotes evaluation at k^′, δ is the one-dimensional delta measure and Φ(x, k, k^′) is the sum of the scattering cross sections for all lattice defects taken into account. As in [2] we write integrals over the Brillouin zone as ∫ B ψ(k)dk = ∫_∞ −∞ (∫ S” ψ(k)dN_ε(k) ) dε , with S_ε = {k ∈ B : ε(k) = ε} and dN_ε(k) = dS_ε(k)/|∇ε(k)|, where dS_ε(k) denotes the Euclidean surface element on S_ε. The density of states is then given by N(ε) = ∫ S” dN_ε(k) . With this notation the scattering operator (2.2) gets the form

Q_0(f) = ∫ S” Φ(x, k, k^′)(f^′ − f)dN_ε(k^′) . (2.3)

In the appendix we shall show that computations become considerably simpler, when the relaxation time model Φ(x, k, k^′) =^1_{τ (x,ε)N (ε)} is used:

Q_0(f) = 1 τ ( 1 N ∫ S” f^′dN_ε(k^′) − f ) . (2.4)

For silicon the assumption Φ(x, k, k^′) = Φ_0 and, thus, τ = (Φ_0N)^{−1} is reasonably justified.

The splitting of the collision operators in an elastic part and an inelastic correction has also been used in [7] and [2]. The precise form of Q_1 will not be important for the following and therefore no explicit expression will be given.

The dimensionless parameter α > 0 measures the relative strength of the inelastic corrections and the electron-electron scattering compared to the elastic approximation. Our main assumption is smallness of α. For a discussion of the validity of this assumption see [2]. The scaled Boltzmann equation (2.1) then gets its form by choosing appropriate scales for time, length and energy.

In this section we shall be concerned with an asymptotic expansion in powers of α of the solution of (2.1) away from boundaries. The limiting equation for the time dependent, multi-dimensional case can be found in [2]. A rigorous justification is given in [14]. Here we are interested in carrying the expansion one step further in order to achieve O(α^2)-accuracy.

For the following we shall need some assumptions on the collision operators. Let the scattering cross section Φ satisfy 0 < Φ ≤ Φ(x, k, k^′) ≤ Φ < ∞ , Φ(x, k, k^′) = Φ(x, k^′, k) = Φ(x, −k, −k^′) , (2.5) for all k, k^′ such that ε(k) = ε(k^′). Note that for the relaxation time model (2.4) these assumptions reduce to a positivity and boundedness assumption on the relaxation time τ .

The last condition in (2.5) implies that the sets of even and of odd functions of k are, respectively, invariant under the action of Q_0. This last property we also assume for Q_1. Further important properties of Q_0 can be shown. For a proof of the following lemma see [2].

Lemma 2.1 Assume (2.5) holds. Then

(i) −Q_0 is a bounded, symmetric, nonnegative operator on L^2(B; w(ε(k))dk) for every positive weight function w. Q_0(ψf) = ψQ_0(f) for every ψ = ψ(ε(k)). (ii) Ker Q_0 = {f : ∃g with f(k) = g(ε(k))}.

(iii) P f =^1_{N (ε)} ∫ S” fdN_ε(k) defines the orthogonal projection onto Ker Q_0.

(iv) R(Q_0) = (Ker Q_0)^⊥ = {f : P f = 0}.

(v) For every g ∈ R(Q_0) the equation Q_0(f) = g has a unique solution f ∈ (Ker Q_0)^⊥. If g is even (odd) then f is even (odd).

(vi) −Q_0 is coercive on R(Q_0): − ∫ S” Q_0(f)fdN_ε ≥ ΦN ∫ S” (f − P f)^2dN_ε . Now we can carry out the Hilbert expansion. The ansatz f = f_0 + αf_1 + α^2f_2 + . . .

and comparison of coefficients of α^{−2} in (2.1) gives

Q_0(f_0) = 0 =⇒ f_0(x, k, t) = F_0(x, ε(k), t) with an arbitrary function F_0 by Lemma 2.1, (ii). At the order of α^{−1} we get v · ~∇_xF_0 = Q_0(f_1) with ~∇_xF = ∇_xF + ∇_xV ∂F ∂ε . (2.6) We claim that this equation can be solved for f_1. In fact the inhomogeneity is an odd function of k since ~∇_xF_0 is even depending on k only through ε(k), and the components of v(k) are odd as derivatives of an even function. By Lemma 2.1, (iv) we have v · ~∇_xF_0 ∈ R(Q_0). The solution of (2.6) can be written as f_1(x, k) = −λ(x, k) · ~∇_xF_0(x, ε(k)) + F_1(x, ε(k)) , (2.7) with an arbitrary function F_1 and the unique solution λ ∈ (Ker Q_0)^⊥ of Q_0(λ) = −v (This equation has to be understood componentwise). Note that by Lemma 2.1, (v), the components of λ(x, k) are odd functions of k. For the relaxation time model (2.4), λ = τ v holds.

The coefficients of α^0 in (2.1) give ∂F_0 ∂t − ∇_x · (v ⊗ λ~∇_xF_0) − ∇_xV · ∇_k(λ · ~∇_xF_0) + v · ~∇_xF_1 = Q_0(f_2) + Q_1(F_0) . (2.8) The solvability condition for this equation for f_2 is an equation for F_0. We integrate (2.8) over surfaces of equal energy and obtain N ∂F_0 ∂t − ~∇_x · (D~∇_xF_0) = Q_1(F_0) , (2.9) with Q_1(F_0) = ∫ S” Q_1(F_0)dN_ε(k) and the diffusivity matrix D(x, ε) = ∫ S” λ ⊗ v dN_ε(k) whose positive definitness has been proven in [2]. For the relaxation time model this result is easy to obtain since the diffusivity matrix is then given by D = τ ∫ S” v ⊗ v dN_ε(k). An explicit formula is obtained when a constant elastic collision cross section Φ = Φ_0 and the parabolic band assumption ε = |k|^2/2 is used: Then the diffusivity matrix can be replaced by the scalar diffusivity D = 2ε/(3Φ_0).

The computations leading to (2.9) are straightforward except the integration of ∇_k(λ · ~∇_xF_0) where the following argument is used: For an arbitrary ψ = ψ(ε) we have ∫_∞ −∞ ψ ∫ S” ∇_k(λ · ~∇_xF_0)dN_ε(k)dε = − ∫ B dψ dε v(λ · ~∇_xF_0)dk = − ∫_∞ −∞ dψ dε D~∇_xF_0dε = ∫_∞ −∞ ψ ∂ ∂ε (D~∇_xF_0)dε , and, thus, ∫ S” ∇_k(λ · ~∇_xF_0)dN_ε(k) =^∂_{∂ε}(D~∇_xF_0). The SHE-equation (2.9) can be seen as the limiting equation for (2.1) as α → 0 [2].

So far our computations have been only a specialization of earlier work. Now we want to improve the accuracy by computing f_1, which means that we need an equation for F_1. This is achieved by comparing coefficients of α^1 in (2.1): ∂f_1 ∂t + v · ∇_xf_2 + ∇_xV · ∇_kf_2 = Q_0(f_3) + L_1[F_0](f_1) , (2.10)

where L_1[F_0] is the Frechet derivative of Q_1 at F_0. For the following it is important that L_1[F_0] inherits from Q_1 the property that it maps the set of even (odd) functions into itself. Returning to the equation (2.8) for f_2 we note that all the inhomogeneities except v · ~∇_xF_1 (which is odd) are even functions of k. Therefore f_2 can be written as f_2 = f_{2,even} − λ · ~∇_xF_1 where f_{2,even} is even. Using this and the representation (2.7) for f_1, the solvability condition for (2.10) becomes N ∂F_1 ∂t − ~∇_x · (D~∇_xF_1) = L_1[F_0](F_1) , (2.11)

where L_1[F_0] is the linearization of Q_1. Since (2.11) is the linearization of (2.9) the function F_0 + αF_1 satisfies (2.9) up to an O(α^2)-error. An interpretation of this fact is that no accuracy is gained by using the additional equation (2.11). An approximation f_{as} = F_{as} − αλ · ~∇_xF_{as} (2.12) can be accurate up to O(α^2) if F_{as} solves (2.9) and satisfies appropriate boundary conditions.

3 Analysis of Boundary Layers

Now we shall analyse the situation when inflow boundary conditions are prescribed along ∂Ω: f = f_B , for x ∈ ∂Ω, v · ν > 0 , where ν denotes the inward unit normal along ∂Ω. Obviously, an approximation for f of the form (2.12) cannot satisfy these conditions in general. Even for f_B = f_B(ε(k)) the boundary conditions could only be satisfied up to O(α) by (2.12). Therefore boundary layer corrections are necessary. We introduce local coordinates y in a neighbourhood of ∂Ω by x = x_B(y^′) + y_1ν(y^′), where x_B is a parametrization of the boundary with parameters y^′ = (y_2, y_3). The rescaled distance from the boundary ξ = y_1/α is a boundary layer variable. We make the ansatz

f_{as} = F_0 + f̂_0 − F_0(y_1 = 0) + α(F_1 − λ · ~∇_xF_0 + f̂_1 − F_1(y_1 = 0)) , (3.1)

with F_i = F_i(x, ε(k), t) as in the preceding section, f̂_i = f̂_i(ξ, y^′, k, t) and f̂_i(ξ = ∞) = F_i(y_1 = 0). Equating coefficients of α−2 in the Boltzmann equation (2.1) and coefficients of α^0 in the boundary conditions, we obtain the Milne problem v · ν ∂f̂_0 ∂ξ = Q_0(f̂_0) , ξ > 0 ,

f̂_0(ξ = 0, v · ν > 0) = f_B . (3.2)

We assume (as can be proven by extending the methods of [1]) that (3.2) has a unique bounded solution and that, as ξ → ∞, f̂_0 tends to an element of Ker Q_0 depending on the inflow data:

F_0(y_1 = 0) = f̂_0(ξ = ∞) = Λ[f_B] . (3.3)

This is the leading order boundary condition for the solution of (2.9). A standard result for Milne problems and a straightforward consequence of the above assumption is vanishing flux: ∫ S” v · νf̂_0dN_ε = 0 . (3.4)

The problem for the O(α)-boundary layer term is v · ν ∂f̂_1 ∂ξ + [ v · ( ∂y^′ ∂x (y_1 = 0)∇_y′f̂_0 ) + ∇_xV (y_1 = 0) · ∇_kf̂_0 ]ξ ∞ = Q_0(f̂_1) ,

f̂_1(ξ = 0, v · ν > 0) = λ(y_1 = 0) · ~∇_xF_0(y_1 = 0) , (3.5)

where we again assume existence and uniqueness of a bounded solution. Here and in the following we use the abbreviation g^ξ_∞ = g(ξ) − g(∞) for functions of ξ. The solution of (3.5) can be split in the form

f̂_1 = χ · ~∇_xF_0(y_1 = 0) + χ̃ (3.6)

where χ solves a problem of the form (3.2) with f_B replaced by λ(y_1 = 0) and χ̃ solves (3.5) with vanishing inflow data. We finally obtain

F_1(y_1 = 0) = f̂_1(ξ = ∞) = Λ[λ] · ~∇_xF_0(x = 0) + χ̃_∞ , (3.7)

with χ̃_∞ = χ̃(ξ = ∞). This is the boundary condition for (2.11).

Now we return to the comments at the end of the preceding section. An O(α^2)-approximation F_{as} of F_0 + αF_1 satisfies the boundary condition

F_{as} − αΛ[λ] · ~∇_xF_{as} = Λ[f_B] + αχ̃_∞ , (3.8)

at y_1 = 0. If this boundary condition is used together with the SHE-model (2.9), then an O(α^2)-approximation of the distribution function away from boundary layers is given by (2.12).

For inflow data f_B = f_B(ε) ∈ Ker Q_0, f̂_0 = f_B holds and therefore Λ[f_B] = f_B. Thus, the inhomogeneity in the problem for χ̃ vanishes implying χ̃ = 0. Then we still need the solution of a Milne problem for the formulation of the above boundary condition. The vector Λ[λ](ε) is a generalization of the extrapolation length [1].

We conclude this section with a few remarks about the solution of the Milne problems (3.2) and (3.5). The first observation is that there is no coupling between different values of the energy. Thus, the Milne problem can be solved by considering one surface of constant energy at a time. In other words, the values of Λ[f_B], Λ[λ] and χ̃(ξ = ∞) at different ε can be computed independently from each other.

The computation of the extrapolation length vector becomes particularly simple, when the relaxation time model (2.4) and a spherically symmetric band diagram ε = ε(|k|^2/2) are used. We assume ε(0) = 0 and ε^′ > 0. This allows us to invert: |k| = |k|(ε). Typically, a model of this kind is used as an approximation of the band diagram close to a minimum. To be consistent, we replace the Brillouin zone B by IR^3 in this case. Typical models have the form ε(1 + ε/ε_{ref} ) = |k|^2/2, including the parabolic band approximation for ε_{ref} = ∞. With the notation k = |k|sν + k^⊥ , s = k · ν |k| ∈ [−1, 1] K(ε) = |k|τ ε^′ , the Milne problem for the determination of the extrapolation length can be written as Ks ∂χ ∂ξ = 1 N ∫ S” χdN_ε(k) − χ , ξ > 0 , χ(ξ = 0) = K k |k| , s > 0 . When the solution is split into its component parallel to ν and an orthogonal part: χ = χ_νν + χ^⊥, it is easily checked that

χ^⊥ = { K^{k⊥}_{|k|} exp ( −^ξ_{Ks} ) , s > 0 , 0 , s < 0 , holds and that χ̂ = χ_ν/K only depends on η = ξ/K and s and solves the generic problem s ∂χ̂ ∂η = 1 2 ∫_1 −1 χ̂ds − χ̂ , η > 0 , χ̂(η = 0) = s , s > 0 .

This is a classical problem from radiative transfer [5]. Results about existence and uniqueness of the solution and its convergence as η → ∞ can be found in [1]. Numerical computations [5] give

χ̂(η = ∞) = Λ_c ≈ 0.7104 . (3.9)

The extrapolation length vector in the boundary conditions (3.8) is, thus, parallel to ν and given by

Λ[λ] = χ(ξ = ∞) = K(ε)Λ_cν .

This means that for equilibrium inflow data f_B = f_B(ε) all the terms in the high order boundary conditions for the SHE-model are given explicitely.

Since Λ[λ] is a positive multiple of ν, (3.8) is a Robin boundary condition and well posedness of the boundary value problem for the SHE-model can be expected. In the general case, a necessary condition for wellposedness is that Λ[λ] points into Ω. This is proved in the following.

Lemma 3.1 Assume problem (3.2) with f_B replaced by λ has a continuous solution χ converging to an element of the kernel of Q_0 as ξ → ∞. Then Λ[λ] · ν = χ(ξ = ∞) · ν > 0 holds.

Comment: The assumptions of the lemma can be proved to hold by a straightforward extension of the methods of [1].

Proof: χ_ν = χ · ν solves the scalar Milne problem v · ν ∂χ_ν ∂ξ = Q_0(χ_ν) , (3.10)

χ_ν(ξ = 0, v · ν > 0) = λ · ν . (3.11)

Integration of (3.10) over surfaces of constant energy and using the boundedness of χ_ν gives the zero flux property ∫ S” (v · ν)χ_ν dN_ε = 0 . Now we multiply (3.10) by λ · ν and integrate again: ∂ ∂ξ ∫ S” (λ · ν)(v · ν)χ_ν dN_ε = ∫ S” (λ · ν)Q_0(χ_ν)dN_ε = ∫ S” (v · ν)χ_ν dN_ε = 0 .

Integration with respect to ξ gives Λ[λ] · ν(ν^{tr}Dν) = ∫ S” (λ · ν)(v · ν)χ_ν (ξ = 0)dN_ε . (3.12)

By the positive definiteness of the diffusion matrix D it remains to prove that the right hand side of the above equation is positive.

Multiplication of (3.10) by χ_ν and integration gives ∫ S^−”

(−v · ν)χ_ν(ξ = 0)^2dN_ε = A − 2B (3.13)

with A = ∫ S+_” (v · ν)(λ · ν)^2dN^ε , B = − ∫_∞ 0 ∫ S” Q_0(χ_ν)χ_νdN_εdξ , where the surface S_ε has been split into two parts S^+_ε = {k ∈ B : ε(k) = ε, v(k) · ν > 0} and S^−_ε = {k ∈ B : ε(k) = ε, v(k) · ν < 0}. Now this splitting is carried out in the right hand side of (3.12) and the integral over S^−_ε estimated by the Cauchy-Schwarz inequality: ∫ S” (λ · ν)(v · ν)χ_ν(ξ = 0)dN_ε ≥ A − (∫ S^−” (−v · ν)(λ · ν)^2dN_ε ∫ S^−”

(−v · ν)χ_ν(ξ = 0)^2dN_ε

)_1/_2 . The first term under the square root is equal to A because of the oddness of v and λ (Lemma 2.1 (v)) and the symmetry of the Brillouin zone. For the second term under the square root we use (3.13): ∫ S” (λ · ν)(v · ν)χ_ν(ξ = 0)dN_ε ≥ A − √ A(A − 2B) ≥ B > 0 , where the last inequality follows from the coercivity of Q_0 (Lemma 2.1 (vi)) and the observation that the boundary condition (3.11) prevents χ_ν from being an element of the kernel of Q_0.

4 Application to the Energy Transport and the Drift-Diffusion Model

If other scattering mechanisms besides elastic scattering dominate in the Boltzmann equation, the complexity of the transport model (2.9) can be reduced further. We shall consider two examples: First, electron-electron interaction will be assumed to be the dominant part of the collision term Q_1(F_0). Then, the case of a dominating role of the inelastic corrections according to lattice defect scattering will be treated. Without giving full details of the derivation (which can be found in [2]), we just follow a simple recipe: All we need to know is the null set and the collision invariants of the dominating scattering terms. Then the general element of the null set is used for an ansatz for the distribution function, and the free parameters are determined from the conservation laws corresponding to the collision invariants. Here this procedure is applied to the SHE-model. A direct derivation from the Boltzmann equation (resulting in different transport coefficients) is also possible (see [3], [9]). The advantage of passing through the SHE-model will become apparent below: When the relaxation time model for the elastic collision operator is used, then explicit formulas for the transport coefficients will be obtained.

The elements of the null set of the electron-electron collision operator also lying in Ker Q_0 have the form F_{μ,T} (ε) = 1 η + e^{(ε−μ)/T} , with arbitrary μ, T ∈ IR. This is the Fermi-Dirac distribution with chemical potential μ and temperature T . The dimensionless parameter η results from scaling [2] and measures the degeneracy of the electron gas. In the nondegenerate limit η → 0, the Fermi-Dirac distribution tends to the Maxwellian e^{(μ−ε)/T} . The collision invariants corresponding to the two degrees of freedom are 1 and ε.

Now we apply the procedure described above. We make the ansatz F_{as}(x, ε, t) = F_{μ(x,t),T (x,t)}(ε) , define the macroscopic density and energy by n(μ, T ) = ∫_∞ −∞ F_{μ,T} (ε)N(ε)dε , nE(μ, T ) = ∫_∞ −∞ F_{μ,T} (ε)εN(ε)dε , multiply (2.9) by 1 and, respectively, ε and integrate with respect to ε. A preliminary step in this computation is ~∇_xF_{μ,T} = F_{μ,T} (1 − ηF_{μ,T} ) [ ∇_x ( μ T ) − 1 T ∇_xV − ε∇_x ( 1 T )] . The resulting relations are the charge conservation and energy conservation equations ∂n ∂t − ∇_x · [ D_{11} ( ∇_x ( μ T ) − 1 T ∇_xV ) − D_{12}∇_x ( 1 T )] = 0 , ∂nE ∂t − ∇_x · [ D_{21} ( ∇_x ( μ T ) − 1 T ∇_xV ) − D_{22}∇_x ( 1 T )]

+∇_xV [ D_{11} ( ∇_x ( μ T ) − 1 T ∇_xV ) − D_{12}∇_x ( 1 T )] = Q_{nE} , (4.1)

with D_{ij} (μ, T ) = ∫_∞ −∞ ε^{i+j−2}DF_{μ,T} (1 − ηF_{μ,T} )dε , (4.2) Q_{nE} (μ, T ) = ∫_∞ −∞ εQ_1(F_{μ,T} )dε . Here we have assumed charge conservation, i.e. the integral of Q_1 with respect to ε vanishes. This means that we do not consider interactions with other energy bands or other valleys of the same energy band.

Equations (4.1) are a version of the ET-model which is well established in the literature. An account of different approaches to the computation of the transport coefficients can be found in [3].

Q_{nE} can be interpreted as an energy relaxation term [2]. The diffusion matrix (D_{ij} ) is symmetric and positive definite [2]. If the relaxation time model (2.4) is used, then the diffusion matrix is given by D_{ij} (μ, T ) = ∫ B τ ε^{i+j−2}v ⊗ vF_{μ,T} (1 − ηF_{μ,T} )dk . This explicit formula is the main motivation to derive the ET-model via the SHE-model. It simplifies even further when the assumptions of a constant elastic scattering cross section Φ = Φ_0, of a parabolic band diagram ε =

|k|^2/2 and nondegeneracy η → 0 are used [2]. By isotropy the submatrices D_{ij} can be reduced to scalars and we have:

(D_{ij} ) = ( 1 2T 2T 6T^2 ) √ T 2 n 3π^{3/2}Φ_0

. (4.3)

The term Q_{nE} results from the inelastic corrections corresponding to the interaction of electrons with lattice defects. As mentioned above it is an energy relaxation term with the tendency to drive the electron temperature T towards the (given, constant) lattice temperature T_L. For sufficiently long time scales and length scales, Q_{nE} is the dominating term in (4.1). In this case a further simplification amounts to replacing the energy balance equation in (4.1) by the relation T = T_L. Then the model reduces to the charge conservation equation ∂n(μ, T_L) ∂t − ∇_x · [ D_{11}(μ, T_L) T_L ∇_x(μ − V ) ] = 0 (4.4)

for the determination of μ. Models of this form have been derived from the Boltzmann equation in [9] and [13] using simplified collision models driving the distribution function towards a Fermi-Dirac distribution with T = T_L. In [13] an explicit formula for the diffusivity has been derived. It differs from (4.2) which can be easily explained by the differences in the collision model. We conclude our discussion of transport models by the observation that in the nondegenerate limit η → 0 equation (4.4) reduces to the classical drift-diffusion model for semiconductors (see, e.g., [11]), and (4.4) can be considered as a generalized drift-diffusion (DD-) model including degeneracy effects.

The derivation of the transport models (4.1) and (4.4) for bulk material from the SHE-model (2.9) can be based on formal asymptotic expansions which in turn can be rigorously justified. For the derivation of the corresponding boundary conditions from (3.8) we shall follow a more heuristic approach based on mimicking the procedure used in the bulk. For the ETmodel we look for boundary conditions for the density and the energy. These can be obtained from (3.8) by substituting the Fermi-Dirac distribution for F_{as}, multiplying by N and, respectively, by εN and integrating with respect to ε:

n − αΛ_{11} · ( ∇_x ( μ T ) − 1 T ∇_xV ) + αΛ_{12} · ∇_x ( 1 T )

= Λ_0[f_B] + αχ̃_{∞0} , nE − αΛ_{21} · ( ∇_x ( μ T ) − 1 T ∇_xV ) + αΛ_{22} · ∇_x ( 1 T ) = Λ_1[f_B] + αχ̃_{∞1} , (4.5)

for x = 0, with

Λ_j[f_B] = ∫_∞ −∞ Λ[f_B](ε)ε^jN(ε)dε , χ̃_{∞j} = ∫_∞ −∞ χ̃_∞(ε)ε^jN(ε)dε , and the matrix of extrapolation length vectors

Λ_{ij}(μ, T ) = ∫_∞ −∞ ε^{i+j−2}Λ[λ]F_{μ,T} (1 − ηF_{μ,T} )N(ε)dε . When the ET-model is used together with the boundary conditions (4.5), it can be expected that certain kinetic effects near the boundaries are taken into account.

The reduction to the DD-model is again simple. The first equation in (4.5) with T = T_L is a boundary condition for (4.4). It has already been derived for the nondegenerate case in [17] directly from the Boltzmann equation. The extrapolation length derived there differs from ours, since it is determined from the solution of a Milne problem for a different collision operator.

Finally, we keep track of the simplifications which can be obtained by using the relaxation time model and a spherically symmetric band diagram. In this case N(ε) = 4π|k|/ε^′ holds, and we recall the result Λ[λ] = τ |k|ε^′Λ_cν from the preceding section. The extrapolation matrix is therefore given by

Λ_{ij}(μ, T ) = 4πΛ_cν ∫_∞ 0 τ |k|^2ε^{i+j−2}F_{μ,T} (1 − ηF_{μ,T} )dε . With the parabolic band assumption ε = |k|^2/2, the nondegenerate limit η → 0 and a constant elastic scattering cross section Φ = Φ_0, the extrapolation matrix becomes

(Λ_{ij}) = ( 1 3T/2 3T/2 15T^2/4 ) Λ_cn 4πΦ_0 ν . A comparison with the matrix of diffusivities (4.3) shows that the two matrices are in general not multiples of each other, meaning that it is not the electron flux and the energy flux appearing in the boundary conditions (4.5).

5 Fluid-Kinetic Coupling

In applications it occurs frequently that regions, where a macroscopic model is a sufficiently accurate description of the flow, coexist with regions where kinetic effects are important. In these cases, a domain decomposition approach to the numerical simulation of the flow seems natural. A macroscopic model can be used whereever it is accurate enough, and a kinetic model is used only in the regions with significant kinetic effects. This raises the question of finding appropriate coupling conditions at the fluid-kinetic interfaces. For coupling between the nondegenerate drift-diffusion model and the Boltzmann equation, a strategy based on a boundary layer analysis has been developped recently by Klar [10]. In this section, his ideas are adapted to the SHE-model (2.9), the ET-model (4.1), and the DD-model (4.4).

When the solution of the kinetic problem is close enough to equilibrium at the interface, then the coupling problem is not very critical and can be handled by standard approaches such as a straightforward adaption of the Marshak conditions used in radiative transfer (see, e.g., [4]). For a nonequilibrium situation at the interface, however, it has been pointed out in [10] and shown by numerical experiments that a more refined approach is necessary. The boundary layer analysis of the preceding section can be used.

We consider a situation where the Boltzmann equation is solved in the complement of Ω ⊂ IR^3 and the SHE-model, the ET-model, or the DDmodel for x ∈ Ω. For given outflow data f_{out} = f(x ∈ ∂Ω, v · ν > 0) from the kinetic region, the two preceding sections tell us how to compute boundary conditions for the macroscopic models. After solving the problem for x ∈ Ω, one step of an iteration procedure (called Schwarz iteration in the domain decomposition literature) is completed by solving the Boltzmann equation outside of Ω. Therefore we need to discuss the construction of inflow data f_{in} = f(x ∈ ∂Ω, v · ν < 0) from the outflow data and from the macroscopic solution in Ω.

We start by rewriting some results of section 3. With the notation F_{as} = F_0 + αF_1, the representation (3.1) shows that the approximation f_{as} = F_{as} − F_{as}(x ∈ ∂Ω) − αλ · ~∇_xF_{as} + f̂_0 + αf̂_1 of the distribution function in the boundary layer is accurate up to O(α^2). Also, the first order boundary layer term can be decomposed as in (3.6) f̂_1 = χ · ~∇_xF_{as} + χ̃ , where χ solves a Milne problem with inflow data λ, and χ̃ solves a Milne problem with homogeneous inflow data and an inhomogeneous transport equation where the inhomogeneity depends on f̂_0. In the resulting formula for f_{as}, the terms f̂_0 and χ̃ depend on the boundary data f_B, and the remaining terms are given in terms of F_{as}. Now the inflow data for the kinetic region are determined by replacing f_B by the outflow data and evaluating f_{as}(x ∈ ∂Ω, v · ν < 0). We obtain f_{in} = A[f_{out}] + α(A[λ] − λ) · ~∇_xF_{as} + αχ̃(ξ = 0, v · ν < 0) , (5.1) where A is the Albedo operator for the Milne problem, mapping the incoming part of the distribution function to the outgoing part. A peculiarity of this boundary condition for the kinetic problem becomes apparent when the flux into the boundary from the kinetic region is computed: ν · ∫ B vf dk = ∫_∞ 0 [∫ S+_” (v · ν)f^{out}dN^ε + ∫ S^−” (v · ν)A[f_{out}]dN_ε ] dε +α ∫_∞ 0 [∫ S^−” (v · ν)(A[λ] − λ)dN_ε ] · ~∇_xF_{as}dε +α ∫_∞ 0 ∫ S^−” (v · ν)χ̃(ξ = 0)dN_εdε . With the property ∫ S+_” (v · ν)f^BdN^ε + ∫ S^−” (v · ν)A[f_B]dN_ε = 0 of the Albedo operator, the right hand side can be written as −αν · ∫_∞ 0 D~∇_xF_{as}dε + α ∫_∞ 0 ∫ S^−” (v · ν)χ̃(ξ = 0)dN_εdε . The first term is the flux out of the boundary into the macroscopic region. The second term does not vanish in general. This means that the condition (5.1) violates local flux conservation. The integral of this term along the boundary ∂Ω, however, vanishes. Globally, charge is conserved. A physical interpretation is by electrons entering Ω, then remaining within the boundary layer before leaving Ω again through a different point on the boundary. To prove our claim that charge is conserved globally, we derive the identity ∫ S^−”

(v · ν)χ̃(ξ = 0)dN_ε = ∫_∞ 0 ∂y^′_j ∂x_i (y_1 = 0) ∂J_i ∂y^′_j dξ , (5.2) where the summation convention and the abbreviation J = ∫ S” vf̂_0dN_ε are used. Equation (5.2) is obtained by integrating the differential equation (3.5) for χ̃ over S_ε and with respect to ξ from 0 to ∞, and by using the fact that χ̃ satisfies a homogeneous inflow condition at ξ = 0.

Let R ⊂ IR^2 denote the parameter region for the parametrization of ∂Ω = x_B(R). Recall the local coordinate transformation x = x_B(y^′)+y_1ν(y^′) with y^′ = (y_2, y_3). With the notation D = | | |det ∂x ∂y | | | , we have ds = D(y_1 = 0)dy^′ for the Euclidean surface element ds on ∂Ω. The total flux through the boundary of particles with energy ε due to χ̃ can therefore be written as F = ∫ ∂Ω ∫ S^−” (v · ν)χ̃(ξ = 0)dN_εds = ∫ R ∫_∞ 0 ∂y^′_j ∂x_i (y_1 = 0)D(y_1 = 0) ∂J_i ∂y^′_j dξdy^′ . (5.3) In the following we shall use the identity ∇_y · ( ∂y ∂x_i D ) = 0 , i = 1, 2, 3,

valid for every smooth coordinate transformation. It implies ∂y^′_j ∂x_i (y_1 = 0)D(y_1 = 0) ∂J_i ∂y^′_j = ∇_y′ · ( ∂y^′ ∂x_i (y_1 = 0)D(y_1 = 0)J_i )

+J_i ∂ ∂y_1 ( ∂y_1 ∂x_i D ) (y_1 = 0) .

The second term vanishes since by^{∂y}1_{∂x} = ν this term is independent of y_1, and J · ν = 0 by (3.4). Finally, the divergence theorem is applied to the integral over R in (5.3), implying F = 0, which proves our claim.

The equation (5.1) can be used for all the macroscopic models we consider here: The difference is only that for the SHE-model F_{as} is a general function of the energy, while for the ET-model and the DD-model it is a Fermi-Dirac distribution (with T = T_L for the DD-model).

Of course, for an implementation of the boundary conditions (3.8) or (4.5) for the kinetic-to-fluid coupling and (5.1) for the fluid-to-kinetic coupling, it is necessary to solve Milne problems very efficiently. An iterative procedure, based on a Chapman-Enskog type expansion has been developped in [8]. It has been implemented in [10] for kinetic-drift-diffusion coupling and it proved to be very efficient. We suggest to use the Milne problem for the elastic collision operator for two reasons: First, it is linear and the iterative method of [8] can be applied (Explicit results are given in the following section.) Second, it has a physical justification since in many applications the elastic part of the scattering operator dominates. A numerical implementation is the subject of future work.

6 Approximate Solution of Milne Problems

In this section approximations for the solutions of Milne problems are computed. The resulting formulas are needed for an implementation of the boundary conditions (3.8) or (4.5) for macroscopic models and for the fluid-to-kinetic coupling conditions (5.1). The iteration procedure of [8] is adapted to the present situation. Explicit computations are possible for the relaxtion time model for Q_0, and with the assumption of an isotropic band diagram: ε = ε(|k|^2/2), B = IR^3 with ε(0) = 0 and ε^′ > 0.

We first consider the Milne problem (3.2). We introduce normalized vectors t_1 and t_2 tangential to ∂Ω such that {ν, t_1, t_2} becomes an orthonormal basis of IR^3. Then the variable transformation from k ∈ IR^3 to (ε, s, φ) ∈ [0, ∞) × [−1, 1] × [0, 2π) is determined by k = |k|(ε)(sν + √ 1 − s^2 cos φ t_1 + √ 1 − s^2 sin φ t_2) .

With ξ = Kη (as in section 3), (3.2) can be written as s ∂f̂_0 ∂η = 1 4π ∫_1 −1 ∫_2π 0 f̂^′_0dφ^′ds^′ − f̂_0 ,

f̂_0(η = 0, s > 0) = f_B .

For the averages with respect to φ,

f_0 = 1 2π ∫_2π 0 f̂_0dφ , f_B = 1 2π ∫_2π 0 f_Bdφ , we have

f̂_0 = f_0 + { e^{−η/s}(f_B − f_B) , s > 0 , 0 , s < 0 , (6.1) and s ∂f_0 ∂η = 1 2 ∫_1 −1 f^′_0ds^′ − f_0 ,

f_0(η = 0, s > 0) = f_B . (6.2)

Formula (6.1) shows that both the asymptotic state Λ[f_B] and the Albedo operator A[f_B] can be computed from the solution of the φ-independent Milne problem (6.2). For this problem the iteration procedure of Golse and Klar [8] is applied. One iteration step consists of the following substeps:

1. Obtain the mass balance equation by integrating the transport equation, ∂ ∂η ∫_1 −1 sf_0ds = 0 ,

and compute the flux by taking into account the situation at η = ∞:

∫_1 −1 sf_0ds = 0 . (6.3)

2. Compute a second macroscopic equation by multiplying the transport equation by s and integrating again. Use the result of step 1: ∂ ∂η ∫_1 −1 s^2f_0ds = −

∫_1 −1 sf_0ds = 0 . (6.4)

3. Replace the solution of the Milne problem by an element c_1 of the kernel of the collision operator (i.e., c_1 independent of s) in (6.4) and in the gain term of the transport equation. Solve the resulting problem, 2 3 ∂c_1 ∂η = 0 , s ∂f_{01} ∂η = c_1 − f_{01} , f_{01}(η = 0, s > 0) = f_B ,

explicitly:

c_1 independent of η,

f_{01} = c_1 + { e^{−η/s}(f_B − c_1) , s > 0 , 0 , s < 0 . 4. Compute the free constant in c_1 by enforcing the flux equation (6.3) at η = 0:

∫_1 −1 sf_{01}(η = 0)ds = 0 =⇒ c_1 = 2

∫_1 0 sf_Bds . Now the procedure is iterated by applying the above steps to the Milne problem satisfied by f_0 −f_{01}. The computations are straightforward but lengthy and, therefore, omitted here. The result are the following approximations for the asymptotic state and for the Albedo operator:

Λ[f_B] ≈

∫_1 0 [ (1 − 3s^2)s ( s ln s + 1 s − 1 ) + 2s(1 − A) ] f_Bds , A[f_B] ≈ Λ[f_B] +

∫_1 0 [ s^′ ( 3s^2 + 3 2 s − s(1 − 3s^2) ln s − 1 s )

+ 1 2 (1 − 3s^{′2}) s^′ s^′ − s ] f^′_Bds^′ , with A = ∫_1 0 (1 − 3s^2)s ( s ln s + 1 s − 1 ) ds = 13 − 16 ln 2 30 ≈ 6.365 × 10^{−2} .

An approximation for the constant Λ_c (see (3.9)) is obtained by setting f_B = s: Λ_c ≈ 3 4 − 2 3 A ≈ 0.7076 .

Compared to the value given in (3.9), the approximation has a relative error of roughly 0.4%. This accuracy motivates us, not to carry the iteration further. For the fluid-to-kinetic coupling we also need A[λ] ≈ Kν [ Λ_c + s ( s 2 − 1 3 ) ln s − 1 s − 1 8 + 1 2 s + 1 4 s^2 − 3 2 s^3 ] . Finally, the asymptotic state and the outgoing distribution for the Milne problem v · ν ∂χ̃ ∂ξ + [ v · ( ∂y^′ ∂x ∇_y′f̂_0 ) + ∇_xV (y_1 = 0) · ∇_kf̂_0 ]ξ ∞ = Q_0(χ̃) ,

χ̃(ξ = 0, v · ν > 0) = 0 , (6.5)

have to be computed. Unfortunately, the application of the approximation procedure to this problem leads to very involved computations and the resulting formulas are too complicated to be practically useful. Also we recall from the preceding section that the terms involving χ̃ in the fluid-to-kinetic coupling violate local flux conservation. Therefore we suggest to replace (6.5) by a problem where only one-dimensional effects in the direction orthogonal to the boundary are included. Thus, in the inhomogeneity we omit the derivatives with respect to y^′ (i.e., along the boundary) and the tangential components of the electric field. Also we use the same variable transformations as above: s ∂χ̃ ∂η − E_ν [ Ks ∂f̂_0 ∂ε + τ |k| (1 − s^2) ∂f̂_0 ∂s ]η ∞ = 1 4π ∫_1 −1 ∫_2π 0 χ̃^′dφ^′ds^′ − χ̃ , χ̃(η = 0, s > 0) = 0 ,

with

E_ν = −∇_xV (y_1 = 0) · ν .

A similar argument as above shows that it suffices to solve the φ-averaged problem. As approximation for f_0 we use f_{01}: s ∂χ ∂η − E_ν [ Ks ∂f_{01} ∂ε + τ |k| (1 − s^2)

∂f_{01} ∂s ]η ∞ = 1 2 ∫_1 −1 χ^′ds^′ − χ , χ(η = 0, s > 0) = 0 .

We carry out one step of the approximation procedure. The result is χ̃(ξ = ∞) ≈ −3E_ν τ |k| ∫_1 0 ( s^2 − s 4 − s^3 ln s + 1 s ) f_Bds , χ̃(ξ = 0, s < 0) ≈ χ̃(ξ = ∞) − 3 2 E_ν τ |k| ∫_1 0 [ s^{′2} s − s^′ + s^′ ( 1 + 2s + 2s^2 ln s − 1 s )] f^′_Bds^′ . References

[1] C. Bardos, R. Santos, R. Sentis, Diffusion approximation and computation of the critical size, Trans. AMS 284 (1984), pp. 617–649.

[2] N. Ben Abdallah, P. Degond, On a hierarchy of macroscopic models for semiconductors, J. Math. Phys. 37 (1996), pp. 3306–3333.

[3] N. Ben Abdallah, P. Degond, S. Genieys, An energy-transport model for semiconductors derived from the Boltzmann equation, J. Stat. Phys. 84 (1996), pp. 205–231.

[4] K.M. Case, P. Zweifel, Linear Transport Theory, Addison Wesley, 1967.

[5] S. Chandrasekhar, Radiative Transfer, Dover, New York, 1950.

[6] P. Degond, C. Schmeiser, Macroscopic models for semiconductor heterostructures, preprint, Univ. Paul Sabatier, Toulouse, 1996.

[7] P. Dmitruk, A. Saul, L. Reyna, High electric field approximation to charge transporet in semiconductor devices, Appl. Math. Letters 5 (1992), pp. 99–102.

[8] F. Golse, A. Klar, A numerical method for computing asymptotic states and outgoing distributions for kinetic linear half-space problems, J. Stat. Phys. 80 (1995), pp. 1033–1061.

[9] F. Golse, F. Poupaud, Limite fluide des equations de Boltzmann des semiconducteurs pour une statistique de Fermi-Dirac, Asymptot. Anal. 6 (1992), pp. 135–160.

[10] A. Klar, Asymptotic-induced domain decomposition methods for kinetic and drift-diffusion semiconductor equations, preprint, Univ. Kaiserslautern, 1996.

[11] P.A. Markowich, C. Ringhofer, C. Schmeiser, Semiconductor Equations, Springer-Verlag, Wien, 1990.

[12] F. Poupaud, Diffusion approximation of the linear semiconductor equation: analysis of boundary layers, Asymptotic Anal. 4 (1991), pp. 293– 317.

[13] F. Poupaud, C. Schmeiser, Charge transport in semiconductors with degeneracy effects, Math. Meth. in the Appl. Sci. 14 (1991), pp. 301– 318.

[14] C. Schmeiser, A. Zwirchmayr, Elastic and drift-diffusion limits of electron-phonon interaction in semiconductors, to appear in Math. Models and Meth. in Appl. Sci. (1998).

[15] R. Stratton, Diffusion of hot and cold electrons in semiconductor barriers, Phys. Rev. 126 (1962), pp. 2002–2014.

[16] D. Ventura, A. Gnudi, G. Baccarani, F. Odeh, Multidimensional spherical harmonics expansion of Boltzmann equation for transport in semiconductors, Appl. Math. Lett. 5 (1992), pp. 85–90.

[17] A. Yamnahakki, Second order boundary conditions of drift-diffusion equations of semiconductors, Math. Models and Meth. in Appl. Sci. 5 (1995), pp. 429–456.