On a mathematical model for hot carrier injection in semiconductors

Naoufel Ben Abdallah^{(1)} Pierre Degond^{(1)} Christian Schmeiser^{(2)}

(1) Centre de Mathématiques et de Leurs Applications, C.N.R.S., URA 1611 E.N.S. de Cachan 61, avenue du Président Wilson, 94235 Cachan Cedex, FRANCE

(2) Institut für Angewandte und Numerische Mathematik TU WIEN Wiedner Hauptstraße 8–10 1040 Wien, AUSTRIA.

Acknowledgements

This research was carried out while the third author was visiting the ENS de Cachan on an associate professor position. The work of the third author has also been supported by the Austrian “Fonds zur Förderung der wissenschaftlichen Forschung”.

Abstract

We study a collisionless transport model for electrons in a semiconductor, and we perform an asymptotic analysis for low temperatures or large applied biases. We derive analytic relations for the built-in potential and for the current which flows through the structure.

KEY WORDS : Vlasov-Poisson equation, Asymptotic expansions, Child-Langmuir law.

AMS SUBJECT CLASSIFICATION : 78A35, 82A70, 35B25

1 Introduction

The operation of a semiconductor device heavily depends on the injection mechanism of carriers into the active regions through the junctions with the access zones. The built-in potential barrier sitting at such a junction reflects the low energy carriers, and only allows the energetic carriers to penetrate the active regions. For a unipolar N^+ − N^− − N^+ structure for instance, the built-in potential at equilibrium is given by the relation

V_{bi} = U_{th} log

N^+ N^− , where U_{th} = k_BT/q is the thermal voltage and N^+, N^− are respectively the doping densities of the N^+ and N^− regions. However, away from equilibrium and, in particular, at high injection levels, no rigorously proved analytical formula for the built-in potential is known.

In the present paper, we shall consider a collisionless transport model, the Vlasov- Poisson equation, and we shall perform an asymptotic analysis for large applied biases compared with the thermal voltage. Such an analysis has already been performed in the vacuum diode case (see [5], [6] or [9]), and gives rise to the so-called “Child- Langmuir” regime. The application of the Child-Langmuir theory to semiconductors has been performed in [13], but some particular features of carrier injection in semiconductors had not been taken into account. In particular, in [13] the built-in potential is not considered. In the vacuum diode theory [6], the built-in potential tends to zero as the ratio of the thermal voltage to the applied bias tends to zero.

We shall propose a scaling which provides a finite built-in potential barrier at the source junction, and a potential drop at the drain junction. This is consistent with potential profiles obtained by numerical simulations [1]. In such a scaling, we account for the fact that the doping density in the N^+ region is very large. If the distribution function in the N^+ regions is assumed Maxwellian, the built-in potential barrier is (in the limit of small thermal voltages compared with the applied bias) given by

V_{bi} = U_{th} log ( 9 8 √ π √ U_{th} qL^2N^+ ε_s 1 ϕ^{3/2}_A ) , (1.1)

where q is the elementary charge, L is the length of the N^− region, ε_s is the medium permittivity, and ϕ_A is the applied bias. A similar potential drop is obtained at the drain junction. A slight correction to formula (1.1) must be incorporated to account for the doping density of the N^− region :

V_{bi} = U_{th} log ( 1 Γ √ U_{th} qL^2N^+ ε_s 1 ϕ^{3/2}_A ) , (1.2)

where Γ is a function of n_D = qL^2N^−/ε_sϕ_A implicitely given by the relation

∫_1 0 du √ 2Γ √ u/π − 2n_Du = 1 . (1.3)

The relations (1.2) and (1.3) are valid for n_D not too large, namely for n_D < π^2/2.

Within the framework of the same asymptotics, a formula for the current which flows through the structure is obtained. When the N^− doping density is neglected, this current is simply the Child-Langmuir current:

J = 4 9 ε_s √ 2q m ϕ^{3/2}_A L^2

, (1.4)

where m is the effective electron mass. When the N^− doping density is incorporated, the current is given by

J = Γ 2 √ π ε_s √ 2q m ϕ^{3/2}_A L^2

(1.5)

where Γ is still given by (1.3).

Since our analysis relies on the stationary Vlasov-Poisson model, we shall refer to [8], [11], [12], for the existence theory and to [5], [6], for earlier mathematical sudies of the Child-Langmuir asymptotics for vacuum diodes. We also point out that the incorporation of collision terms has been investigated in [3], [4], and that the influence of a backgroung doping density has been analyzed in [2]. However, these latter studies did not produce any potential barrier in the asymptotic regime, and thus, their relevance for semiconductors is questionable. The present analysis also indicates that an algorithmic treatment of the injection boundary conditions in the spirit of [7] would be possible, and would perhaps improve or, at least, facilitate the numerical simulations of the semiconductor Boltzmann equation. This, together with comparisons between formulae (1.2) – (1.5) and (numerical) experiments, will be investigated in future work.

2 Scaling

We consider a one-dimensional unipolar semiconductor structure which consists of two highly doped N^+ regions on each side of a lowly doped N^− region. We solve for the electron distribution F (X, V ) in the N^− region, where X ∈ [0, L], V ∈ IR, and L is the length of the N^− region. We shall consider that X = 0 stands for the N^+ − N^− junction on the source side, and X = L for the junction at the drain side. Neglecting collisions, the equation for F is the one-dimensional stationary Vlasov equation:

V ∂F ∂X + q m dΦ dX ∂F ∂V = 0, X ∈ [0, L], V ∈ IR , (2.1)

where q is the absolute value of the elementary charge, m is the electron effective mass in the medium, and Φ(X), X ∈ [0, L] is the electrostatic potential. Φ solves the Poisson equation

d^2Φ dX^2 = q ε_s (N(X) − N_D(X)), X ∈ [0, L] , (2.2) where N(X) is the electron density, given by

N(X) = ∫ ∞ −∞ F (X, V )dV , (2.3) and N_D(X) is the background doping density in the N^− region. In all the sequel, we shall assume that N_D(X) = N_D is constant.

We assume that at both ends of the N^− region the incoming distribution function is known, given from the equilibrium distributions in the N^+ regions. Not to be too specific, we shall denote by ḡ_0(|v|) and ḡ_1(|v|), the normalized electron distribution functions in the N^+ regions on the source and drain sides respectively, satisfying the normalization condition ∫ ∞ 0 ḡ_0(v)dv = ∫ ∞ 0 ḡ_1(v)dv = 1 2 . Then, we prescribe

F (0, V ) =^{N +0}_{Vth} ḡ_0 ( V V_{th} ) , V > 0 , F (L, V ) =^{N +1}_{Vth} ḡ_1 ( |V | V_{th} ) , V < 0 , (2.4)

where N^+_0 and N^+_1 are the doping densities of the N^+ regions on the source and drain sides respectively, and

V^2_{th} = 2k_BT m (2.5)

is the thermal velocity associated with the lattice temperature T , assumed to be uniform in the whole structure. By k_B we denote the Boltzmann constant. A fundamental example for the incoming distribution functions is given by two Maxwellian distributions

ḡ_0(v) = ḡ_1(v) = 1 √ π e^{−v2} . (2.6)

Finally, the potential of the source N^+ region is taken as reference potential, and the potential of the drain N^+ region is identified with the applied bias Φ_A. This leads to the following boundary conditions for the Poisson equation (2.2) :

ϕ(0) = 0, ϕ(L) = ϕ_A > 0 . (2.7)

We now introduce a scaling, which is inspired from our previous studies of the so-called Child-Langmuir regime [6]. We consider the following scales for length X̄, potential Φ̄, velocity V̄ , density N̄, distribution function F̄ and current J̄ :

X̄ = L, Φ̄ = ϕ_A, V̄ = √2qϕ_A/m, N̄ = ε_sϕ_A/qL2, F̄ = N̄/V̄ , J̄ = −eN̄V̄ . (2.8)

The velocity V̄ is the one reached at the drain by a particle starting from the source with velocity 0, if only the external field is considered. The density N̄ is the one needed over a distance L to produce a potential difference of the order of ϕ_A. Notice that our choice of potential unit is not the thermal voltage

U_{th} = k_BT q = m 2q V^2_{th} , (2.9)

as commonly used in semiconductor studies [10]. This is because our main concern is high injection levels, where ϕ_A is large compared to U_{th}.

We now use lower-script letters for variables after scaling. The equations then become

v ∂f ∂x + 1 2 dφ dx ∂f ∂v = 0 , x ∈ (0, 1), v ∈ IR, (2.10)

φ^{′′} = n − n_D , x ∈ (0, 1), (2.11)

n(x) = ∫ ∞ −∞ f(x, v)dv , x ∈ (0, 1), (2.12) with the scaled version n_D = N_D/N̄ of the doping density in the N^− region.

The scaled boundary conditions (2.4) for the distribution function are

f(0, v) = 1 ελ^2 ḡ_0 ( v ε ) , v > 0 ,

f(1, v) = 1 ελ^2 ( N^+_1 N^+_0 ) ḡ_1 ( |v| ε ) , v < 0 , (2.13)

where we have introduced the dimensionless parameters

ε = √ U_{th} ϕ_A , λ = λ_D L = 1 L √ ε_sϕ_A qN^+_0

. (2.14)

The high injection level assumption means ε ≪ 1. Also in applications the Debye length

λ_D = √ ε_sϕ_A qN^+_0

of the source N^+ region will always be much smaller than the length of the N^− region. Therefore, we assume λ^2 ≪ 1. The remaining dimensionless parameters n_D and N^+_1 /N^+_0 are assumed to be O(1). This means that the doping densities of the two N^+ regions are of the same order of magnitude. For simplicity, we introduce g_0(v) = ḡ_0(v), g_1(v) =

N^+_1 N^+_0 ḡ_1(v),

so that (2.13) is written as

f(0, v) = 1 ελ^2 g_0 ( v ε ) , v > 0 ,

f(1, v) = 1 ελ^2 g_1 ( |v| ε ) , v < 0 . (2.15)

Finally, the boundary conditions (2.7) for the potential turn into

φ(0) = 0 , φ(1) = 1 . (2.16)

Let us now summarize the problem. We are interested in a situation where λ is connected to ε by some relation λ^ε which will be introduced later. Then, we are looking at the behaviour when ε → 0 of the solution (f^ε, φ^ε, n^ε), of the following problem:

v ∂f^ε ∂x + 1 2 dφ^ε dx ∂f^ε ∂v = 0 , x ∈ (0, 1) , v ∈ IR , (2.17)

(φ^ε)^{′′} = n^ε − n_D , x ∈ (0, 1) , (2.18)

n^ε(x) = ∫ ∞ −∞ f^ε(x, v)dv , x ∈ (0, 1) , (2.19)

f^ε(0, v) = 1 ε(λ^ε)^2 g_0 ( v ε ) , v > 0 ,

f^ε(1, v) = 1 ε(λ^ε)^2 g_1 ( v ε ) , v < 0 , (2.20)

φ^ε(0) = 0 , φ^ε(1) = 1 . (2.21)

In the previous studies on the Child-Langmuir asymptotics [3], [5], [6], we used (λ^ε)^2 = ε, g_1 = 0; and we proved that φ^ε(x) → φ^0(x) where φ^0 satisfies the boundary condition φ^0(0) = 0. This means that the potential barrier (if any) of φ^ε(x) tends to zero as ε → 0. In the present paper, we want φ^0(0) = −β < 0, which means that the potential barrier remains finite as ε → 0. For this to happen, λ^ε must be connected with ε by a relation which specifically depends on the asymptotic behaviour of g_0(v) and g_1(v) when v → ∞. We shall assume that g_0(v) ∼ A_0e^{−v2} , g_1(v) ∼ A_1e^{−v2} , as v → ∞ . (2.22)

Other asymptotic behaviours could be analyzed as well, but the assumption (2.22) includes the practically relevant cases, e.g. the Maxwellian, with

A_0 = 1 √ π , A_1 = 1 √ π N^+_1 N^+_0

. (2.23)

In the case (2.22), λ^ε has to be given by

(λ^ε)^2 = εe^{−β/ε2} , (2.24)

as we shall see later on. The aim of the paper is thus to study the behaviour of the solutions of (2.17)-(2.21) when (2.22) and (2.24) hold.

We conclude this section with a typical example for the values of the physical parameters. Let us consider a N^+-N-N^+ structure, with the following parameters :

L = 0.4μm, ϕ_A = 1 Volt ,

N^+_0 = N^+_1 = 10^{18}cm^{−3}, N_D = 2.10^{15}cm^{−3}, T = 77K. Then, we have

ε ≃ 0.085, n_D ≃ 2.0, λ^2 = 0.004 and β ≃ 0.02, which means that a potential barrier of the order of 0.02 Volts should be expected.

A more accurate value of the potential barrier β^ε will be deduced from the ansatz

β^ε = β − γε^2 , where in the case n_D = 0 we shall obtain γ = log^8_{9A0} and if 0 < n_D < π^2/2, γ is determined from ∫_1 0 dψ √ 2A_0e^γ √ ψ − 2n_Dψ = 1 .

In particular, for n_D = 0, and in the case of the Maxwellian (2.23), we obtain formula (1.1) for the built-in potential V_{bi} = βϕ_A.

3 Solution of the problem for finite ”

In [12], a general existence theory for the stationary Vlasov-Poisson system is given. However, in the one-dimensional case, explicit solutions can be constructed by the method of characteristics (see [6], [8]), facilitating the analysis of the asymptotic behaviour as ε → 0.

We shall first treat the case n_D = 0. In this case, it can be proven [8] that φ^ε is a strictly convex function which has a unique minimum φ^ε_c ≤ 0 at a point x^ε_c ∈ [0, 1). We shall consider only the case where x^ε_c ∈ (0, 1), φ^ε_c < 0, which implies that (φ^ε)^′(x^ε_c) = 0. Then, the phase space [0, 1] × IR^3 is separated into two regions by the critical characteristic

v = v_c(x) := sign (x − x^ε_c) √ φ^ε(x) − φ^ε_c . (3.1)

We introduce the notation

Ω_0 = {(x, v) ∈ [0, 1] × IR, v > v_c(x)} ,

Ω_1 = {(x, v) ∈ [0, 1] × IR, v < v_c(x)} ,

and note that in Ω_0 the characteristics come from the left boundary, while in Ω_1 they come from the right. Therefore, we can write

f^ε(x, v) = 1 (λ^ε)^2ε g_0 (√ v^2 − φ^ε(x) ε ) , (x, v) ∈ Ω_0 ,

1 (λ^ε)^2ε g_1 (√ v^2 − φ^ε(x) + 1 ε ) , (x, v) ∈ Ω_1 .

(3.2)

Indeed, if (x, v) ∈ Ω_0, the characteristic through (x, v) hits the left boundary at the point (0, u) such that v^2 − φ^ε(x) = constant = u^2 − φ^ε(0) = u^2. On the other hand, if (x, v) ∈ Ω_1, the characteristic through (x, v) hits the right boundary at the point (0, −u), such that v^2 − φ^ε(x) = u^2 − φ^ε(1) = u^2 − 1. This, together with the boundary conditions (2.20) leads to the representation (3.2). For the details, we refer the reader to [6] or [8].

The density can be easily computed from (3.2). Its expression depends upon the position of x with respect to x^ε_c, because the critical characteristic (3.1) lies below the axes v = 0 for x < x^ε_c, and above it for x > x^ε_c. Therefore, we find :

For x ≤ x^ε_c :

n^ε(x) = ∫ ∞ √_{φε(x)−φεc} 1 (λ^ε)^2ε g_0 (√ v^2 − φ^ε(x) ε ) dv

+2 ∫ √φε_(x_)−φε_c 0 1 (λ^ε)^2ε g_0 (√ v^2 − φ^ε(x) ε ) dv + ∫ ∞ √_{φε(x)−φεc} 1 (λ^ε)^2ε g_1 (√ v^2 − φ^ε(x) + 1 ε ) dv (3.3)

For x ≥ x^ε_c :

n^ε(x) = ∫ ∞ √_{φε(x)−φεc} 1 (λ^ε)^2ε g_0 (√ v^2 − φ^ε(x) ε ) dv + ∫ ∞ √_{φε(x)−φεc} 1 (λ^ε)^2ε g_1 (√ v^2 − φ^ε(x) + 1 ε ) dv

+2 ∫ √φε_(x_)−φε_c 0 1 (λ^ε)^2ε g_1 (√ v^2 − φ^ε(x) + 1 ε ) dv (3.4)

From (3.3) and (3.4) we see that, once φ^ε_c is known, n^ε(x) depends on x only through φ^ε(x). Therefore, we shall write:

For x ≤ x^ε_c : n^ε(x) = n^−_ε (φ^ε_c, φ^ε(x)) .

For x ≥ x^ε_c : n^ε(x) = n^+_ε (φ^ε_c, φ^ε(x)) .

By the changes of variables u = √ v^2 − φ or u = √ v^2 − φ + 1 we can write

ε(λ^ε)^2n^+_ε (φ_c, φ) = ∫ ∞ √ −φc g_0 ( u ε ) udu √ u^2 + φ + ∫ ∞ √ 1−φc g_1 ( u ε ) udu √ u^2 + φ − 1 +2 ∫ √_1−φ_c √ 1−φ g_1 ( u ε ) udu √ u^2 + φ − 1

, (3.5)

for φ_c ≤ φ ≤ 1, and

ε(λ^ε)^2n^+_ε (φ_c, φ) = ∫ ∞ √ −φc g_0 ( u ε ) udu √ u^2 + φ +2 ∫ √−φ_c √ −φ g_0 ( u ε ) udu √ u^2 + φ + ∫ ∞ √ 1−φc g_1 ( u ε ) udu √ u^2 + φ − 1

, (3.6)

for φ_c ≤ φ ≤ 0 (we recall that φ_c < 0 and that φ is convex).

It will be convenient to introduce the primitives of n^+_ε (φ_c, φ) and n^−_ε (φ_c, φ) with respect to φ, which vanish at φ = φ_c. These primitives will be denoted by E^+_ε (φ_c, φ), and E^−_ε (φ_c, φ), and are given by

ε(λ^ε)^2E^+_ε (φ_c, φ) = 2 ∫ ∞ √ −φc g_0 ( u ε ) (√ u^2 + φ − √ u^2 + φ_c ) u du +2 ∫ ∞ √ 1−φc g_1 ( u ε ) (√ u^2 + φ − 1 − √ u^2 + φ_c − 1 ) u du +4 ∫ √_1−φ_c √ 1−φ g_1 ( u ε ) √ u^2 + φ − 1 u du, (3.7) for φ_c ≤ φ ≤ 1, and

ε(λ^ε)^2E^−_ε (φ_c, φ) = 2 ∫ ∞ √ −φc g_0 ( u ε ) (√ u^2 + φ − √ u^2 + φ_c ) u du +4 ∫ √−φ_c √ −φ g_0 ( u ε ) √ u^2 + φ u du (3.8) +2 ∫ ∞ √ 1−φc g_1 ( u ε ) (√ u^2 + φ − 1 − √ u^2 + φ_c − 1 ) u du , for φ_c ≤ φ ≤ 0.

We are now concerned with the Poisson equation

(φ^ε)^{′′} = n^ε , x ∈ [0, 1] , (3.9)

φ^ε(0) = 0 , φ^ε(1) = 1 , (3.10)

which we integrate separately on [0, x^ε_c] and on [x^ε_c, 1]. We multiply (3.9) by (φ^ε)^′ and we integrate on [x^ε_c, 1]. Since we have (φ^ε)^′(x^ε_c) = 0, this leads to d dx (( dφ^ε dx )_2)

= 2 n^+_ε (φ^ε_c, φ^ε(x)) dφ^ε dx = 2 d dx E^+_ε (φ^ε_c, φ^ε(x)) and ( dφ^ε dx )_2

(x) = 2 E^+_ε (φ^ε_c, φ^ε(x)) , x ∈ [x^ε_c, 1] . (3.11)

Since φ^ε is increasing on [x^ε_c, 1], we take the positive square root of (3.11) and get

(φ^ε(x))^′ √ 2E^+_ε (φ^ε_c, φ^ε(x))

= 1 , x ∈ [x^ε_c, 1] , (3.12)

or, equivalently,

∫ φε_(x_) φ^ε_c dψ √ 2E^+_ε (φ^ε_c, ψ)

= x − x^ε_c , x ∈ [x^ε_c, 1] . (3.13)

By the translation ψ = φ^ε_c + ψ̃, (3.13) can also be written ∫ φε_(x_)−φε_c 0 dψ √ 2E^+ε (φ^ε_c, φ^ε_c + ψ)

= x − x^ε_c , x ∈ [x^ε_c, 1] . (3.14)

We define G^+_ε (φ_c, ψ) and H^+_ε (φ_c, χ) according to

G^+_ε (φ_c, ψ) = 2E^+_ε (φ_c, φ_c + ψ) , 0 ≤ ψ ≤ 1 − φ_c , (3.15)

H^+_ε (φ_c, χ) = ∫ χ 0 dψ √ G^+_ε (φ_c, ψ)

, 0 ≤ χ ≤ 1 − φ_c , (3.16)

so that (3.14) is written

H^+_ε (φ^ε_c, φ^ε(x) − φ^ε_c) = x − x^ε_c , x ∈ [x^ε_c, 1] . (3.17)

The same computation on [0, x^ε_c] leads to

H^−_ε (φ^ε_c, φ^ε(x) − φ^ε_c) = x^ε_c − x , x ∈ [0, x^ε_c] , (3.18)

with

H^−_ε (φ_c, χ) = ∫ χ 0 dψ G^−ε (φ_c, ψ) , 0 ≤ χ ≤ −φ_c , (3.19)

G^−_ε (φ_c, ψ) = 2E^−_ε (φ_c, φ_c + ψ) , 0 ≤ ψ ≤ −φ_c . (3.20)

Now, the existence of φ^ε(x) reduces to that of x^ε_c and φ^ε_c, which are such that φ^ε(x) matches the boundary conditions (3.10). This leads to the equations

H^+_ε (φ^ε_c, 1 − φ^ε_c) = 1 − x^ε_c , (3.21)

H^−_ε (φ^ε_c, −φ^ε_c) = x^ε_c . (3.22)

The position of the minimum x^ε_c can be eliminated from this system, and we find the following equation for φ^ε_c:

F_ε(φ^ε_c) = H^+_ε (φ^ε_c, 1 − φ^ε_c) + H^−_ε (φ^ε_c, −φ^ε_c)) = 1 . (3.23)

We now have the following

Lemma 3.1 Let g_0 and g_1 be non increasing. Then F_ε is a decreasing function of φ_c.

Proof: The proof is analogous to that of [6], Lemma 5.4: Obviously, H^+_ε and H^−_ε are increasing functions of χ. That G^+_ε and G^−_ε are non decreasing functions of φ_c follows from taking the derivatives with respect to φ_c, integrating by parts and showing that the resulting expression is non negative. The details are left to the reader.

Remark: The fact that the equation (3.12) can be integrated according to (3.13), and that the integral in (3.13) is defined can also be derived from [6].

We shall not go further into the proof of the existence of φ^ε_c. This will follow from the subsequent asymptotic analysis, which will give us the existence of φ^ε_c for small ε, and the asymptotic behaviour of φ^ε_c when ε → 0.

4 Asymptotic behaviour for ” ! 0

We recall the expressions of G^+_ε (φ_c, ψ) and G^−_ε (φ_c, ψ) from (3.15), (3.20) and (3.7), (3.8)

ε(λ^ε)^2G^+_ε (φ_c, ψ) = 4 ∫ ∞ √ −φc g_0 ( u ε ) (√ u^2 + φ_c + ψ − √ u^2 + φ_c ) u du + 4 ∫ ∞ √ 1−φc g_1 ( u ε ) (√ u^2 + φ_c − 1 + ψ − √ u^2 + φ_c − 1 ) u du + 8 ∫ √_1−φ_c √_{1−φc−ψ} g1 ( u ε ) √ u^2 + φ_c − 1 + ψ u du , (4.1)

for 0 ≤ ψ ≤ 1 − φ_c, and

ε(λ^ε)^2G^−_ε (φ_c, ψ) = 4 ∫ ∞ √ −φc g_0 ( u ε ) (√ u^2 + φ_c + ψ − √ u^2 + φ_c ) u du + 8 ∫ √−φ_c √_{−φc−ψ} g0 ( u ε ) √ u^2 + φ_c + ψ u du (4.2) + 4 ∫ ∞ √ 1−φc g_1 ( u ε ) (√ u^2 + φ_c − 1 + ψ − √ u^2 + φ_c − 1 ) u du , for 0 ≤ ψ ≤ −φ_c.

Now we make the following changes of variables: v^2 = (u^2 + φ_c)/ε^2 in the first integrals of (4.1) and (4.2), v^2 = (u^2 + φ_c − 1)/ε^2 in the second integral of (4.1) and in the third one of (4.2), v^2 = (u^2 + φ_c − 1 + ψ)/ε^2 in the third integral of (4.1) and v^2 = (u^2 + φ_c + ψ)/ε^2 in the second integral of (4.2). Then we get

(λ^ε)^2G^+_ε (φ_c, ψ) = 4ε ∫ ∞ 0 g_0 (√ v^2 − φ_c ε^2 ) (√ ε^2v^2 + ψ − εv ) v dv +4ε ∫ ∞ 0 g_1 (√ v^2 − φ_c − 1

ε^2 ) (√ ε^2v^2 + ψ − εv ) v dv

+8ε^2 ∫ √ψ/ε 0 g_1 √ v^2 − φ_c − 1 + ψ ε^2 v^2 dv , (4.3)

for 0 ≤ ψ ≤ 1 − φ_c, and

(λ^ε)^2G^−_ε (φ_c, ψ) = 4ε ∫ ∞ 0 g_0 (√ v^2 − φ_c ε^2 ) (√ ε^2v^2 + ψ − εv ) v dv +8ε^2 ∫ √ψ/ε 0 g_0 √ v^2 − φ_c + ψ

ε^2 v^2 dv

+4ε ∫ ∞ 0 g_1 (√ v^2 − φ_c − 1

ε^2 ) (√ ε^2v^2 + ψ − εv ) v dv ,(4.4) for 0 ≤ ψ ≤ −φ_c.

From the expressions (4.3) and (4.4), it is possible to obtain the asymptotic behaviour of H^+_ε (φ_c, χ) and H^−_ε (φ_c, χ) for ε → 0. More precisely, we have

Lemma 4.1 We assume that (2.22) holds. Let β > 0, γ ∈ IR. Then, as ε → 0, we have

lim_{ε→0} H^+_ε (−β + γε^2, χ) = 4 3 √ 2A_0 e^{−γ/2}Min(χ^{3/4}, 1) (4.5)

for 0 < χ < 1 + β, and

lim_{ε→0} H^−_ε (−β + γε^2, χ) = 0 (4.6)

for 0 < χ < β.

Proof : We shall denote by I^i_ε(φ_c, ψ), i = 1, 2, 3, the three integrals appearing on the right hand side of (4.3), and by I^4_ε (φ_c, ψ) the second one on the right hand side of (4.4). Then,

I^1_ε (−β + γε^2, ψ) = 4ε ∫ ∞ 0 g_0 √ v^2 + β ε^2 − γ (√ ε^2v^2 + ψ − εv ) v dv ,

and, with the asymptotic behaviour (2.22), it follows that, as ε → 0,

I^1_ε (−β + γε^2, ψ) ∼ (4A_0e^γ)εe^{−β/ε2} ∫ ∞ 0 e^{−v2} (√ ε^2v^2 + ψ − εv ) v dv . Then ∫ ∞ 0 e^{−v2} (√ ε^2v^2 + ψ − εv ) v dv −→ 1 2 √ ψ , so that

I^1_ε (−β + γε^2, ψ) ∼ (λ^ε)^2 2A_0e^γ √ ψ , ε → 0 . (4.7)

A similar analysis shows that

I^2_ε (−β + γε^2, ψ) ∼ (λ^ε)^2e^{−1/ε2} 2A_1e^γ √ ψ ≪ I^1_ε (−β + γε^2, ψ) , ε → 0 . (4.8)

For 0 < ψ < β + 1 we have, with (2.22),

I^3_ε (−β + γε^2, ψ) ∼ 8ε^2A_1e^γe^{−(β+1−ψ)/ε2} ∫ ∞ 0 e^{−v2} v^2dv = 2A_1 √ πe^γ ε^2e^{−(β+1−ψ)/ε2} , ε → 0 . (4.9)

Similary, for 0 < ψ < β, we have

I^4_ε (−β + γε^2, ψ) ∼ 2A_0 √ πe^γ ε^2e^{−(β−ψ)/ε2} , ε → 0 . (4.10) For 0 < ψ < 1 we have ε^2e^{−(β+1−ψ)/ε2} ≪ εe^{−β/ε2} = (λ^ε)^2, such that

lim_{ε→0} G^+_ε (−β + γε^2, ψ) = 2A_0e^γ √ ψ , 0 < ψ < 1 , (4.11)

holds. On the other hand, when 1 < ψ < 1 + β, we have ε^2e^{−(β+1−ψ)/ε2} ≫ (λ^ε)^2, so that

G^+_ε (−β + γε^2, ψ) ∼ (2A_1 √ πe^γ)ε e^{(ψ−1)/ε2} , 1 < ψ < 1 + β . (4.12)

We now prove (4.5) for χ such that 0 ≤ χ ≤ 1. For that purpose, it is sufficient to prove that the function Y (ε, ψ) = G^+_ε (−β + γε^2, ψ)^{−1/2} is bounded by an integrable function of ψ on [0, 1], independently of ε. Then, Lebesgue’s theorem will give the result. But

Y (ε, ψ) ≤ λ^εI^1_ε (−β + γε^2, ψ)^{−1/2} . (4.13)

On the other hand, for v < 1/4ε and ψ < 1 we have √ ε^2v^2 + ψ − εv ≥ ψ 2 . (4.14)

From (2.22), for ε small enough, we obtain

g_0 √ v^2 + β ε^2 − γ ≥ A^0 2 e^γ e^{−β/ε2} . (4.15)

Thus (4.14) and (4.15) imply that, for ε small,

I^1_ε (−β + γε^2, ψ) ≥ (A_0e^γ)(λ^ε)^2 (∫_1 /4ε 0 ve^{−v2} dv ) ψ ≥ C(λ^ε)^2ψ

with C > 0 independent of ε. Therefore, with (4.13) : Y (ε, ψ) ≤ 1 √ Cψ ∈ L^1(0, 1),

proving the result for 0 ≤ χ ≤ 1.

Now we prove (4.5) for χ such that 1 ≤ χ ≤ 1 + β. We have, still with Y (ε, ψ) = G^+_ε (−β + γε^2, ψ)^{−1/2},

H^+_ε (−β + γε^2, χ) = H^+_ε (−β + γε^2, 1) + ∫ χ 1 Y (ε, ψ) dψ , and, from the previous result,

lim_{ε→0} H^+_ε (−β + γε^2, 1) = 4 3 √ 2A_0 e^{2γ} . From (4.12) it follows that Y (ε, ψ) → 0 as ε → 0 for 1 < ψ < 1 + β. On the other hand, the same method as for ψ < 1 can be applied and shows that Y (ε, χ) is bounded by an integrable function of ψ, independently of ε. Thus, by Lebesgue’s theorem, we have

lim_{ε→0} ∫ χ 1 Y (ε, ψ) dψ = 0 . This ends the proof of (4.5).

We now turn to (4.6). For 0 < ψ < β we have ε^2e^{−(β−ψ)/ε2} ≫ εe^{−β/ε2} = (λ^ε)^2. It follows that

G^−_ε (−β + γε^2, ψ) ∼ 2A_0 √ πe^γεe^{ψ/ε2} , as ε → 0 . Thus, Y (ε, ψ) = G^−_ε (−β + γε^2, ψ)^{−1/2} → 0 as ε → 0 for 0 < ψ < β, and the same reasoning applies again to show that Y (ε, ψ) is bounded by an integrable function of ψ independently of ε. This proves (4.6).

Now we turn to the existence of a solution φ^ε_c of equation (3.23) :

Proposition 4.2 : Let g_0 and g_1 be nonincreasing functions such that (2.22) holds. Then, for ε small enough, there exists a unique solution φ^ε_c of equation (3.23). Moreover, we have

φ^ε_c = −β + γε^2 + o(ε^2) as ε → 0 , (4.16)

where

γ = log 8 9A_0

. (4.17)

Corollary 4.3 : For ε small enough, there exists a unique solution (f^ε, φ^ε, n^ε) of problem (2.17) – (2.21) with n_D = 0.

Proof of corollary 4.3: The existence of a solution follows from the existence of φ^ε_c. The uniqueness follows from the analysis of [8].

Proof of proposition 4.2: We know that F_ε is a decreasing continuous function of φ_c. Let γ be given by (4.17), and γ_1, γ_2, such that γ_1 < γ < γ_2. We define

φ^ε_i = −β + γ_iε^2 , i = 1, 2. From (4.5) and (4.6) we have

lim_{ε→0} F_ε(φ^ε_i ) = 4 3 √ 2A_0 e^{−γi/2} . Then for ε small, we have

F_ε(φ^ε_1) > 1 > F_ε(φ^ε_2).

Thus, there exists a unique φ^ε_c such that F_ε(φ^ε_c) = 1, and we have φ^ε_1 < φ^ε_c < φ^ε_2. To prove (4.16), we define δ(ε) by

φ^ε_c = −β + γε^2 + δ(ε)ε^2 . (4.18)

Let us suppose that δ(ε) does not tend to 0. Then, there exists a constant α > 0 and a subsequence ε → 0, such that |δ(ε)| ≥ α > 0. Let us suppose first that δ(ε) ≥ α > 0. Then F (φ^ε_c) ≤ F (−β + (γ + α)ε^2) ∼ e^{−α/2} < 1, which contradicts that F (φ^ε_c) = 1. If, on the other hand, we have δ(ε) ≤ −α < 0, then F (φ^ε_c) ≥ F (−β + (γ − α)ε^2) ∼ e^{α/2} > 1, which again leads to a contradiction. Therefore, δ(ε) → 0 and the proposition is proved.

We are now able to give the asymptotic behaviour of the potential:

Proposition 4.4 We have

lim_{ε→0} φ^ε(x) = φ^0(x) = −β + x^{4/3} , x ∈ (0, 1) . (4.19)

Remark: We have φ^0(0) = −β, φ^0(1) = 1 − β. In particular, φ^ε(0) ↛ φ^0(0) and φ^ε(1) ↛ φ^0(1). There appear a potential barrier at x = 0 and a potential drop at x = 1.

Proof of proposition 4.4: From (4.6), it is easy to show that

x^ε_c = H^−_ε (φ^ε_c, −φ^ε_c) → 0 , as ε → 0 .

Thus, for x > 0 and ε small, we have x > x^ε_x and φ^ε(x) is given by

H^+_ε (φ^ε_c, φ^ε(x) − φ^ε_c) = x − x^ε_c . (4.20)

Furthermore, since x − x^ε_c is bounded away from 0 as ε → 0, so is φ^ε(x) − φ^ε_c. Similarly, φ^ε(x) − φ^ε_c < 1 since H^+_ε (φ^ε_c, 1) → 1 > x − x^ε_c for ε small. It is easy to show that the limit (4.5) is uniform with respect to χ in any compact subinterval of [0, ∞). Therefore, taking the equivalents of both sides of (4.20), we find

(φ^ε(x) − φ^ε_c)^{3/4} ∼ x as ε → 0 , x ∈ (0, 1) ,

which gives (4.19).

We finally investigate the limit of the distribution function:

Proposition 4.5 For any x ∈ (0, 1) we have

f^ε(x, v) → 4 9 1 √ φ^0(x) + β δ ( v − √ φ^0(x) + β ) as ε → 0 , (4.21)

in M_b(IR), where δ is the delta function and M_b(IR) is the space of bounded measures in IR.

Proof : Let θ(v) belong to the space C^0_∞(IR) of continuous functions on IR which vanish at infinity. For x ∈ (0, 1) we define

I^ε_θ (x) = ∫ ∞ −∞ f^ε(x, v)θ(v)dv . (4.22) Since x > x^ε_c for small ε, we find I^ε_θ (x) by the same formula as (3.4) for n^ε(x), but with dv replaced by θ(v)dv. Then, performing the same changes of variables as those used to obtain the formula (4.3) for G^+_ε , we finally get

I^ε_θ (x) = J^ε_θ (φ^ε_c, φ^ε(x) − φ^ε_c) (4.23)

with

(λ^ε)^2J^ε_θ (φ_c, χ) = ε ∫ ∞ 0 g_0 (√ v^2 − φ_c ε^2 ) θ( √ ε^2v^2 + χ) √ ε^2v^2 + χ vdv +ε ∫ ∞ 0 g_1 (√ v^2 − φ_c − 1 ε^2 ) θ( √ ε^2v^2 + χ) √ ε^2v^2 + χ vdv

+2 ∫ √χ/ε 0 g_1 (√ v^2 − φ_c − 1 + χ ε^2 ) θ(εv) dv . (4.24) It is easy to see that

lim_{ε→0} J^ε_θ (φ^ε_c, χ) = 1 2 A_0e^γ θ( √ χ) √ χ (4.25)

holds uniformly for χ in compact subsets of (0, 1). Since for x ∈ (0, 1) and ε small, φ^ε(x) − φ^ε_c lies in a compact subset of (0, 1), we have

lim_{ε→0} I^ε_θ (x) = 1 2 A_0e^γ θ( √ φ^0(x) + β) √ φ^0(x) + β

. (4.26)

Now, from (4.17), 1 2 A_0e^γ = 4 9 (4.27)

and (4.21) follows from (4.26) and (4.27).

Remark : Since φ^0(x)+β = x^{4/3}, the limiting distribution function, according to (4.21), corresponds to a monokinetic beam emitted from the source contact with velocity zero, and reaching the drain contact following the characterisitic v(x) = x^{2/3}. It has the same features as in the usual Child-Langmuir regime [6]. In particular, no particle coming from the drain contact is entering the domain. It should not be deduced that the influence of the drain boundary data g_1 is negligible. Indeed, the potential drop, from 1 − β to 1 is produced by g_1, as shown in Lemma 4.1 (formula (4.12).

From (4.21), it follows that the current j^0 which flows through the structure is

j^0 = 4 9 , (take θ(v) = v in (4.26)). It is the usual Child-Langmuir current [6]. Thus, the limiting density n^0(x) is (take θ(v) = 1 in (4.26))

n^0(x) = j^0 √ φ^0(x) + β . Now φ^0(x) = x^{4/3} − β satisfies

(φ^0)^{′′} = (φ^0 + β)^{′′} = 4 9 x^{−2/3} = j^0/ √ φ^0(x) + β = n^0(x) .

Thus, φ^0 satisfies the Poisson equation with boundary data φ^0(0) = −β, φ^0(1) = 1 − β. 5 Extension to nD 6= 0

In this section, we investigate the case of a nonvanishing doping density n_D in the N^− region. We shall proceed in the same way as in the case n_D = 0, by assuming that the potential φ^ε has a unique minimum φ^ε_c < 0 at some point x^ε_c ∈ (0, 1), and that it is decreasing on [0, x^ε_c], and increasing on [x^ε_c, 1]. Then we shall show that, if n_D is not too large, such a solution exists for small ε. The method will follow very closely that of parts 3 and 4, and the proofs will only be sketched. The details are left to the reader.

Under the above mentioned assumptions on the potential φ^ε, the phase portrait of the characteristics is the same, and in particular formulae (3.2) up to (3.8) also hold in the present case. The Poisson equation now reads

(φ^ε)^{′′} = n^ε − n_D , x ∈ [0, 1] , (5.1)

φ^ε(0) = 0 , φ^ε(1) = 1 . (5.2)

It is readily seen that its integration now gives rise to the same formulae

H^+_ε (φ^ε_c, φ^ε(x) − φ^ε_c) = x − x^ε_c , x ∈ [x^ε_c, 1] , (5.3)

H^−_ε (φ^ε_c, φ^ε(x) − φ^ε_c) = x^ε_c − x , x ∈ [0, x^ε_c] , (5.4)

but with

H^±_ε (φ_c, χ) = ∫ χ 0 dψ √ G^±_ε (φ_c, ψ) − 2n_Dψ , (5.5)

where G^±_ε are given by (4.1), (4.2) or (4.3), (4.4). Of course, H^±_ε are only defined for χ such that G^±_ε (φ_c, ψ) − 2n_Dψ ≥ 0, ∀ψ ∈ [0, χ]. We now prove

Lemma 5.1 : We assume that (2.22) holds. Let β > 0, γ > log ( n_D A_0 ) hold. Then

lim_{ε→0} H^+_ε (−β + γε^2, χ) =

∫_{min(}χ,_{1)} 0 dψ √ 2A_0e^γ √ ψ − 2n_Dψ , for 0 < χ < 1 + β ,(5.6) and

lim_{ε→0} H^−_ε (−β + γε^2, χ) = 0 , for 0 < χ < β . (5.7)

Proof: The proof is slightly more involved than that of Lemma 4.1, because we must control the term 2n_Dψ in the denominator of (5.5). We prove (5.6) for 0 ≤ χ ≤ 1: From (4.11), we obtain for 0 ≤ ψ ≤ 1

lim_{ε→0} G^+_ε (−β + γε^2, ψ) − 2n_Dψ = 2A_0e^γ √ ψ − 2n_Dψ . But for γ > log^{nD}_{A0} and 0 < ψ < 1, we have 2A_0e^γ √ ψ − 2n_Dψ > 0. Then (5.6) for 0 ≤ χ ≤ 1 will follow from Lebesgue’s convergence theorem if we prove that

Y (ε, ψ) = (G^+_ε (−β + γε^2, ψ) − 2n_Dψ)^{−1/2} is bounded by an integrable function of ψ, independently of ε. We shall use

G^+_ε (−β + γε^2, ψ) ≥ 1 (λ^ε)^2

I^1_ε (−β + γε^2, ψ) .

Let δ > 0 be arbitrary. For ε small enough, we have

g_0 √ v^2 + β ε^2 − γ ≥ (1 − δ)A_0eγe−β/ε^2 e−v^2 . On the other hand, √ ε^2v^2 + ψ − εv ≥ (1 − δ)ψ holds for 0 ≤ ψ ≤ 1 and v < δ/2ε. Thus, again for ε small

I^1_ε (−β + γε^2, ψ) ≥ (λ^ε)^2(1 − δ)^2 2A_0e^γψ ( 1 2 ∫ δ/_2ε 0 ve^{−v2} dv )

≥ (λ^ε)^2(1 − δ)^3 2A_0e^γ ψ .

Now, let γ > log^{nD}_{A0} . Then, there exists δ > 0 such that

(1 − δ)^3A_0e^γ > (1 + δ)n_D , and, thus,

G^+_ε (−β + γε^2, ψ) − 2n_Dψ ≥ (λ^ε)^{−2}I^1_ε (−β + γε^2, ψ) − 2n_Dψ ≥ 2[(1 − δ)^3A_0e^γ − n_D]ψ ≥ 2δn_Dψ ≥ Cψ , C > 0 .

Therefore,

Y (ε, ψ) ≤ 1 √ Cψ ∈ L^1(0, 1) , C > 0 (5.8)

holds, proving the result for 0 ≤ χ ≤ 1.

Next, we prove (5.6) for 1 ≤ χ ≤ 1 + β. From (4.12), we have for 1 < ψ < 1 + β and ε → 0:

Y (ε, ψ) = (G^+_ε (−β + γε^2, ψ) − 2n_Dψ)^{−1/2} → 0 .

Looking carefully at the previous proof, we can show that the result (5.8) is still true for 1 ≤ ψ ≤ 1 + ζ with ζ small enough (depending on γ but not on ε). Then, for ψ ≥ 1 + ζ, according to (4.9) there exists C > 0 such that G^+_ε (−β + γε^2, ψ) ≥ λ^{−2}_ε I^3_ε (−β + γε^2, ψ) ≥ Cεe^{ζ/ε} . For ε small enough, Cεe^{ζ/ε} ≥ 3n_Dψ holds for ψ ∈ [1, 1 + β]. It follows that

G^+_ε (−β + γε^2, ψ) − 2n_Dψ ≥ n_Dψ for ψ ∈ [1 + ζ, 1 + β] . Therefore (5.8) still holds on [1, 1 + β], and the result is proved.

For the estimate (5.7), we have, according to (4.10) G^−_ε (−β + γε^2, ψ) − 2n_Dψ ∼ Cεe^{ψ/ε2} , and, therefore, for ε → 0 and 0 < ψ < −β,

Y (ε, ψ) = (G^−_ε (−β + γε^2, ψ) − 2n_Dψ)^{−1/2} → 0 .

Then Y (ε, ψ) can be bounded by an integrable function of ψ independent of ε by the same methods as above.

Proposition 5.2 Let g_0, g_1 be nonincreasing functions such that (2.22) holds. In addition let n_D be such that

n_D < π^2/2 (5.9) holds. Then, for ε small enough, there exists a unique solution φ^ε_c of equation (3.23). Moreover,

φ^ε_c = −β + γε^2 + o(ε^2) as ε → 0 (5.10) holds, where γ is such that ∫_1 0 dψ √ 2A_0e^γ √ ψ − 2n_Dψ = 1 . (5.11)

Corollary 5.3 : For ε small enough, there exists a solution (f^ε, φ^ε, n^ε) of problem (2.17) – (2.21), with n_D < π^2/2.

Proof of proposition 5.2: The equation (5.11) implicitely determines γ as a function of n_D. We let J(γ, n_D) = ∫_1 0 dψ √ 2A_0e^γ √ ψ − 2n_Dψ . J is defined for γ ≥ γ_0 = log^{nD}_{A0} , is decreasing with respect to γ, and tends to 0 as γ → ∞. Straightforward computations show

J(γ_0, n_D) = 1 √ 2n_D ∫_1 0 dψ √√ ψ − ψ = π √ 2n_D .

Thus, (5.11) has a solution γ > log^{nD}_{A0} if and only if π/ √ 2n_D > 1 or, equivalently, if (5.9) holds. The end of the proof then follows exactly that of proposition 4.2.

Proposition 5.4 We have

lim_{ε→0} φ^ε(x) = φ^0(x) = −β + χ^0(x) , x ∈ (0, 1) , (5.12)

where χ^0(x) is implicitely defined by

∫ χ0_(x_) 0 dψ √ 2A_0e^γ √ ψ − 2n_Dψ = x . (5.13)

Proposition 5.5 For any x ∈ (0, 1) we have in M_b(IR)

lim_{ε→0} f^ε(x, v) = j^0 √ φ^0(x) + β δ(v − √ φ^0(x) + β) , (5.14)

where j^0 is determined from

∫_1 0 dψ √ 4j^0 √ ψ − 2n_Dψ = 1 . (5.15)

The proofs of propositions 5.4 and 5.5 are identical to those of propositions 4.4 and 4.5. Relation (5.15) simply follows from the fact that j^0 = A_0e^γ/2 and from (5.11). Again, the same remark applies to the present case. Let n^0(x) be the density

n^0(x) = j^0 √ φ^0(x) + β

. (5.16)

From φ^0(x) + β = χ^0(x) and (5.13), we have

(φ^0)^′ √ 4j^0 √ φ^0 + β − 2n_D(φ^0 + β)

= 1 (5.17)

or, by taking the square of (5.17) and differentiating again:

(φ^0)^{′′} = j^0 √ φ^0 + β

− n_D = n^0 − n_D , (5.18)

meaning that φ^0 satisfies the Poisson equation with boundary data φ^0(0) = −β, φ^0(1) = 1 − β. Also, it can be proved that j^0 given by (5.15) can be characterized as the unique value of the current for which the solutions of (5.18) satisfy the additional constraint (φ^0)^′(0) = 0.

References

1. Baranger, H.U. and Wilkins, J.W., ‘Ballistic structure in the electron distribution function of small semiconducting structures: General features and specific trends’, Phys. Rev. B, 36, 1487-1502 (1987).

2. Ben Abdallah, N., ‘The Child-Langmuir regime for electron transport in a plasma including a background of positive ions’, manuscript.

3. Ben Abdallah, N. and Degond, P., ‘On the Child-Langmuir law for semiconductors’, in Semiconductors, Part II, W.M. Coughran, J. Cole, P. Lloyd, and J. White eds., IMA Vol. in Math. and its Appl., 59, Springer-Verlag, New York, 1993.

4. Ben Abdallah, N. and Degond, P., ‘The Child-Langmuir law for the Boltzmann equation of semiconductors’, in preparation.

5. Degond, P., Jaffard, S., Poupaud, F., and Raviart, P.A., ‘The Child-Langmuir asymptotics of the Vlasov-Poisson equation for cylindrically or spherically symmetric diodes; part 1 : statement of the problem and basic estimates’ and ‘Part 2: Analysis of the reduced problem and determination of the Child-Langmuir current’, internal reports, CMLA, Ecole Polytechnique, Palaiseau (1993).

6. Degond, P. and Raviart, P.A., ‘An asymptotic analysis of the one-dimensional Vlasov-Poisson system: the Child-Langmuir law’, Asymptotic Analysis, 4, 187-214 (1991).

7. Degond, P. and Raviart, P.A., ‘On a penalization of the Child-Langmuir emission condition for the one-dimensional Vlasov-Poisson equation’, Asymptotic Analysis, 6, 1-27 (1992).

8. Greengard, C. and Raviart, P.A., ‘A boundary value problem for the stationary Vlasov-Poisson equations: the plane diode’, Comm. Pure Appl. Math, 43, 473-507 (1990).

9. Langmuir, I. and Compton, K.T., ‘Electrical discharges in gases: Part II. Fundamental phenomena in electrical discharges’, Rev. Mod. Phys., 3, 191-257 (1931).

10. Markowich, P., Ringhofer, C., and Schmeiser, C., Semiconductor Equations, Springer, Wien 1990.

11. Poupaud, F., ‘Solutions stationnaires des equations de Vlasov-Poisson’, C.R. Acad. Sci. Paris, 311, 307-312 (1990).

12. Poupaud, F., ‘Boundary value problems for the stationary Vlasov-Maxwell system’, Forum Mathematicum (1993).

13. Shur, M.S. and Eastman, L.F., ‘Ballistic transport in semiconductor at low temperatures for low-power high-speed logic’, I.E.E.E. Trans. Electron Dev., ED- 26, 1677-1683 (1979).