The Initial Time Layer Problem and the Quasineutral Limit in the Semiconductor Drift-Diffusion Model

Ingenuin Gasser

Fachbereich Mathematik, Universität Hamburg, Bundesstraße 55, D-20146 Hamburg, Germany

C. David Levermore,

Department of Mathematics, Univerity of Arizona, Tucson, AZ 85721, USA

Peter A. Markowich

Institut für Mathematik, Universität Wien, Boltzmanngasse 9, A- 1090 Wien, Austria

Christian Schmeiser

Institut für Angewandte und Numerische Mathematik, Technische Universität Wien, Wiedner Hauptstraße 6-10, A-1040 Wien, Austria

September 12, 2000

AMS(MOS) subject classifications: 35Q60, 76W05.

Keywords: drift-diffusion model, quasi-neutral limit

Abstract

The classical time-dependent drift-diffusion model for semiconductors is considered for small scaled Debye length (which is a singular perturbation parameter). The corresponding limit is carried out on both the dielectric relaxation time scale and the diffusion time scale. The latter is a quasineutral limit and the former can be interpreted as an initial time layer problem. The main mathematical tool for the analytically rigorous singular perturbation theory of this paper is the (physical) entropy of the system.

1 Introduction

Quasineutrality is a frequently used modelling assumption in charged particle transport. It has been applied in the first theoretical studies of semiconductor devices [Sh], but also in other contexts such as the modelling of plasmas [SM] and ionic membranes [R].

Formally, quasineutral models are derived in the limit as the ratio of the Debye length to a characteristic length tends to zero. In the semiconductor context, this formalized perturbation approach has been used extensively for the analysis of the qualitative behaviour of semiconductor devices, see [P, MRS2] for early contributions and [MRS] for an overview and further references. All these studies are based on a description of charge transport by the steady state classical drift-diffusion model, posed on bounded domains representing the semiconductor part of a device and boundary conditions modelling contacts and/or insulating segments.

Similarly, for the time dependent drift-diffusion model the quasineutrality assumption has been used in the early days of semiconductor device theory [LN, K] and later the formal asymptotics have been carried out, see e.g. [Ri1, Ri2, SU, SUW].

The contributions mentioned so far are concerned with formal asymptotic expansions. Rigorous convergence results for the stationary one-dimensional drift-diffusion model are the consequence of a general theory for singularly perturbed ordinary differential equations [VB, SW]. Results for multidimensional problems can be found in [Ma, Sch].

The justification of the quasineutral limit in time dependent problems has become the subject of intensive efforts recently. Actually, different transport models have been considered. Kinetic descriptions in the form of Vlasov- Poisson systems are the subject of [Gre, BG] and Euler-Poisson systems have been investigated in [CG, CDMS, GaM1, GaM2]. However, all these results are restricted to special situations. In [Gre, BG, CG] the unipolar case involving only one type of charge carriers is considered. The result [CDMS] concerns traveling wave solutions and the quasineutral limit results in [GaM1, GaM2] are valid under the assumption of an additional damping relaxation mechanism.

The present study is concerned with the time dependent bipolar drift-diffusion- Poisson system where no rigorous results on the quasineutral limit have been available up to now. It is our aim to exploit the information gained from an entropy dissipation equation (carrying additional physical information) and to demonstrate the potential of this approach. In this paper we obtain the desired result under certain restrictive assumptions:

1. Sign chances in the doping profile and, thus, pn-junctions are excluded.

2. An insulated piece of semiconductor without contacts is considered on the “dielectric relaxation time scale”. More general boundary conditions modelling ohmic contacts and insulating segments are admitted on the “diffusion time scale”.

3. Charge neutral initial conditions are assumed on the “diffusion time scale”.

Assumption 1) permits bounds on the carrier densities from below which are an essential ingredient of our analysis. Assumption 2) allows for a thermal equilibrium steady state which is important for the entropy approach. Strongly connected with the quasineutral limit is the presence of the two different time scales mentioned in 2. The quasineutral limit, corresponding to the so called “diffusion time” scale is singular and incompatible with general initial conditions. Initial layers where the solution varies on the fast “dielectric relaxation time” scale are responsible for the connection between initial conditions and the quasineutral “outer problem”. These layers are eliminated by assumption 3.

We also consider the problem on the dielectric relaxation time scale. One dimensional versions have already been studied in [BM, MS, Sz]. In the limit as the scaled Debye length tends to zero, the initial layer problem is derived. For matching to the quasineutral problem, its long time behaviour has to be understood. Under assumption 1 and 2 we prove convergence to a quasineutral state. However, a complete characterisation of the asymptotic state in terms of the initial conditions is still missing.

This work is organized as follows: In section 2 the model is presented and the formal results are outlined. A priori estimates are collected in section 3. Section 4 is concerned with the problem on the fast time scale. The derivation of the initial layer problem is a special case of a result in [Gas1, Gas2] where nonlinear diffusion effects are incorporated in the model. The charge neutral limit is the subject of section 5. Here, vanishing results for vanishing doping profiles [Gas1, Gas2, JP] are extended to doping profiles satisfying assumption 1.

2 Formal Asymptotics

The scaled semiconductor drift-diffusion equations read

n_t = div(μ_n(∇n + nE)) , (2.1a) p_t = div(μ_p(∇p − pE)) , (2.1b) −λ^2divE = n − p − C , (2.1c)

with x ∈ Ω ⊂ IR^d, Ω bounded with smooth boundary, t ≥ 0 and E = −∇Φ. The unknowns n, p, E, Φ are the electron density, the hole density, the electric field and the electric potential, respectively. The given function C = C(x) is the doping profile descibing fixed background charges. The dimensionless positive parameters μ_n, μ_p and λ are the scaled mobilities of electrons and holes and the scaled Debye length, respectively.

We consider inital-boundary value problems with initial conditions for the densities,

n(t = 0, x) = n_0(x), p(t = 0, x) = p_0(x), (2.1d)

and with mixed boundary conditions

∇n · ν = 0, ∇p · ν = 0, E · ν = 0 on ∂Ω_N , (2.1e) n = n_ie^{Φbi} , p = n_ie^{−Φbi} , Φ = Φ_{bi} on ∂Ω_D, (2.1f)

where ν is the normal vector along the boundary ∂Ω_N and the boundary is the union of Dirichlet and Neumann boundaries ∂Ω = ∂Ω_D ∪∂Ω_N . n_i (scaled intrinsic carrier density of the semiconductor) and Φ_{bi} = Φ_{bi}(x) (scaled builtin potential due to the doping) are choosen such, that

n_ie^{Φbi} − n_ie^{−Φbi} − C = 0 on ∂Ω_D. (2.1g)

Ω_D models the Ohmic contacts of the device and Ω_N the insulating boundary segments.

We shall be interested in situations where the scaled Debye length λ takes small values whereas the scaled mobilities are of order 1. Then there are two significant time scales. The nondimensionalization leading to (2.1a) is based on the diffusion scale. The rescaled time variable s =^t_{λ2} corresponds to the dielectric relaxation time as the reference time. In the following we shall refer to the diffusion and dielectric relaxation time scales as the slow and fast scales, respectively. In particular, from the point of view of the slow scale, the analysis of initial layers has to be based on the fast scale.

Formally, setting λ = 0 in the slow equations (2.1a)–(2.1c) we obtain the system

n_t = div(μ_n(∇n + nE)) , (2.2a) p_t = div(μ_p(∇p − pE)) , (2.2b) 0 = n − p − C . (2.2c)

Because of the singular perturbation character of the problem (the Poisson equation becomes an algebraic equation in the limit) we cannot expect that the full initial and boundary conditions hold for the limiting problem. However, by the conservation form of the continuity equations the property of zero current flux through the Neumann boundary will prevail in the limit:

(∇n + nE) · ν = 0, (∇p − pE) · ν = 0 on ∂Ω_N . (2.2d)

Initial conditions for the slow limiting problem will be discussed below. In case of no Dirichlet boundary ∂Ω_D = ∅ a necessary solvability condition for the Poisson equation (2.1c) subject to Neumann boundary conditions for the field in (2.1e) is global charge neutrality, ∫ Ω(n − p − C)dx = 0. Since in this case the total numbers of electrons and holes are conserved, it is sufficient to require the corresponding condition for the initial data: ∫ Ω (n_0 − p_0 − C)dx = 0 . (2.3)

Also, by the nonnegativity of the densities, necessary conditions for the validity of the limiting procedure (and in particular for the local neutrality (2.2c)) in the case of homogenous Neumann boundary conditions are ∫ Ω n dx = ∫ Ω n_0 dx ≥ ∫ Ω C_+ dx , ∫ Ω p dx = ∫ Ω p_0 dx ≥ ∫ Ω C_− dx (2.4)

(where we use the standard notation for the positive and negative parts of realvalued functions). It is easily seen that these conditions are equivalent under the global neutrality assumption (2.3). They constitute an additional condition for the initial data for the densities.

We turn back to the system (2.2a)–(2.2c). In order to illuminate the character of the system (2.2a)–(2.2c), we introduce the new variable ϕ ϕ = −Φ − μ_n − μ_p μ_n + μ_p ln [μ_nn + μ_n(n − C)] , (2.5)

where E = −∇Φ. Then (2.2a)–(2.2c) becomes a coupled elliptic-parabolic system of the form

n_t = div ( 2n − C n μp +^{n−C}_{μn} ∇n + μ_nn∇ϕ + μ_n − μ_p μ_n + μ_p n∇C n μp +^{n−C}_{μn} ) , (2.6a)

0 = div ( (μ_nn + μ_p(n − C))∇ϕ − 2 1 μn +^1_{μp} ∇C ) , (2.6b)

for the variables n and ϕ. Let us consider two simple cases. Assume the doping profile to be constant C = const and Ω_D = ∅, then ϕ = const due to (2.6b) and the homogeneous Neumann boundary conditions deduced from (2.2c) and (2.2d). We obtain the nonlinear heat equation

n_t = div ( 2n − C n μp +^{n−C}_{μn} ∇n ) . (2.7)

If, further, C ≡ 0 the limiting problem is the linear heat equation

n_t = div ( 2 1 μp +^1_{μn} ∇n ) . (2.8)

In both cases, the limiting electron density satisfies homogeneous Neumann boundary conditions.

On the fast scale the drift-diffusion equations are given by

n_s = div(μ_n(λ^2∇n + nF )) , (2.9a) p_s = div(μ_p(λ^2∇p − pF )) , (2.9b) −divF = n − p − C . (2.9c)

Here we use the rescaled field F = λ^2E. Correspondingly, the rescaled potential V = λ^2Φ with F = −∇V is introduced. For the sake of completeness, we restate the initial conditions

n(s = 0, x) = n_0(x), p(s = 0, x) = p_0(x), (2.9d)

and the boundary conditions

(λ^2∇n + nF ) · ν = 0, (λ^2∇p − pF ) · ν = 0, F · ν = 0 on ∂Ω (2.9e)

and the solvability condition (2.3). Formally, for λ → 0, the following limiting problem is obtained:

n_s = div(μ_nnF ) (2.10a) p_s = −div(μ_ppF ) (2.10b) −divF = n − p − C (2.10c)

with the initial conditions

n(s = 0, x) = n_0(x), p(s = 0, x) = p_0(x), (2.10d)

and the boundary condition

F · ν = 0 on ∂Ω. (2.10e)

On the fast scale we only deal with homogeneous Neumann boundary conditions. The reason lies in the fact that the the boundary ∂Ω × R^+_t is characteristic for both hyperbolic limit equations (2.10a),(2.10b) which essentially allows to treat (2.10) as an initial value problem. The boundary conditions for the densities are lost in the limit due to the singular perturbation character of (2.9a) and (2.9b). Also, no further boundary conditions are needed for the limiting problem, since the boundary is characteristic for (2.10a) and (2.10b).

The problem (2.10) describes an initial time layer. Initial data for the slow limiting problem (2.2) can be derived by going to the limit s → ∞ in (2.10). The layer solution can be matched to the solution of (2.2), iff the limit (n_∞, p_∞, F_∞) as s → ∞ of the solution of (2.10) satisfies local charge neutrality:

n_∞ − p_∞ − C = 0 , F_∞ = 0 .

This, however, can only be expected if the initial data satisfy (2.4). In more general situations it will be shown below that only

−divF_∞ = n_∞ − p_∞ − C = 0 , F_∞(n_∞ + p_∞) = 0 ,

holds. Thus, Ω is split into vacuum regions (n_∞ = p_∞ = 0) and charge neutral regions (n_∞ − p_∞ − C = 0).

A rigorous treatment of the above asymptotic procedures has to start with an existence and uniqueness analysis of the full problem (2.1) (or, equivalently, (2.9)). Existence and uniqueness of solutions was shown under natural assumptions on the data such as smoothness of ∂Ω, C ∈ L^∞(Ω), n_0, p_0 ∈ L^2(Ω) nonnegative (see, e.g., [Gaj], [Gaj1], [Mock]), and will be assumed here. An important tool is the entropy functional [Gaj], [Gaj1] e(t) = ∫ Ω ( n (ln n n_e − 1) + p (ln p p_e − 1) + λ^2 2 |∇Φ − ∇Φ_e|^2 ) dx + e_0, (2.11)

where the constant e_0 is such that the entropy e(t) is a nonnegative quantity. The functions n_e and p_e are given by

n_e = n_ie^{Φe} , p_e = n_ie^{−Φe} , (2.12)

where Φ_e solves the equilibrium problem

λ^2ΔΦ_e = n_ie^{Φe} − n_ie^{−Φe} − C in Ω

Φ_e = Φ_{bi} on ∂Ω_D ∇Φ_e · ν = 0 on ∂Ω_N . (2.13)

A straightforward computation gives the entropy dissipation de dt = − ∫ Ω ( μ_n |∇n + nE|^2 n + μ_p |∇p − pE|^2 p ) dx , (2.14)

and, thus, the decay of the physical entropy with time follows. A rescaled version for the fast problem is given by

E(s) = λ^2e(λ^2s) (2.15) = ∫ Ω ( λ^2n(ln n n_e − 1) + λ^2p(ln p p_e − 1) + 1 2 |F − λ^2∇Φ_e|^2 ) dx + λ^2e_0,

satisfying dE ds = − ∫ Ω ( μ_n |λ^2∇n + nF |^2 n + μ_p |λ^2∇p − pF |^2 p ) dx . (2.16)

As a first step in our treatment, a priori estimates will be given in the following section. The main tool are invariant region arguments needing one of the following assumptions on the doping profile:

(A1) C = const, (A2) C ≥ C > 0 in Ω,

(A2’) C ≤ −C < 0 in Ω.

The main results of this paper are shown for either (A1) or (A2). Note that, assuming global neutrality (2.3), the condition (2.4) for the charge neutral limit is automatically satisfied if one of the above assumptions (A1), (A2), (A2’) holds.

3 A Priori Estimates

In the following we collect new and already known estimates on the solutions on the fast and the slow time scale. We start with L^q-estimates, formulated (for convenience) in terms of the fast problem (2.9) (with homogeneous Neumann conditions).

Lemma 3.1. Let n_0, p_0 ∈ L^q(Ω) (and nonnegative), 1 ≤ q ≤ ∞, C ∈ L^∞(Ω). Then, the solution of (2.9) satisfies

‖n(s)‖_1 = ‖n_0‖_1, ‖p(s)‖_1 = ‖p_0‖_1, (3.1a)

‖n(s)‖_Lq_{(Ω)}, ‖p(s)‖_Lq_{(Ω)} ≤ exp ( μ‖C‖_L∞_{(Ω)}s ) ( ‖n_0‖_Lq_{(Ω)} + ‖p_0‖_Lq_{(Ω)} ) (3.1b)

with μ = max{μ_n, μ_p}.

Proof. The conservation of the L^1-norms (3.1a) is obvious. For 1 < q < ∞ we compute 1 q d ds ∫ Ω ( n^q μ_n + p^q μ_p ) dx = −λ^2(q − 1) ∫ Ω ( n^{q−2}|∇n|^2 + p^{q−2}|∇p|^2 ) dx − q − 1 q ∫ Ω (n^q − p^q)(n − p − C)dx , with the consequence d ds ∫ Ω (n^q + p^q)dx ≤ (q − 1)μ‖C‖_L∞_{(Ω)} ∫ Ω (n^q + p^q)dx . The estimate (3.1b) is now a consequence of the Gronwall lemma. The L^∞ part is obtained by passing to the limit q → ∞.

On the slow time scale the L^1 norms of n and p are still conserved. Except for a vanishing doping profile and pure homogenous Neumann boundary conditions, the estimate (3.1b) is nonuniform in s and, thus, nonuniform in λ for the slow problem. However, uniform estimates can be obtained under additional assumptions, e.g., for constant doping profiles.

Lemma 3.2. Assume n_0, p_0 ∈ L^∞(Ω), n_ie^{Φbi} , n_ie^{−Φbi} ∈ L^∞(∂Ω_D) and (A1). Then the solution of (2.1) (and of (2.9)) satisfies

n, p ∈ L^∞(Ω × (0, ∞)) (3.2)

uniformly in λ.

Proof. The result is independent of the choice of the time scale. For definiteness, we shall work with the slow problem (2.1). By expanding the spatial derivatives in the continuity equations and using the Poisson equation, (2.1a), (2.1b) can be written as a system of reaction-diffusion equations with convection: n_t = μ_n(Δn + E · ∇n) − μ_n λ^2 n(n − p − C) , (3.3a) p_t = μ_p(Δp − E · ∇p) + μ_p λ^2 p(n − p − C) . (3.3b) We use an invariant region approach. Consider a rectangle R = [0, n] × [0, p] in the (n, p)-plane, chosen such that

n = p + C , (n_0(x), p_0(x)) ∈ R for x ∈ Ω . (3.4)

It is easily seen that the region R is forward invariant for the ODE system satisfied by space-homogeneous solutions of (3.3). The invariance of R for the full system (3.3) is a consequence of the maximum principle. Thus, the solution (n(x, t), p(x, t)) remains in R for all t > 0 (s > 0) and x ∈ Ω, completing the proof.

For the analysis in section 5 it is crucial that one of the densities is bounded away from zero.

Lemma 3.3. Assume (A2) ((A2’)) and n_0 ≥ C (p_0 ≥ C) in Ω, n_ie^{Φbi} ≥ C (n_ie^{−Φbi} ≥ C) on ∂Ω_D. Then the solution of (2.1) (and of (2.9)) satisfies n(x, t) ≥ C, (p(x, t) ≥ C) (3.5) for (x, t) ∈ Ω × (0, ∞).

Proof. We apply the same ideas as in the proof of Lemma 3.2 with the invariant region R = [C, ∞) × [0, ∞) (R = [0, ∞) × [C, ∞)).

In the case of doping profiles with changes of sign uniform estimates of the above type are not known.

4 The Limit ˘ ! 0 and the Large-Time Asymptotics in the Fast Problem

We start this section with the limit λ → 0 in the fast problem.

Theorem 4.1. Let C ∈ L^∞(Ω), n_0, p_0 ∈ L^q(Ω) with q >^{2d}_{d+1} , and S > 0. Then, as λ → 0 (after extracting subsequences) the solution of (2.9) converges to a solution of (2.10), where the convergence of the densities is weak in L^∞((0, S); L^q(Ω)) and the convergence of the field F is strong in C([0, S]; L^p(Ω)) for 1 < p < {_{dq} d−q for q < d , ∞ for d ≤ q .

This Theorem is a special case of Theorem 2.1 in [Gas1, Gas2] where the nonlinear exponents take the values γ_n = γ_p = 1.

Next we investigate the long time behaviour of the initial layer problem (2.10). In particular we shall prove convergence to a steady state. The basic entropy equality is obtained by setting λ = 0 in (2.16): 1 2 d ds ∫ Ω |F |^2dx + ∫ Ω |F |^2(μ_nn + μ_pp)dx = 0. (4.1)

Now let s_k > 0 be a sequence with s_k^{k→∞}−−−→ ∞. We define for x ∈ Ω and s ∈ [0, S] with S > 0

F^k(x, s) := F (x, s + s_k) (4.2a) n^k(x, s) := n(s, s + s_k) (4.2b) p^k(x, s) := p(x, s + s_k). (4.2c)

Obviously, F^k, n^k, p^k satisfy the IVP on Ω:

n^k_s = μ_ndiv(F^kn^k), n^k(s = 0) = n(x, s_k) (4.3a) p^k_s = − μ_pdiv(F^kp^k), p^k(s = 0) = p(x, s_k) (4.3b) −divF^k = n^k − p^k − C(x), F^k = −∇V^k (4.3c) F^k · ν = 0 on ∂Ω (4.3d)

for s ∈ [0, S]. The entropy equality is as above and, after integration with respect to s ∈ [0, S] 1 2 ∫ Ω |F^k(S)|^2dx + I^k(S) = 1 2 ∫ Ω |F (s_k)|^2dx (4.4) where

I^k(S) := S∫ 0 ∫ Ω |F^k(s)|^2(μ_nn^k(s) + μ_p(p^k(s))dx ds (4.5)

= s_k+S∫

s_k ∫ Ω |F (s)|^2(μ_nn(s) + μ_pp(s))dx ds.

s-integration of 4.1 shows that the function s → ∫ Ω |F (s)|^2(μ_nn(s) + μ_pp(s))ds

is in L^1(0, ∞). Therefore I^k(S)^{k→∞}−−−→ 0 (4.6) for every (fixed) S > 0.

After possible extraction of a subsequence (which we denote as the sequence for the sake of simplicity) we have n(·, s_k) ⇀ n_∞ in M^+(Ω) weak-* , (4.7a) p(·, s_k) ⇀ p_∞ in M^+(Ω) weak-* , (4.7b) (due to the L^1(Ω)-conservation of n(s), p(s)), F (·, s_k) ⇀ F_∞ in L^2(Ω) weak , (4.7c) (due to 4.1) and n^k ⇀ N_∞ in M^+(Ω × (0, S)) weak-* , (4.7d) p^k ⇀ P_∞ in M^+(Ω × (0, S))weak-* , (4.7e) F^k ⇀ W_∞ in L^2(Ω × (0, S)) weak . (4.7f) We estimate S∫ 0 ∫ Ω |F^k(x, s)|n^k(x, s)dx ds (4.8a)

≤ S∫ 0 ∫ Ω |F^k(x, s)|^2n^k(x, s)dx ds 1/2 S∫ 0 ∫ Ω n^k(x, s)dx ds 1/2

≤ ( 1 μ_n I^k(S) )_{1/2} S ∫ Ω n_0dx 1/2 k→∞ −−−→ 0 and analogously S∫ 0 ∫ Ω |F^k(x, s)|p^k(x, s)dx ds^{k→∞}−−−→ 0. (4.8b) We can now pass to the limit k → ∞ in (4.3a),(4.3b) and obtain ∂N_∞ ∂s = ∂P_∞ ∂s = 0 , such that N_∞ = n_∞ , P_∞ = p_∞ , W_∞ = F_∞ , follows (i.e. the limits of n^k, p^k, F^k are independent of s ∈ [0, S]). We can now prove under additional hypotheses Theorem 4.2. Assume C ∈ L^∞(Ω) and consider a solution of (2.10) such that n, p ∈ L^∞(Ω × (0, ∞)). Let S > 0. Then for every sequence s_k → ∞ there exists a subsequence s_{kl} → ∞ and functions n_∞, p_∞ ∈ L^∞_+ (Ω), F_∞ ∈ C(Ω) satisfying a.e. in Ω F_∞(n_∞ + p_∞) = 0 (4.9) and n^{kl} ⇀ n_∞ in L^∞(Ω × (0, S)) weak-* , p^{kl} ⇀ p_∞ in L^∞(Ω × (0, S)) weak-* , F^{kl} → F_∞ in C(Ω × [0, S]) .

Note that (n_∞, p_∞, F_∞) is a steady state solution of (2.10) because of (4.9).

Proof. The L^q-theory of elliptic equations implies F (s) ∈ W^{1,q}(Ω) uniformly as s → ∞ for every 1 ≤ q < ∞. Thus we have n(s)F (s), p(s)F (s) ∈ L^r(Ω) uniformly for every 1 ≤ r < ∞ as s → ∞. From the time differentiated version of the Poisson equation, −divF_s = div(F (μ_nn + μ_pp)) , we then conclude F_s(s) ∈ L^{r′} (Ω) uniformly for every 1 ≤ r^′ < ∞ as s → ∞ and, after possible extraction of subsequence, F^{kl} → F_∞ in C(Ω × [0, S]) follows. We use (4.6), S∫ 0 ∫ Ω |F^{kl} | ( μ_nn^{kl} + μ_pp^{kl} ) dx ds = I^{kl} (S) k_l→∞ −−−→ S∫ 0 ∫ Ω |F_∞|(μ_nn_∞ + μ_pp_∞)dx ds = 0 , and conclude the assertion.

Note that the boundedness condition on n and p in L^∞(Ω × (0, ∞)) can be somewhat weakened without weakening the assertion. Also note that, as shown in the previous section, this condition can be verified if the doping profile is constant and if the initial data for n and p are bounded.

Finally, the limit s → ∞ can also be carried out if the total carrier density is bounded away from zero (which can be verified under assumption (A2) or (A2’), see Lemma 3.3).

Theorem 4.3. Consider a solution of (2.10) such that F (s = 0) ∈ L^2(Ω) and n + p ≥ C > 0. Let s > 0. Then,

‖F (·, s)‖_L2_{(Ω)} ≤ e^{−Ks}‖F (·, 0)‖_L2_{(Ω)} (4.10)

with K = C min{μ_n, μ_p}/2 holds, and for every sequence s_k → ∞ there exists a subsequence s_{kl} → ∞ and nonnegative measures n_∞, p_∞ such that a.e. in Ω n_∞ − p_∞ − C = 0 , (4.11) and n^{kl} ⇀ n_∞ in M^+(Ω × (0, S)) weak-* , p^{kl} ⇀ p_∞ in M^+(Ω × (0, S))weak-* .

Proof. The decay estimate (4.10) is an immediate consequence of the entropy equality (4.1). The remaining results follow from the above.

5 The Limit ˘ ! 0 in the slow problem

Here we focus on the quasineutral limit on the slow time scale. An important assumption will be the boundedness uniformly in λ of the entropy functional (2.11). It is easily seen that this implies the assumption of specially prepared initial conditions compatible with the limiting problem:

n_0 − p_0 − C = 0 .

In this case no initial layer occurs.

The first result concerning the vanishing doping profile case has been proved in [Gas1, Gas2].

Theorem 5.1. Assume C ≡ 0. Let e(0) ≤ c, n_0 = p_0 ∈ L^q(Ω) with 1 ≤ q ≤ ∞ uniformly in λ. Let T > 0. Then, as λ → 0, for a solution of (2.1), the following convergence results hold (after extracting subsequences):

• n ⇀ w, p ⇀ w in L^∞((0, T ); L^q(Ω)) (weak-⋆ convergence in the case q = ∞)

• (n^λ − p^λ)E^λ → 0 strongly in L^{2(q+1)/(q+2)}(Ω × (0, T )),

and w satisfies the heat equation (2.8) in D^′(Ω × (0, T )) with initial datum w(t = 0) = n_0 = p_0.

Our main result for nonvanishing doping profiles reads

Theorem 5.2. Let n_0, p_0 ∈ L^1(Ω) uniformly in λ, T > 0 and C ∈ H^1(Ω). Consider a solution of (2.1) satisfying n + p ≥ C > 0 and e(0) < c uniformly in λ. Then, as λ → 0, (n, p, E) converges (after extracting subsequences) to a solution of (2.2) with initial data n_0, p_0. The convergence of n and p is is strong in L^1(Ω × (0, T )), whereas E converges weakly in L^2(Ω × (0, T )).

Proof. The entropy equality (2.14) gives ∇n + nE √ n , ∇p − pE √ p ∈ L^2(Ω × (0, T )) uniformly in λ. (5.1)

Multiplying the Poisson equation by (n − p − C)/λ^2 we obtain ∫ Ω ( (n + p)|E|^2 + (n − p − C)^2 λ^2 ) dx = ∫ Ω (∇C − (∇n + nE) − (∇p − pE)) · E dx ≤ ∫ Ω ( |∇C| √ n + p + |∇n + nE| √ n + |∇p − pE| √ p ) √ n + p|E|dx . (5.2)

Using the lower bound on n + p and the bound (5.1) we conclude by the Cauchy-Schwarz inequality n − p − C λ , √ nE, √ pE, ∇n √ n , ∇p √ p ∈ L^2(Ω × (0, T )) (5.3)

uniformly in λ. Therefore we have √ n, √ p ∈ L^2((0, T ); H^1(Ω)) → L^2((0, T ); L^{2∗} (Ω)) (5.4) and ∇n, ∇p, nE, pE ∈ L^1((0, T ); L^r(Ω)), r = 1 1 2∗ +^1_2 = d d − 1 . (5.5)

The equations (2.1a) and (2.1b) give ∂n ∂t , ∂p ∂t ∈ L^1((0, T ); W^{−1,1}(Ω)). (5.6)

Combining the last two estimates (5.5) and (5.6) we conclude by standard compactness results [Si] strong convergence of n and p in L^1(Ω × (0, T )).

On the other hand, interpolating between (5.4) and the charge conservation (3.1a) (on the slow time scale) √ n, √ p ∈ L^2((0, T ); L^{2∗} (Ω)) ∩ L^∞((0, T ); L^2(Ω)) , (5.7)

we obtain √ n, √ p ∈ L^{2(d+2)/d}((0, T ) × Ω) and strong convergence of n and p in L^{(d+2)/d−}(Ω × (0, T )). In a similar way we conclude strong convergence of √ n and √ p in L^{2(d+2)/d−}(Ω×(0, T )). Weak convergence of E in L^2(Ω×(0, T )) is obtained from the lower bound on n + p, |E| ≤ 1 √ C √ n + p |E| , (5.8) and the estimate (5.3). This allows to conclude weak convergence of nE = √ n( √ nE) in L^1((0, T ); L^{d/(d−1)}(Ω)), and the same for pE. Also, (5.3) implies the quasineutrality (2.2c) in the limit. This concludes the proof of the Theorem.

The situation is much more delicate if the uniform bound from below for the sum of the densities is removed. To show the diffuculties arising in this case we consider the example of a unipolar one-dimensional model:

n_t = (n_x + nE)_x , (5.9) −λ^2E_x = n − C , (5.10)

with boundary conditions

n_x(0, t) = n_x(1, t) = E(0, t) = E(1, t) = 0 . (5.11)

For the doping profile we assume C ≥ 0, but allow for zeroes of C. Simple manipulations show that the field satisfies a Burgers equation with a strong relaxation term:

λ^2 ( E_t − ( E^2 2 ) x − E_{xx} ) = −CE − C_x , (5.12)

E(0, t) = E(1, t) = 0 . (5.13)

Multiplication of the differential equation by E, integration with respect to x, t and using the estimate | | | ∫_1 0 C_xE dx | | | ≤ 1 2 ∫_1 0 CE^2dx + 1 2 ∫_1 0 C^2_x C dx , gives ∫_T 0 ∫_1 0 CE^2dx ≤ 4 ∫_T 0 ∫_1 0 ( √ C )^2_xdx + λ^2

∫_1 0 E(t = 0)^2dx .

Assuming √ C ∈ H^1((0, 1)) and uniform boundedness (with respect to λ) of λE(t = 0) in L^2((0, 1)), uniform boundedness of E in L^2(B × (0, T )) follows for subintervals B of (0, 1), where the doping profile is bounded away from zero. Obviously this is enough to pass to the limit λ → 0 in the equation (5.12) in such subintervals (in the distributional sense). There a weak limit of the field exists and is equal to −(ln C)_x. Thus, if C has zeroes, the field will in general not be bounded as λ → 0.

6 Conclusions

This paper represents a first step in the rigorous mathematical analysis of the small Debye length regime for transient drift diffusion semiconductor equations. The main new ingredient in the analysis is the physically motivated entropy/entropy-dissipation technique. It turns out that the entropy and the entropy dissipation provide essential uniform bounds which facilitate the passage to the limit λ → 0. Although we only treat a model problem here (isolated semiconductor without p-n junctions) we believe that the tools developed here also apply to the analysis of more complicated and realistic small Debye length limit problems where intuitive formal asymptotic techniques are not so readily available (hydrodynamic and fully kinetic models). A next objective in this research program is the justification of the fully formal asymptotics (matching of the two time scales/slow and fast spatial scales at the p-n junctions) for the bipolar drift diffusion equations.

Acknowledgements. The first and the last two authors acknowledge

partial support from the european TMR network Asymptotic Methods in Kinetic Theory (contract number ERB FMRX CT97 0157). All the authors were partly supported by the ”Charged Particle Kinetics” program at the ”Erwin Schrödinger International Institute of Mathematical Physics”.

References

[AMTU] A. Arnold, P.A. Markowich, G. Toscani, A. Unterreiter, On logarithmic Sobolev inequalities, Csiszar-Kullback inequalities, and the rate of convergence to equilibrium for Fokker-Planck type equations, Preprint Reihe Mathematik 592, TU-Berlin, 1998.

[BG] Y. Brenier, E. Grenier, Limite singuliere du systeme de Vlasov-Poisson dans le regime de quasi neutralite: Le cas independant du temps. (Singular limit of the Vlasov-Poisson system in the quasi-neutral regime: The time independent case), C.R.Acad.Sci., Ser. I 318, No.2, pp. 121- 124, 1994.

[BM] F. Brezzi and P.A. Markowich, A convection-diffusion problem with small diffusion coefficient arising in semiconductor physics, Bollettino UMI 7 (2B), pp. 903-930, 1988.

[CDMS] L. Caffarelli, J. Dolbeault, P.A. Markowich, C. Schmeiser, On Maxwellian Equilibria of Insulated Semiconductors, ESI preprint No. 752, Erwin Schrödinger Institute for Mathematical Physics, Wien, 1999.

[CG] S. Cordier, E. Grenier, Quasineutral limit of Euler-Poisson systems arising from plasma physics, Preprint LAN, Universite’ Paris 6, R96030, 1996.

[Gaj] H. Gajewski, On existence, uniqueness and asymptotic behaviour of solutions of the basic equations for carrier transport in semiconductors, ZAMM 65, pp. 101-108, 1985.

[Gaj1] H. Gajewski, On the uniqueness of solutions to the drift-diffusion model of semiconductor devices, Math. Models Methods Appl. Sci. 4, pp. 121-133, 1994.

[Gas1] I. Gasser, The initial time layer problem and the quasineutral limit in a nonlinear drift diffusion model for semiconductors, to appear in NoDEA, 1999.

[Gas2] I. Gasser, On the Relations between different macroscopic models for semiconductors, Fachbereich Mathematik, Universität Hamburg, 2000.

[GaM1] I. Gasser, P. Marcati, The combined relaxation and vanishing Debye length limit in the hydrodynamic model for semiconductors, to appear in M^3AS, 2000.

[GaM2] I. Gasser, P. Marcati, A quasi-neutral limit in a hydrodynamic model, preprint , 2000.

[Gre] E. Grenier, Limite quasineutre en dimension 1, preprint, 1999.

[JP] A. Jüngel, Peng, manuscript, submitted, 1999.

[K] R.H. Kingston, Switching time in junction diods and junction transistors, Proc. IRE 45, pp. 829-834, 1954.

[LN] B. Lax, S.F. Neustadter, Transient response of a p-n junction, J. Appl.

Phy. 25, pp.148-1154, 1954.

[Ma] P.A. Markowich, A singular perturbation analysis of the fundamental semiconductor device equations, SIAM J. Appl. Math. 44, pp. 231-256, 1984.

[MRS] P.A. Markowich, C. Ringhofer and C. Schmeiser, Semiconductors equations, Springer Verlag, Wien, New York, 1990.

[MRS2] P.A. Markowich, C. Ringhofer and C. Schmeiser, An asymptotic analysis of one-dimensional models of semiconductur devices, IMA J. Appl. Math. 37, pp. 1-24, 1986.

[MS] P.A. Markowich and P. Szmolyan, A system of convection-diffusion equations with small diffusion coefficient arising in semiconductor physics, JDE 81, pp. 234-254, 1989.

[Mock] M.S. Mock, Analysis of Mathematical Models of Semiconductor Devices, Boole Press, Dublin, 1983.

[P] C.P. Please, An analysis of semiconductor p−n junctions IMA J. Appl.

Math. 28, pp. 301-318, 1982.

[Ri1] C. Ringhofer, An asymptotic analysis of a transient p − n−junction model, SIAM J. Appl. Math. 47, pp. 624-642, 1987.

[Ri2] C. Ringhofer, A singular perturbation analysis for the transient semiconductor device equations in one space dimension, IMA J. Appl. Math. 39, No.1, pp. 17-32, 1987.

[R] I. Rubinstein, Electro-Diffusion of Ions, SIAM, Philadelphia, 1990.

[SU] C. Schmeiser, A. Unterreiter, The transient behaviour of multidimensional pn-diodes in low injection, Math. Meth. in the Appl. Sci. 15, pp. 265–279, 1992.

[SUW] C. Schmeiser, A. Unterreiter, R. Weiß, The switching behaviour of a one-dimensional pn-diode in low injection, Math. Models and Meth. in Appl. Sci. 3, pp. 125–144, 1993.

[SW] C. Schmeiser, R. Weiß, Asymptotic analysis of singular singularly perturbed boundary value problems, SIAM J. Math. Anal. 17, pp. 560-579, 1986.

[Sch] C. Schmeiser, Voltage-current characteristics of multi-dimensional semiconductor devices, Q. Appl. Math. 49, No.4, pp. 753-772, 1991.

[Si] J. Simon, Compact sets in the space L^p(0, T ; B), Anal.Math.Pura Appl.

166, pp. 65-96, 1987.

[Sh] W. Shockley, The theory of p-n junctions in semiconductors and p-n junction transistors, Bell. Syst. Tech. J. 28, pp. 435, 1949. Anal.Math.Pura Appl. 166, pp. 65-96, 1987.

[SM] A. Sitenko , V. Malnev, Plasma physics theory, Chapman & Hall, London, 1995.

[Sz] P. Szmolyan, Asymptotic methods for transient semiconductor equations, COMPEL 8, pp. 113-122, 1989.

[VB] A.B. Vasil’eva, V.F. Butuzov, Asymptotic expansion of solutions for singularly pertubed equations, Nauka, Moscow, 1973.