THE DERIVATION OF ANALYTIC DEVICE MODELS BY ASYMPTOTIC METHODS

CHRISTIAN SCHMEISER† and ANDREAS UNTERREITER‡

Abstract. In circuit simulation, device models should be as simple as possible. On the other hand, physically sound models for the electrical behaviour of semiconductor devices involve nonlinear systems of partial differential equations posed on domains with complicated geometries. Therefore simplifications have to be introduced corresponding to certain idealizing assumptions. By the use of asymptotic methods the simplification procedure can be carried out in a mathematically justifiable way.

This paper presents an overview of recent results on steady state voltage-current characteristics of multidimensional bipolar devices [11], [21] as well as on a new approach to the modelling of the transient behaviour of pn-diodes via integral equations [23], [24]. These ideas are extended to more general bipolar devices.

1. Introduction. The starting point of our analysis is the classical drift-diffusion model for the flow of negatively charged electrons (density n(x, t)) and positively charged holes (density p(x, t)) in a semiconductor. In scaled form it consists of the continuity equations

(1.1a) ∇ · J_n − 1 δ^4 ∂n ∂t = R , −∇ · J_p − 1 δ^4 ∂p ∂t = R , the current relations

(1.1b) δ^4J_n = μ_n(∇n − n∇V ) , δ^4J_p = −μ_p(∇p + p∇V ) ,

and the Poisson equation (1.1c) λ^2ΔV = n − p − C for the electrostatic potential V (x, t). The mobilities μ_n, μ_p > 0 and the doping profile C are assumed to be given functions of position x ∈ Ω, where the bounded domain Ω ⊂ IR^k, k = 1, 2 or 3, represents the semiconductor part of the device. We assume the recombination-generation rate to be of the form R = Q(n, p, x)(np/δ^4 − 1) , Q ≥ 0 , including the standard models for band-to-band processes and recombination-generation via traps in the forbidden band. Since this work is restricted to low injection situations, our model certainly describes the relevant physical phenomena [11].

The equations (1.1) are in dimensionless form. The reference quantity for the particle densities n, p, C is the maximal doping concentration C_{max}, i.e. max_Ω |C| = 1 holds. The potential has been scaled by the thermal voltage U_T = kT /q where k, T and q denote the Boltzmann constant, the lattice temperature and the elementary charge, respectively. The reference length L is the diameter of the device and, thus, diam(Ω) = 1. The mobilities are scaled by a characteristic value ~μ and the reference time is given by the diffusion time L^2/(~μU_T ). Finally, the reference value

(1.2) q~μU_T L n^2_i C_{max} for the electron and hole current densities J_n and J_p, respectively, contains the intrinsic density n_i. In low injection situations the factor n^2_i /C_{max} is a typical minority carrier density. Thus, the value (1.2) is

† Institut für Angewandte und Numerische Mathematik, TU Wien, Austria. The work of this author has been supported by the Austrian Fonds zur Förderung der wissenschaftlichen Forschung and by the Institute for Mathematics and its Applications with funds provided by the National Science Foundation.

‡ Fachbereich Mathematik, TU Berlin, Fed. Rep. of Germany.

a characteristic value for current densities in low injection. For further details on the scaling of the driftdiffusion equations we refer to [8] and [11].

The equations (1.1) contain the dimensionless parameters λ = 1 L √ εU_T qC_{max} , δ^2 = n_i C_{max} , which can be interpreted as scaled versions of the minimal Debye length and of the intrinsic number, respectively.

Subregions of Ω where the doping profile C is positive are called n-regions because the positively charged impurity ions attract electrons. On the other hand, in p-regions the doping profile is negative. The (k − 1)- dimensional boundaries between n- and p-regions are called pn-junctions. We assume abrupt junctions, i.e. the doping profile has jumps across these junctions and is bounded away from zero within the n- and p-regions.

We restrict our attention to bipolar devices. Therefore, the boundary ∂Ω of the device is the disjoint union of Ohmic contacts C_1, · · · , C_m and artificial or insulating boundary segments ∂Ω_N . At Ohmic contacts we assume zero space charge and thermal equilibrium: n − p − C = 0 , np = δ^4 , at C_1, · · · , C_m , which translates to Dirichlet boundary conditions for the charge carrier densities:

(1.3a) n = 1 2 ( C + √ C^2 + 4δ^4 ) , p = 1 2 ( −C + √ C^2 + 4δ^4 ) , at C_1, · · · , C_m For the potential, we have the boundary conditions (1.3b) V = V_{bi} − U_j (t) , at C_j, j = 1, · · · , m , where U_i(t) − U_j (t) is the external voltage between the contacts C_i and C_j, and the built-in potential is given by

(1.3c) V_{bi} = ln C + √ C^2 + 4δ^4 2δ^2 . Along the artificial and insulating boundary segments, we assume that the normal components of the electric field and of the electron and hole current densities vanish. This amounts to homogeneous Neumann conditions for V , n and p: (1.3d) ∂V ∂ν = ∂n ∂ν = ∂p ∂ν = 0 , at ∂Ω_N ,

where ν denotes the unit outward normal.

The formulation of an initial-boundary value problem is completed by prescribing initial conditions for the carrier densities:

(1.4) n(x, 0) = n_0(x) , p(x, 0) = p_0(x)

We shall assume that the initial data n_0 and p_0 correspond to steady state solutions of (1.1), (1.3).

Important quantities are the currents through the Ohmic contacts. The current I_j (t) leaving the device through the contact C_j is given by I_j = ∫ Cj J_{tot} · ν ds in terms of the total current density

J_{tot} = J_n + J_p − λ^2 δ^4 ∇ ∂V ∂t , which is the sum of the particle current densities and the density of the displacement current.

The specific properties of a device are determined by the number and location of the n- and p-regions as well as of the Ohmic contacts. We consider devices meeting the following requirements: There is a finite number of open connected n-regions whose union is denoted by Ω_+. In the same way, the number of pregions is finite and their union is denoted by Ω_−. Each n- or p-region has at most one contact and each contact is adjacent to only one n- or p-region. The union of the pn-junctions is denoted by Γ = Ω_+ ∩ Ω_−. Note that these assumptions do not rule out so called floating regions without any contacts. In Figure 1 two-dimensional cross sections of three typical devices are depicted. The pn-diode consists of one n- and one p-region, each with a contact. The bipolar transistor has three differently doped regions with contacts. Finally, the thyristor is a pnpn-structure. Figure 1 shows the so called Shockley diode where the two middle layers are floating regions.

In this paper we both discuss the stationary problem corresponding to (1.1), (1.3) as well as the transient case. Our objective in both cases is to find simple representations of the steady state and transient voltagecurrent characteristics, i.e. the dependence of the currents through the contacts on the m−1 contact voltages U_j − U_1, j = 2, · · ·, m. Obviously, the choice of U_1 does not influence the result. Note that we only need to compute m − 1 currents, since the total current density is divergence free, implying I_1 + · · · + I_m = 0.

The dimensionless parameters λ and δ^2 are small compared to 1 in practical applications. Our approach is an asymptotic analysis where we let these parameters tend to zero consecutively.

The limit λ → 0 corresponds to the physical assumption of zero space charge. Essentially, it amounts to replacing the left hand side of the Poisson equation (1.1c) by zero. However, since the problem is singularly perturbed in terms of λ, layer behaviour has to be expected. In particular, the jump discontinuities of the doping profile cause the limiting potential and the carrier densities to have jumps across pn-junctions. Also, an initial jump has to be expected for the time dependent problem. The nature of these jumps can be analyzed by introducing slow variables which are continuous in the limit. The construction of formal asymptotic expansions — including layer corrections at the pn-junctions and initial layers in the transient case — and their use for explaining device behaviour has received a considerable amount of attention in the literature (see [4], [7], [8], [9], [10], [11], [12], [22], [27], [33] for the stationary problem and [16], [17], [30], [31] for the time dependent case).

A rigorous theory justifying the limiting procedure is incomplete. To the authors’ knowledge, no results are available for the transient case. For one-dimensional steady state problems the approximations can be justified [10], [12] by general results for singularly perturbed two-point boundary value problems [25]. In higher dimensions, a justification for steady states close to thermal equilibrium, i.e. for small enough applied voltages, can be found in [7]. A weaker convergence result for arbitrary biases and a simplified problem with constant mobilities and vanishing recombination-generation rate has been derived in [4]. A generalization of this result, proven in [21], is stated in section 2 of this work.

In terms of the exponentials of the quasi Fermi levels, which are a convenient choice of variables for the steady state problem, the limiting stationary problem is a system of two nonlinearly coupled elliptic equations. The time dependent problem becomes a parabolic-algebraic system in the limit. In the language of the theory of differential-algebraic equations [3], it is an index 2 problem [1]. This means that the initial conditions have to satisfy certain compatibility relations which is guaranteed by the assumption that the initial data originate from steady state solutions. In other words this assumption implies the absence of initial jumps [16].

A further simplification of the problem is introduced by letting δ^2 tend to zero. Keeping the applied voltages fixed as the built-in potential tends to infinity (as δ^2 → 0, see (1.3b), (1.3c)) can be interpreted as a low injection condition.

For steady state problems this limit has been formally carried out in [11] and rigorously justified in [21]. However, the zero space charge and low injection assumptions have already been used for one-dimensional model problems in the early physical literature on semiconductor devices [26]. In particular, the famous Shockley equation for the voltage-current characteristic of a pn-diode and the qualitative behaviour of bipolar transistors are derived in this way (see also [29]). Thus, the results presented in section 2 can be seen as an extension of this early work. In sections 3 and 4 we demonstrate for multi-dimensional models of a pn-diode and a bipolar transistor, respectively, that the voltage-current characteristic close to thermal equilibrium can be determined explicitely in terms of the solutions of simple elliptic reference problems. In [21], the same methods have been applied for the computation of the forward and reverse bias blocking branches of the voltage-current characteristics of Shockley diodes. As in [27] for one-dimensional models, a device dependent parameter is identified whose sign determines whether a given pnpn-structure is a thyristor or behaves like a pin-diode.

For the transient behaviour of pn-diodes the limit δ^2 → 0 in the zero space charge problem has been carried out in [23] and [24]. In section 5 we extend this procedure to general bipolar devices. The limiting problem consists of linear parabolic equations in the n- and p-regions coupled by interface conditions at the pn-junctions. For the pn-diode and the bipolar transistor we show in sections 6 and 7, respectively, that these problems are equivalent to systems of integral equations describing the evolution of the currents in terms of the evolution of the applied voltages. Similarly to the steady state case, the kernels of the integral equations are determined by solving simple reference problems.

The question arises if the limit problems depend on the order of the limiting procedures λ → 0 and δ^2 → 0. In [11] it has been shown that for the thermal equilibrium problem (consisting only of a nonlinear Poisson equation) the limits commute. No proof is available, however, that the limits commute also in the general case. The limit δ^2 → 0 leads to a free boundary problem [20] having practical importance in VLSI applications, since for very small devices λ can be considerably large whereas δ^2 ≪ 1 is always a safe assumption. It should be mentioned in this context that the distinguished limit λ = δ → 0 has been considered in [15]. This amounts to the assumption that the reference length in the scaling is equal to the intrinsic Debye length.

Finally we want to discuss the limitations of our approach. They originate from keeping the applied voltages fixed in the course of the limiting procedures. It has already been pointed out that the assumption of smallness of the applied voltages compared to the built-in potential means low injection. Therefore high injection effects are neglected. A second source of error is the zero space charge assumption. We neglect the depletion regions in the neighbourhoods of the pn-junctions. This is justified, because the width of these regions is of the order of the Debye length which has been assumed to be small compared to other characteristic length scales in the device. It is well known, however, that the width grows with the potential jump across the junction. Effects involving large applied biases and, therefore, widening depletion regions have to be accounted for by an asymptotic analysis of a rescaled problem (see [2], [14], [18], [19], [28] for the stationary problem and [13] for the time dependent case). Unfortunately, in this case the most appealing feature of the close-to-thermal-eqilibrium results of this work is lost, namely the fact that the voltage-current characteristics can be given explicitely in terms of the solutions of reference problems independent of the biasing situation.

2. Steady state problems. The analysis of the stationary problem is greatly facilitated by introducing the exponentials u and v of the quasi Fermi levels as new variables instead of the carrier densities:

n = δ^2e^V u , p = δ^2e^{−V} v

This symmetrizing transformation for the continuity equations changes the steady state version of (1.1), (1.3) to the differential equations

(2.1) ∇ · ( μ_nδ^2e^V ∇u ) = δ^4R , ∇ · ( μ_pδ^2e^{−V} ∇v ) = δ^4R ,

λ^2ΔV = δ^2e^V u − δ^2e^{−V} v − C ,

subject to the boundary conditions

(2.2) u = e^{Uj} , v = e^{−Uj} , V = V_{bi} − U_j , at C_j , j = 1, · · ·, m , ∂V ∂ν = ∂u ∂ν = ∂v ∂ν = 0 , at ∂Ω_N .

Now the recombination-generation rate is given by R = Q(δ^2e^V u, δ^2e^{−V} v, x)(uv − 1) .

Note that the differential operators in the continuity equations are formally self-adjoint. Also we expect the derivatives of u and v to be bounded uniformly with respect to λ. This makes them slow variables in the language of singular perturbation theory. Before we can state the convergence result for λ → 0, a few regularity assumptions for the data are needed: The domain Ω is Lipschitz and the (k − 1)-dimensional Lebesgue measure of the union of the contacts is positive. The Dirichlet boundary data for V , u and v at the contacts can be extended to Ω as functions in H^1(Ω). The nonnegative reaction rate Q in the recombinationgeneration term is a smooth function of the carrier densities as well as a bounded function of position. The doping profile and the mobilities satisfy C ∈ L^∞(Ω) ∩ W^{2,1}(Ω_0) , μ_n, μ_p ∈ L^∞(Ω) ∩ H^1(Ω_0) , where Ω_0 = Ω \ Γ denotes the semiconductor domain without the pn-junctions. Additionally we assume the mobilities to be bounded away from zero.

Theorem 2.1. a) ([8]) Under the above assumptions the problem (2.1), (2.2) has a solution (V, u, v) ∈ ( H^1(Ω) ∩ L^∞(Ω)

)_3 . b) ([21]) For every sequence λ_k → 0+ there exists a subsequence (again denoted by λ_k) such that corresponding solutions (V_k, u_k, v_k) of (2.1), (2.2) satisfy V_k → V_0 , in L^2(Ω) , u_k → u_0 , weakly in H^1(Ω) , v_k → v_0 , weakly in H^1(Ω) , where (V_0, u_0, v_0) is a solution of (2.1), (2.2) with λ replaced by zero.

Remark. Note that the limiting potential would not satisfy general Dirichlet boundary conditions since it is determined from an algebraic equation (the reduced Poisson equation). However, the assumption of zero space charge at the Ohmic contacts is compatible with the limiting problem, and therefore the limiting solution satisfies the complete set of Dirichlet conditions.

After elimination of the potential the zero space charge equations can be written as

(2.3) δ^4J_n = μ_n C + √ C^2 + 4δ^4uv 2u ∇u , δ^4J_p = −μ_p −C + √ C^2 + 4δ^4uv 2v ∇v , ∇ · J_n = −∇ · J_p = R .

The carrier densities are given in terms of u and v by n = 1 2 ( C + √ C^2 + 4δ^4uv ) , p = 1 2 ( −C + √ C^2 + 4δ^4uv ) . This shows that n = C + O(δ^4) , p = O(δ^4) , in Ω_+ , p = −C + O(δ^4) , n = O(δ^4) , in Ω_− .

The statement that the density of the majority carriers (electrons in n-regions, holes in p-regions) is close to the modulus of the doping profile and the density of the minority carriers is small compared to that, is usually called a low injection condition.

Performing the formal limit δ^2 → 0 in (2.3) implies (2.4a) ∇u = 0 in Ω_+ , ∇v = 0 in Ω_− .

In other words, in each n- or p-region the quasi Fermi level corresponding to the majority carriers is constant. The current relations for the minority carriers are divided by δ^4 before passing to the limit. We obtain

(2.4b) ∇ · ( μ_n |C| ∇u ) = Q(0, |C|)(u − v^{−1}) , in Ω_− , ∇ · ( μ_p C ∇v ) = Q(C, 0)(v − u^{−1}) , in Ω_+ .

For the limiting minority carrier current densities we have

J_n = μ_nv |C| ∇u in Ω_− , J_p = − μ_pu C ∇v in Ω_+ .

Concerning the limit δ^2 → 0 the following result holds:

Theorem 2.2. For every sequence δ^2_k → 0+ there exists a subsequence (again denoted by δ^2_k) such that corresponding solutions (u_k, v_k) of (2.2), (2.3) satisfy

u_k → u_0 , weakly in H^1(Ω) , v_k → v_0 , weakly in H^1(Ω) ,

where the limit (u_0, v_0) satisfies (2.2), (2.4).

Assuming the constant values of u in the n-regions and of v in the p-regions to be known, the problem has been reduced to the solution of the linear elliptic equations (2.4b). At first glance, it seems disturbing, however, that only the minority carrier current densities are determined by the limiting problem. This means that the total current density is known only at pn-junctions. On the other hand, by current continuity it is sufficient to know the currents through the pn-junctions for computing the currents through the contacts. In the following two sections we shall demonstrate that the voltage-current characteristics can be determined explicitely in terms of a number of device dependent parameters from the simplified problem (2.2), (2.4).

3. The Shockley equation for the pn-diode. We denote the n-region of a pn-diode by Ω_n, the p-region by Ω_p, the adjacent Ohmic contacts by Γ_n and Γ_p, respectively, and the pn-junction by Γ (see Figure 2).

From a simple one-dimensional model problem Shockley (1949, [26]) computed the approximation

(3.1) I = I_s(e^U − 1)

for the steady state voltage-current characteristic which is now known as the Shockley equation. In (3.1), I denotes the current through the device and U the contact voltage. The reverse bias saturation current I_s has been determined by Shockley as a function of the doping levels in the n- and p-regions, the mobilities and recombination parameters. An application of the results of the preceding section will show that the Shockley equation remains valid in the multi-dimensional case with an appropriately chosen value of I_s.

In terms of the contact voltage U , the variables u and v satisfy the boundary conditions

u = v = 1 , at Γ_p , u = e^U , v = e^{−U} , at Γ_n .

From (2.4a) we immediately obtain

u = e^U , in Ω_n , v = 1 , in Ω_p .

For u in Ω_p and v in Ω_n we choose the representations

u = 1 + (e^U − 1)φ_p , in Ω_p , v = e^{−U} + (1 − e^{−U} )φ_n , in Ω_n ,

in terms of the reference functions φ_p and φ_n, respectively, solving the problem ∇ · ( μ_n |C| ∇φ_p ) = Q(0, |C|)φ_p , in Ω_p , (3.2a) ∇ · ( μ_p C ∇φ_n ) = Q(C, 0)φ_n , in Ω_n , (3.2b) φ_n = φ_p = 1 , at Γ , φ_n = 0 , at Γ_n , φ_p = 0 , at Γ_p . (3.2c) Important is the fact that φ_n and φ_p only depend on the device but not on the biasing situation. With the formulas for the current densities from the preceding section we obtain the Shockley equation (3.1) from an integration along the pn-junction Γ. The saturation current is given by

I_s = ∫ Γ ( μ_n |C_p| ∇φ_p − μ_p C_n ∇φ_n ) · ν ds , where ν is the unit normal vector along Γ pointing into Ω_n, and C_n (C_p) is the doping profile evaluated at the n-(p-)side of the junction. It is easy to see that both terms which sum up to the integrand are positive. If a one-dimensional model with constant mobilities and a piecewise constant doping profile is considered, the differential equations for φ_n and φ_p are linear homogeneous ODEs with constant coefficients. In this case, I_s can be computed explicitely, recovering Shockley’s formulas.

4. The current gain of the bipolar transistor. A bipolar transistor consists of three differently doped regions each having a contact. Among the two possibilities of npn- and pnp-configurations we choose to consider the latter. The arguments of this section carry over to npn-transistors with the obvious changes.

Note that three contacts cannot be incorporated into a one-dimensional model. Therefore we have to assume k = 2 or 3 for the space dimension in this section. Below we shall see that multi-dimensional effects are indeed important for the performance of bipolar transistors.

The outer (p-)regions are called emitter (Ω_E ) and collector (Ω_C ), the sandwiched n-region is the base (Ω_B ). The corresponding contacts are denoted by Γ_E , Γ_C and Γ_B , respectively, the emitter junction by Γ_{EB} and the collector junction by Γ_{BC} (see Figure 3). Contact voltages are measured with respect to the emitter: U_{BE} is the base-emitter voltage and U_{CE} the collector-emitter voltage. The Dirichlet conditions for u and v are then given by u = v = 1 , at Γ_E , u = e^{UCE} , v = e^{−UCE} , at Γ_C , u = e^{UBE} , v = e^{−UBE} , at Γ_B . Considering (2.4a) we have

v = 1 , in Ω_E , u = e^{UBE} , in Ω_B , v = e^{−UCE} , in Ω_C .

For the computation of the flow of minority carriers we again use a representation in terms of reference functions:

u = 1 + (e^{UBE} − 1)φ_1 , in Ω_E ,

v = e^{−UBE} + (1 − e^{−UBE} )φ_2 + (e^{−UCE} − e^{−UBE} )φ_3 , in Ω_B ,

u = e^{UCE} + (e^{UBE} − e^{UCE} )φ_4 , in Ω_C ,

where φ_1 and φ_4 satisfy the differential equations (3.2a), φ_2 and φ_3 satisfy (3.2b) and the boundary conditions for φ_1, · · · , φ_4 are indicated in Figure 3.

The currents I_E , entering the device through the emitter, and I_C , leaving the device through the collector, can be computed by integrations along the emitter and collector junctions. Then the base current is given by I_B = I_E − I_C . The bipolar transistor serves as an amplifier in the following way: A certain collector-emitter voltage is applied and the base current is used for triggering the collector current. Thus, we are interested in the dependence of I_C on I_B and U_{CE} . This is achieved by computing U_{BE} from the formula for I_B and substituting the result into the equation for I_C . Straightforward algebra gives

I_C = (I_B + a_3 + a_4) a_1 − a_2e^{−UCE} a_3 + a_4e^{−UCE}

− a_1 + a_2

where the parameters a_1, · · · , a_4 can be given in terms of the reference functions φ_1, · · ·, φ_4, and, in particular,

a_1 = − ∫ Γ_{BC} μ_p C_B ∇φ_2 · ν ds , a_3 = ∫ Γ_{EB} μ_n |C_E| ∇φ_1 · ν ds − ∫ Γ_B μ_p C_B ∇φ_2 · ν ds , holds. Here C_B denotes the doping profile evaluated at the base side of the junctions, with similar definitions for C_E and C_C.

A measure for the device performance is the common-emitter current gain β = ∂I_C ∂I_B = a_1 − a_2e^{−UCE} a_3 + a_4e^{−UCE} .

For collector-emitter voltages significantly larger than the thermal voltage, β can be approximated by a_1/a_3 which is large iff both terms summing up to a_3 are small compared to a_1. Usually the doping in the emitter region is much higher than that in the base region implying that the ratio between a_1 and the first term in a_3 is large. However, we also require

(4.1) − ∫ Γ_B μ_p C_B ∇φ_2 · ν ds ≪ − ∫ Γ_{BC} μ_p C_B ∇φ_2 · ν ds which refers only to the base region. The reference function φ_2 describes a situation where the potential at the emitter junction is raised. The hole current entering through the emitter junction is split into two parts leaving through the base contact and the collector junction, respectively. The above inequality means that the current through the base contact is much smaller than that through the collector junction, i.e. essentially all the holes injected into the base reach the collector. Consider a simplified model with constant hole mobility, constant doping in the base region and neglecting recombination-generation effects. Then φ_2 solves the Laplace equation and the validity of (4.1) only depends on the geometry of the base region.

The classical analysis of bipolar transistors (see e.g. [29]) uses a one-dimensional model. As pointed out above, this means that there is no obvious way of incorporating the base contact into the model. A priori assumptions on the flow in the base region have to be made. For the classical model it is assumed that the left hand side of (6.1) vanishes, i.e. there is no minority carrier current through the base contact. However, situations where in a_3 the second term dominates can be easily imagined. Then it is necessary to use the more general theory presented here.

5. Time dependent problems. Mathematically, the biggest difference between this section and section 2 is that only formal limiting procedures are considered for the transient problem whereas these limits have been rigorously justified for the steady state case.

The limit of the equations (1.1) as λ → 0 constitutes a differential-algebraic system in time. If the algebraic solution component V (no time derivatives of V appear in the equations) could be determined from the algebraic equation (5.1) 0 = n − p − C , the system would be of index 1 [3]. Since this is not the case we are confronted with a system of higher index. As usual in the analysis of differential algebraic equations, we differentiate (5.1) with respect to time and obtain from (1.1a)

(5.2) ∇ · (J_n + J_p) = 0 .

Since this can be interpreted as an elliptic equation for V , we obtain an index 1 system replacing (5.1) by (5.2). Therefore the original system is of index 2 in the language of the theory of differential algebraic equations, as has been pointed out by Ascher [1]. Initial data for the problem have to be compatible with both (5.1) and (5.2). It has already been observed [16], [30] that initial layers of rapid variation occur if the initial data do not satisfy (5.1), (5.2). For the steady state solutions used as initial conditions in this work, these conditions are certainly true and, thus, no initial layers are present.

For the further analysis of the transient problem it is convenient to introduce the new variables w and ~V by np = δ^4w , ~V = V − ~V_{bi} , where ~V_{bi} = { ln(C/δ^2) , in Ω_+; − ln(|C|/δ^2) , in Ω_−

is an approximation for the built-in potential for small δ^2: V_{bi} = ~V_{bi} + O(δ^4)

The limiting equations for λ → 0 in terms of w and ~V can be written as

(5.3)

∇ · J_n = −∇ · J_p = 1 √ C^2 + 4δ^4w ∂w ∂t + Q(n, p, x)(w − 1) , ∇w = pJ_n/μ_n − nJ_p/μ_p , (n + p)∇~V = ∇C ( 1 − n + p |C| ) − δ^4(J_n/μ_n + J_p/μ_p) with the carrier densities given by

(5.4) n = 1 2 ( C + √ C^2 + 4δ^4w ) , p = 1 2 ( −C + √ C^2 + 4δ^4w ) . The boundary conditions at the Ohmic contacts for the new variables read

w = 1 , ~V = −U_j (t) + O(δ^4) , at C_j , j = 1, · · · , m .

As in the steady state case, jump conditions at the pn-junctions have to be considered. The jump conditions are the same as for the steady state problem [16]. The variables u and v introduced in section 2 — and therefore also w = uv — as well as the normal components of the current densities are continuous across the junctions. From these conditions the equation w = 1 4 e~^V�^−~^V+ ( 1 + √ 1 + 4δ^4w/C^2_+ ) ( 1 + √ 1 + 4δ^4w/C^2_− ) , on Γ ,

can be deduced, where the subscripts “+” and “−” refer to one-sided limits from the Ω_+- and the Ω_−-sides, respectively.

Now we perform the limit δ^2 → 0. As in the steady state case we obtain from (5.4)

n = max(0, C) , p = max(0, −C)

and, in particular, n+p = |C| in the limit. Therefore the last equation in (5.3) implies that ~V is independent of position in each n- and p-region. The limiting w satisfies

(5.5) ∂w ∂t = { C ( ∇ · (_{μp} C ∇w ) − Q(C, 0, x)(w − 1) ) , in Ω_+, |C| ( ∇ · (_{μn} |C| ∇w ) − Q(0, −C, x)(w − 1) ) , in Ω_−.

The equation at the pn-junctions reduces to

(5.6) w = e~^V�^−~^V+ , on Γ .

The initial datum w_0(x) for w is the solution of a stationary version of (5.5), (5.6) with the initial values of ~V denoted by ~V (x, 0) = ~V^0(x) (constant in each n- and p-region). The new variable z = w − w_0 solves the equations

(5.7) ∂z ∂t = { C ( ∇ · (_{μp} C ∇z ) − Q(C, 0, x)z ) , in Ω_+, |C| ( ∇ · (_{μn} |C| ∇z ) − Q(0, −C, x)z ) , in Ω_−,

subject to the auxiliary conditions

(5.8) z = 0 , on C_1, · · · , C_m , z(x, 0) = 0 , z = e~^V�^−~^V+ − e~^V 0�^{−~V 0}+_{, on Γ ,}

and homogeneous Neumann conditions along ∂Ω_N . Note that the values of z on Γ are the only inhomogeneities in (5.7), (5.8).

Similar comments as in the steady state case are also relevant here. Assuming the (spatially constant) values of ~V in each n- and p-region to be given, the flow of the minority carriers can be obtained by solving the linear problem (5.7), (5.8). The currents through the contacts are computed from the currents through pn-junctions.

6. Switching of the pn-diode. In this section we present the derivation of an equation relating the evolution of the contact voltage and the current through a pn-diode as well as the analysis of a model for a simple switching application in the form of a Volterra integral equation [23], [24].

With the notation of section 3 the last condition in (5.8) reads for the pn-diode

(6.1) z = e^{U(t)} − e^U0 , on Γ ,

where U (t) denotes the contact voltage with the initial value U_0. The current through the diode is given by I(t) = I[w_0] + I[z](t) where the functional I[·] is defined by

I[z] = ∫ Γ [( μ_n |C| ∇z ) − − ( μ_p C ∇z ) + ] · ν ds .

We consider the linear operator A: D(A) → L^2(Ω_0) with domain D(A) = { z ∈ H^2(Ω_0) | z = 0 on Γ_n ∪ Γ_p, ∂z ∂ν = 0 on ∂Ω_N ,

z = const on Γ, I[z] = 0 } , whose action on a function z ∈ D(A) is defined by the right hand side of (5.7). It is easy to see that A is symmetric with respect to the L^2(Ω_0)-inner product

⟨z_1, z_2⟩ = ∫ Ω+ z_1z_2 C dx + ∫ Ω� z_1z_2 |C| dx .

It can be shown [23] that there exists an orthonormal basis of L^2(Ω_0) consisting of eigenfunctions φ_k, k = 1, 2, · · ·, of a self-adjoint extension of A. The corresponding eigenvalues λ_k, k = 1, 2, · · ·, are negative and have −∞ as their only accumulation point.

The Fourier coefficients in the representation

(6.2) z(x, t) = ∞∑ k=1 z_k(t)φ_k(x)

of the solution of (5.7), (5.8) satisfy the initial value problems

ż_k = λ_kz_k + Φ_kI[z](t) , z_k(0) = 0 , k = 1, 2, · · · ,

where Φ_k denotes the constant value of φ_k on Γ. With (6.1), evaluation of (6.2) on Γ gives

(6.3) e^{U(t)} − e^U0 = ∫_t 0 ~K(t − s)I[z](s) ds , ~K(t) = ∞∑ k=1 Φ^2_ke^{λkt} .

The kernel ~K is integrable and we introduce the normalized version

K(t) = I_s ~K(t) , with 1 I_s = ∫_∞ 0 ~K(t)dt =^∞ ∑ k=1 Φ^2_k −λ_k .

The choice of the symbol I_s for the normalization constant is justified. It is equal to the saturation current computed in section 3. For the initial current the Shockley equation can be used, and we have

I(t) = I[z](t) + I_s(e^U0 − 1) .

Substitution of this relation into (6.3) gives

(6.4) ∫_t 0 K(t − s)I(s) ds = I_s(e^{U(t)} − 1) − I_s(e^U0 − 1) ∫_∞ t K(s) ds . Equation (6.4) is the main result of this section. It provides the desired relation between the evolution of the current I(t) and the contact voltage U (t). The integral term on the left hand side accounts for the influence of the history of the evolution, i.e. in particular for charge-storage effects. The exponentially decaying kernel K(t) has an integrable singularity at t = 0 (K(t) = O(t^{−1/2}) for a one-dimensional model problem [24]).

Instead of solving the eigenvalue problem for the operator A, the kernel can also be determined from a Green’s function^1 Z solving a modified version of problem (5.7), (5.8) where the last condition in (5.8) is replaced by

a) Z is independent from the position along Γ and b) I[Z](t) = δ(t).

The kernel is then given in terms of the values of Z on Γ: K(t) = I_sZ|_Γ As in the stationary case, the voltage-current relation can be determined completely in terms of the solution of a device dependent reference problem.

As expected, (6.4) has the property that I(t) converges as t → ∞ if and only if U (t) also converges. It is easy to see that in this case the limiting values satisfy the Shockley equation.

For given contact voltage, (6.4) is a Volterra integral equation of the first kind for I(t). It is well known that this problem is mathematically ill posed. Jumps in the voltage, for example, correspond to singularities in the current. Also the purely voltage controlled problem is not very sensible from a physical point of view. The effect of a serial resistance always has to be taken into account.

The simple switching circuit depicted in Figure 4 has been considered in [23] and [24]. For t < 0 we assume a steady state with the contact voltage U = U_0 and the corresponding current I = I_s(e^U0 − 1). At time t = 0 the switch S is suddenly thrown to the right. For positive t the relation V = U (t) + R I(t) holds. If this is substituted in (6.4), a nonlinear Volterra integral equation of the second kind for I(t) results:

(6.5) ∫_t 0 K(t − s)I(s) ds = I_s(e^{V −RI(t)} − 1) − I_s(e^U0 − 1) ∫_∞ t K(s) ds . For this equation the following result can be proven:

Theorem 6.1. ([23]) Equation (6.5) has a unique solution I ∈ C[0, ∞) ∩ C^∞(0, ∞) converging as t → ∞ to the unique solution I_∞ of I_∞ = I_s(e^{V −RI}1 − 1) .

Finally we wish to demonstrate the capability of the model (6.5) to describe charge-storage effects by discussing the example of switching a pn-diode from a forward conduction to a reverse blocking state. In this case U_0 > 0 and V < 0 holds. We rescale the current by the modulus of its initial value I(0) = (V − U_0)/R: I = U_0 − V R y Equation (6.5) in terms of the new variable y reads

(6.6) e^{(V −U}0^{)(y(t)+1)} = 1 − ∫_t 0 K(t − s) ( 1 − e^{−U}0 − U_0 − V RI_se^U0 y(s) ) ds . 1 We are indebted to Pierre Degond for pointing out this fact.

We wish to discuss a situation where the involved voltages have absolute values large compared to the thermal voltage, i.e. U_0, −V ≫ 1. The factor α = U_0 − V RI_se^U0 in (6.6) is an approximation for the ratio of the initial reverse current immediately after the switching and the forward current before the switching. We consider the limits U_0 → ∞ and V → −∞ keeping the value of α fixed. As a convenient small parameter we choose ε = 1 U_0 − V . With the new parameters we write (6.6) as

(6.7) e^{−(y(t)+1)/ε} = 1 − ∫_t 0 K(t − s)[1 − εαRI_s − αy(s)]ds . The limit ε → 0 in (6.7) has been carried out and justified for a simple model problem with explicitely known kernel in [24]. The limiting behaviour can be described as follows: Initially, a so called ‘constant current phase’ appears:

y(t) = −1 , for 0 ≤ t ≤ t_0 ,

whose length t_0 is the solution of the equation

(6.8) 0 = 1 − (1 + α)

∫_t0 0 K(s)ds . The constant current phase is a time period where the resistivity of the diode is dominated by the serial resistance. Its occurrence is a charge-storage effect. When a sufficient amount of excess charges has been removed the current starts decaying to its steady state value. In this decay phase the exponential in (6.7) can be neglected, and the approximate solution y(t) is determined from the Volterra equation of the first kind

0 = 1 − ∫_t 0 K(s)ds − α ∫_t0 0 K(t − s)ds + α ∫_t t0 K(t − s)y(s)ds , for t > t_0 . The approximate current is continuous, but its derivative in general has a singularity at t = t_0+ [24].

For the model problem treated in [24] (infinitely long one-dimensional diode) the length of the constant current phase and the solution in the decay phase have already been computed by Kingston (1954, [5]) and Lax and Neustadter (1954, [6]). As in the steady state case our analysis leads to an extension of classical results.

7. The transient behaviour of the bipolar transistor. In this section we show that the currents through a bipolar transistor and the contact voltages are related by a system of two integral equations.

We recall the transistor geometry considered in section 4 (Figure 3). Then the last condition in (5.8) can be written as z = e^{UBE(t)} − e^U 0_{BE} , on Γ_{EB} , z = e^{UBC(t)} − e^U 0_{BC} , on Γ_{BC} .

Here U_{BE} and U_{BC} denote the base-emitter voltage and the base-collector voltage, respectively; U^0_{BE} and U^0_{BC} are their values at t = 0.

Similarly to the preceding section we define the current functionals I_E [·] by

I_E [z] = ∫ Γ_{EB} [( μ_n |C| ∇z ) − − ( μ_p C ∇z ) + ] · ν ds , and I_C [·] analogously by an integral over Γ_{BC} . We procede as for the pn-diode by considering the operator A. Functions in the domain of A are now required to be constant along the junctions Γ_{EB} and Γ_{BC} with I_E [z] = I_C [z] = 0 for z ∈ D(A). We again derive a Fourier series expansion of the solution z of (5.7), (5.8) in terms of eigenfunctions of A. Evaluation of this representation on the pn-junctions leads to the system

(7.1) e^{UBE(t)} − e^U 0_{BE} = ∫_t 0 [ K_E (t − s)(I_E (s) − I^0_E ) + K_{EC} (t − s)(I_C (s) − I^0_C ) ] ds , e^{UBC(t)} − e^U 0_{BC} = ∫_t 0 [ K_{EC} (t − s)(I_E (s) − I^0_E ) + K_C (t − s)(I_C (s) − I^0_C ) ] ds . These integral equations are the equivalent of equation (6.4) for the pn-diode. They relate the contact voltages to the emitter and collector currents I_E (t) and I_C (t), respectively, whose initial values are denoted by I^0_E and I^0_C . The kernel functions are given by

K_E (t) = ∞∑ k=1 Φ^2_{Ek}e^{λkt} , K_C (t) = ∞∑ k=1 Φ^2_{Ck}e^{λkt} ,

K_{EC} (t) = ∞∑ k=1 Φ_{Ek}Φ_{Ck}e^{λkt} ,

where Φ_{Ek} and Φ_{Ck} are the values of the k-th eigenfunction of A at Γ_{EB} and Γ_{BC} , respectively. An application of the Cauchy-Schwarz inequality shows that the kernel matrix of the two-dimensional system (7.1) is symmetric positive definite.

The kernel functions can again be computed by solving parabolic reference problems. We consider a function Z_E solving a version of (5.7), (5.8) with

I_E [Z_E](t) = δ(t) , I_C [Z_E ](t) = 0 ,

as well as a function Z_C satisfying

I_E [Z_C](t) = 0 , I_C [Z_C ](t) = δ(t) .

Then the kernel functions are given by evaluation of these Green’s functions at the pn-junctions:

K_E (t) = Z_E |_{ΓEB} , K_C (t) = Z_C |_{ΓBC} , K_{EC} (t) = Z_E |_{ΓBC} = Z_C |_{ΓEB}

8. Conclusions. Asymptotic methods have been used to reduce the computation of voltage-current characteristics of multidimensional bipolar semiconductor devices to the solution of simple, bias-point independent reference problems.

For the transient behaviour a new type of models in the form of integral equations has been presented. These models are well suited for an analysis of switching processes. Furthermore, they are simple enough to be used in circuit simulation programs as an alternative for equivalent circuit models. Preliminary numerical experiments [32] indicate that an efficient implementation is possible.

REFERENCES

[1] U. ASCHER, On Numerical Differential Algebraic Problems with Application to Semiconductor Device Simulation, SIAM J. Num. Anal., 26 (1989), pp. 517–538.

[2] F. BREZZI, A. CAPELO, AND L. GASTALDI, A Singular Perturbation Analysis of Reverse Biased Semiconductor Diodes, SIAM J. Math. Anal., 20 (1989), pp. 372–387.

[3] E. GRIEPENTROG AND R. MÄRZ, Differential-Algebraic Equations and their Numerical Treatment, Teubner-Texte Math. 88, Teubner, Leipzig, 1986.

[4] J. HENRY AND B. LOURO, Singular Perturbation Theory Applied to the Electrochemistry Equations in the Case of Electroneutrality, Nonlinear Analysis TMA, 13 (1989), pp. 787–801.

[5] R.H. KINGSTON, Switching Time in Junction Diodes and Junction Transistors, Proc. IRE, 42 (1954), pp. 829–834.

[6] B. LAX AND S.F. NEUSTADTER, Transient Response of a pn-Junction, J. Appl. Phys., 25 (1954), pp. 1148–1154.

[7] P.A. MARKOWICH, A Singular Perturbation Analysis of the Fundamental Semiconductor Device Equations, SIAM J. Appl. Math., 44 (1984), pp. 896–928.

[8] P.A. MARKOWICH, The Stationary Semiconductor Device Equations, Springer-Verlag, Wien—New York, 1986.

[9] P.A. MARKOWICH AND C. RINGHOFER, A Singularly Perturbed Boundary Value Problem Modelling a Semiconductor Device, SIAM J. Appl. Math., 44 (1984), pp. 231–256.

[10] P.A. MARKOWICH, C. RINGHOFER, AND C. SCHMEISER, An Asymptotic Analysis of One- Dimensional Semiconductor Device Models, IMA J. Appl. Math., 37 (1986), pp. 1–24.

[11] P.A. MARKOWICH, C. RINGHOFER, AND C. SCHMEISER, Semiconductor Equations, Springer- Verlag, Wien—New York, 1990.

[12] P.A. MARKOWICH AND C. SCHMEISER, Uniform Asymptotic Representation of Solutions of the Basic Semiconductor Device Equations, IMA J. Appl. Math., 36 (1986), pp. 43–57.

[13] P.A. MARKOWICH AND P. SZMOLYAN, A System of Convection-Diffusion Equations with Small Diffusion Coefficient arising in Semiconductor Device Physics, J. Diff. Equ., 81 (1989), pp. 234–254.

[14] R.E. O’MALLEY AND C. SCHMEISER, The Asymptotic Solution of a Semiconductor Device Problem Involving Reverse Bias, SIAM J. Appl. Math., 50 (1990), pp. 504–520.

[15] C.P. PLEASE, An Analysis of Semiconductor P-N Junctions, IMA J. Appl. Math., 28 (1982), pp.

301–318.

[16] C. RINGHOFER, An Asymptotic Analysis of a Transient p-n-Junction Model, SIAM J. Appl. Math., 47 (1987), pp. 624–642.

[17] C. RINGHOFER, A Singular Perturbation Analysis for the Transient Semiconductor Device Equations in One Space Dimension, IMA J. Appl. Math., 39 (1987), pp. 17–32.

[18] C. SCHMEISER, On Strongly Reverse Biased Semiconductor Diodes, SIAM J. Appl. Math., 49 (1989), pp. 1734–1748.

[19] C. SCHMEISER, A Singular Perturbation Analysis of Reverse Biased pn-Junctions, SIAM J. Math.

Anal., 21 (1990), pp. 313–326.

[20] C. SCHMEISER, Free Boundaries in Semiconductor Devices, Proc. Free Boundary Problems: Theory and Applications, Montreal, 1990.

[21] C. SCHMEISER, Voltage-Current Characteristics of Multi-Dimensional Semiconductor Devices, to appear in Quarterly of Appl. Math., 1991.

[22] C. SCHMEISER AND H. STEINRÜCK, A New Approach to the Modelling of PNPN Structures, Solid- State Electr., 34 (1991), pp. 57–62.

[23] C. SCHMEISER AND A. UNTERREITER, The Transient Behaviour of Multi-Dimensional PN-Diodes in Low Injection, manuscript, TU Wien, 1991.

[24] C. SCHMEISER, A. UNTERREITER, AND R. WEISS, The Switching Behaviour of a One-Dimensional PN-Diode in Low Injection, submitted, 1991.

[25] C. SCHMEISER AND R. WEISS, Asymptotic Analysis of Singular Singularly Perturbed Boundary Value Problems, SIAM J. Math. Anal., 17 (1986), pp. 560–579.

[26] W. SHOCKLEY, The Theory of p-n Junctions in Semiconductors and p-n Junction Transistors, Bell Syst. Tech. J., 28 (1949), pp. 435.

[27] H. STEINRÜCK, A Bifurcation Analysis of the Steady State Semiconductor Device Equations, SIAM J. Appl. Math., 49 (1989), pp. 1102–1121.

[28] H. STEINRÜCK, Asymptotic Analysis of the Current Voltage Curve of a PNPN Semiconductor Device, IMA J. Appl. Math., 43 (1989), pp. 243–259.

[29] S.M. SZE, Physics of Semiconductor Devices, 2nd ed., John Wiley & Sons, New York, 1981. [30] P. SZMOLYAN, A Singular Perturbation Analysis of the Transient Semiconductor Device Equations, SIAM J. Appl. Math., 49 (1989), pp. 1122–1135.

[31] P. SZMOLYAN, Asymptotic Methods for the Transient Semiconductor Device Equations, COMPEL, 8 (1989), pp. 113–122.

[32] A. UNTERREITER, The Switching Behaviour of PN-Diodes in the Case of Low Injection, Dissertation, TU Wien, 1991.

[33] A.B. VASIL’EVA AND V.G. STELMAKH, Singularly Disturbed Systems of the Theory of Semiconductor Devices, USSR Comput. Math. Phys., 17 (1977), pp. 48–58.