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Abstract

In many manufacturing applications the regulation of a quality process to attain
a given target is of central interest. In a recent paper Liu and Nam (1999) present
a model of optimal quality regulation. The underlying quality process evolves due
to regulation actions and superimposed random disturbances. Optimal regulation
is sought as to minimize the regulation costs and the mean squared deviation from
the desired target over a finite time horizon. Unfortunately the model is incorrectly
analyzed in Liu and Nam (1999) and we therefore present the correct results in the
following paper.
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1. Introduction

In many manufacturing applications regulatory actions are necessary to attain a pre-
scribed target. The outcome of these regulations is usually uncertain, as the regu-
latory actions are superimposed with random disturbances. As an example which
has been taken from Liu and Nam (1999), one may think of the sausage production,
where the moisture content of a batch of sausages has to be driven to a desired level.
As a control the speed of ventilation of the screening room where the sausages are
staged has to be optimally chosen.

Liu and Nam (1999) analyze the optimal regulation of such a quality diffusion
process. Their main result is that (beside no regulation for short planning horizons)
the optimal policy is either a surge-discharge (S-D) control or a bang bang control.
An S-D control is determined by two time points, the discharge time and the stopping
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time, and by a discharge function. Full regulation is applied from the beginning until
the discharge time. Following the discharge function the control ceases of to zero
between discharge time and stopping time and then it remains zero until the end of
the planning horizon. A bang bang control is characterized by one switching point
up to which the system is fully regulated and no regulation occurs afterwards.

As the analysis in Liu and Nam (1999) is erroneous we re-analyze their model in
the present paper. Our result is that the optimal control is piecewise constant with
2 switching points at most. This includes no regulation, a bang bang control, an S-D
control with constant discharge function but additionally also two further types of
control where regulation is applied within an intermediate interval and no regulation
occurs at the beginning and at the end of the planning horizon.

The paper is organized in the following way. Section 2 summarizes the model of
quality regulation. The model is analyzed in Section 3 and some numerical examples
are given in Section 4. The paper closes with concluding remarks in Section 5. All
proofs are defered to the appendix.

2. The quality regulation (QR) model

Let us assume that the system status at time t is observed by the quality outcome
Y (t) and the accumulated regulation actions Q(t) =

∫ t
0 q(s)ds. The quality outcome

is compared to a time invariant target m, which reflects the customer preferences
or technical requirements. To meet the given target regulatory actions are applied
with intensity q(t) ∈ [0, 1] and it is assumed that the corresponding correction in
an infinitesimal time interval dt is proportional to the deviation, i.e. it is given
by q(t)[m − Y (t)]dt. To take any kind of random disturbances into account, this
deterministic outcome of the regulation is superimposed with a stochastic process of
Wiener type. Thus in an infinitesimal time interval the quality changes according to

dY (t) = q(t)[m− Y (t)]dt + σdz (2.1)

where dz is a standard Brownian motion and σ the standard deviation of the distur-
bances. Note that we do not impose any restrictions on the sign of Y (t). Thus the
quality Y (t) may be both positive and negative without having any implications on
the following analysis.

Refering back to Arnold (1992) the characteristics of (2.1) for given initial status
y0 = Y (0) are given by
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Y (t) = e−Q(t)
{

y0 + m
∫ t

0
q(s)eQ(s)ds + σ

∫ t

0
eQ(s)dz(s)

}

(2.2)

E{Y (t)} = m + (y0 −m)e−Q(t) (2.3)

var{Y (t)} = σ2e−2Q(t)
∫ t

0
e2Q(s)ds (2.4)

Following the ideas of Taguchi et al. (1989) the loss due to deviations from the
target is assumed to be given by a quadratic loss function l(Y (t)) = A(Y (t) −m)2,
where A is the cost per deviated unit. The expected quadratic costs are then given
by

L̃(t) = E{l(Y (t))} = A
(

σ2e−2Q(t)
∫ t

0
e2Q(s)ds + (y0 −m)2e−2Q(t)

)

As it can be easily seen the expected quadratic costs follow the differential equation

˙̃L(t) = Aσ2 − 2q(t)L̃(t) (2.5)

with initial condition L̃0 = L̃(0) = A(y0 −m)2.
Additionally to the costs caused by deviating from the target costs are also incured

due to the regulatory actions. These regulation costs are assumed to be linear, i.e.
they are given by c̃q, where c̃ > 0 are the unit regulation costs. The strategic problem
is to choose the regulation actions as to minimize the (discounted) accumulated costs
over a finite time horizon [0, T ].

As the accumulated regulation Q(t) directly appears neither in the utility function
nor in the dynamics of the quadratic loss we can therefore describe the QR-model by

max
q(t)∈[0,1]

∫ T

0
e−ρt[−c̃q(t)− L̃(t)]dt (2.6)

subject to
˙̃L(t) = Aσ2 − 2q(t)L̃(t)

0 ≤ q(t) ≤ 1

L̃(0) = L̃0

(2.7)

where ρ ≥ 0 denotes the rate of time preference.
To facilitate an easier exposition of the results we rescale the quadratic loss by

performing the change of variables

L(t) =
2L̃(t)
Aσ2 , c =

2c̃
Aσ2 (2.8)
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Problem (2.6) - (2.7) is then equivalent to

max
q(t)∈[0,1]

∫ T

0
e−ρt[−cq(t)− L(t)]dt (2.9)

subject to
L̇(t) = 2− 2q(t)L(t)

0 ≤ q(t) ≤ 1

L(0) = L0 = 2L̃0
Aσ2

(2.10)

The optimal control problem (2.9)-(2.10) is analysed in the following sections.

3. Analysis of the QR-model

To derive the canonical system we compute the current value Hamiltonian1

H = −cq − L + λ(2− 2qL) + W1(1− q) + W2q

The optimality condition gives

Hq = −c− 2λL−W1 + W2 = 0, W1 ≥ 0,W2 ≥ 0, W1(1− q) = 0,W2q = 0

and the current value adjoint variable λ(t) has to follow the differential equation

λ̇ = ρλ−HL = 1 + (ρ + 2q)λ, λ(T ) = 0.

An optimal solution (L∗, q∗, λ∗) solves simultaniously the following canonical sys-
tem:

L̇ = 2− 2qL
λ̇ = 1 + (ρ + 2q)λ

L(0) = L0

λ(T ) = 0

As the Hamiltonian is linear in q the optimal regulation is given by

q∗ =











1 if S(t) > 0
q̂ if S(t) = 0
0 if S(t) < 0

where S(t), which is also called switching function (see, e.g., Feichtinger and Hartl,
1986), is given by S(t) = −2λ(t)L(t)− c.

1Note that we suppress the time argument t whenever convenient.
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The problem of determining an optimal control in case that the switching function
is identical to zero on a subinterval is refered to as the problem of singular control.
Singular control problems are generally difficult to solve and have led to numerous
advances in control theory (see, e.g., Kirk, 1970, or Kamien and Schwartz, 1991). For
the QR model under consideration the following lemma shows that a singular control
has to be constant.

Lemma 3.1.

(i) λ(t) < 0, ∀t ∈ [0, T ).

(ii) There may exist an optimal singular control q̂ on a time interval (τ1, τ2) for
sufficiently large regulation costs, i.e., if

c ≥ 2
2 + ρ

(3.1)

The level of quadratic loss, the co-state variable and the singular control are
then constant on (τ1, τ2) and they are given by

L̂ =
c
4



ρ +

√

ρ2 +
16
c



 (3.2)

λ̂ =
c
8



ρ−
√

ρ2 +
16
c



 (3.3)

q̂ =
1
4



−ρ +

√

ρ2 +
16
c



 (3.4)

(iii) The singular solution is of order k̄ = 1. The corresponding generalized Legendre-
Clebsch condition

(−1)
∂
∂q

d2

dt2
Hq < 0, (3.5)

which is a necessary condition for a singular control (of order 1) to be optimal
holds for our model.

(iv) Condition (3.1) is equivalent to L̂ ≥ 1.

5



Remark:

1. The classical Legendre-Clebsch condition Hqq ≤ 0 (concavity of the Hamilto-
nian with respect to the control) is trivially satisfied in case of singular control
problems. To derive further necessary conditions Kelley et al. (1967) consider
the second variation of the payoff functional under different special control vari-
ations and obtain a sequence of tests (Kelley-Contensou test)

(−1)k ∂
∂q

d2k

dt2k Hq ≤ 0, (3.6)

which have to hold for k = 1, . . . , k̄, where k̄ is the order of the singular solution,
i.e. the smallest integer such that the RHS of (3.6) is strictly negative. Since
then this has become known as generalized Legendre-Clebsch condition.

As an alterantive one can first transform the singular problem into a non-
singular one and then apply the classical Legendre-Clebsch necessary condition.
For details see Kelley et al. (1967), Bell and Jacobson (1975) and the literature
cited therein.

2. In Bell and Jacobson (1975) or Kelley et al. (1967) the generalized Legendre-
Clebsch conditions are stated for the non-discounted case or in terms of the
present value Hamiltonian, respectively. Straightforward calculations show that
these conditions are equivalent to the Legendre-Clebsch conditions on the cur-
rent value Hamiltonian.

3. As the order of the singularity is odd, jump discontinuities in the control can
occur when joining singular to non-singular subarcs. In case of an even order
such discontinuities would be ruled out (cmp. Kelley et al., 1967).

According to Lemma 3.1 an optimal control has to be piecewise constant with
possible levels q = 1, q = q̂ or q = 0. The question under which conditions switching
between different levels can occur is answered in the following lemma.

Lemma 3.2.

For an optimal control the following has to hold:

(i) There exists a time point τ2 < T such that q(t) = 0, ∀t ∈ (τ2, T ].

(ii) Switching from q = 1 to q = 0 at the time point τ can only occur, if L(τ) ≥ L̂.
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(iii) Switching from q = 0 to q = 1 at the time point τ can only occur, if L(τ) ≤ L̂.

(iv) Switching to q = q̂ or from q = q̂ at the time point τ can only occur if L(τ) = L̂.

(v) After an interval of singular control with q̂ < 1 switching to q = 1 is not possible.

Due to Lemma 3.2 we are now ready to present 5 different types of regulatory
control as candidates for an optimal solution.

Theorem 3.1.

The optimal regulation of the QR model is piecewise constant with at most two
switching points. The optimal solution is one out of the following types:

• Type 0: No regulation at all.

• Type 10: (Bang bang control) Full regulation at the beginning until time τ
and no regulation afterwards.

• Type 010: Full regulation in an intermediate time interval (τ1, τ2) and no
regulation at the beginning and at the end.

• Type 1q0: Full regulation at the beginning within a time interval [0, τ1), mod-
erate regulation between τ1 and τ2 and no regulation from τ2 onwards.

• Type 0q0: no regulation at the beginning and towards the end, but moderate
regulation in an intermediate time interval (τ1, τ2).

According to the following table2 the number of possible candidates can be further
reduced depending on the values of L0 and L̂.

————————-
Table 1 about here
————————-

2The type q0 which appears in the hairline case L0 = L̂ can be seen as a special case of type 1q0
(or 0q0) with τ1 = 0. In the hairline case L0 = L̂ = 1 the first phase of the type 10 control is also a
singular control which coincides with the upper boundary value 1.
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Up to now all results are valid for positive discount rates as well as for zero
discount. To derive analytical expressions for the optimal switching points of the
different strategies one has to solve the differential equations for piecewise constant
controls. As the solution for λ is qualitatively different for zero discount rate compared
to strictly positive discount rates these two cases have to be treated seperately. In the
following we present the results only for zero discount rate. We expect qualitatively
similar results for positive discount rates.

3.1. Further results for zero discount rate

For ρ = 0 the canonical system can be easily solved. On an interval (τ1, τ2) with no
regulation the solution of the canonical system is

L(t) = L(τ1) + 2(t− τ1) (3.7)

λ(t) = λ(τ2) + t− τ2 (3.8)

whereas with fully applied regulation the solution is

L(t) = 1 + [L(τ1)− 1]e−2(t−τ1) (3.9)

λ(t) = −1
2

+
[

λ(τ2) +
1
2

]

e2(t−τ2) (3.10)

Within an interval of singular control the solution is constant with

L(t) =
√

c, λ(t) = −
√

c
2

and q(t) =
1√
c
.

The optimal switching times for various types of regulatory control are stated in
the following proposition.

Proposition 3.1.

(i) The control q ≡ 0 is feasible if

2T < L0 ≤
c

2T
or L0 ≤ min{2T, 2

√
c− 2T} (3.11)

(ii) The optimal timing of a 0q0 control is given by

τ1 =
1
2

[√
c− L0

]

, τ2 = T −
√

c
2

(3.12)

This switching points are feasible (i.e. 0 ≤ τ1 < τ2 < T ), iff

L0 ≤
√

c <
L0

2
+ T (3.13)
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(iii) The optimal timing of a 1q0 (S-D) control is given by

τ1 = log

√

L0 − 1√
c− 1

, τ2 = T −
√

c
2

(3.14)

This switching points are feasible, iff

1 <
√

c ≤ L0 < 1 + (
√

c− 1)e2T−
√

c (3.15)

(iv) If τ is the optimal switching point of a 10 (Bang Bang) control, then τ has to
be a positive solution of

2(T − τ)[1 + (L0 − 1)e−2τ ] = c (3.16)

(3.16) has a unique solution if L0 ≥ 1 and 2TL0 − c > 0, no solution if 1 ≤
L0 ≤ c

2T and may have multiple solutions for L0 < 1. Note that the existence
of a solution of (3.16) does not necessarily imply that the corresponding bang
bang control has to be an optimal solution of the QR model.

(v) If τ1 and τ2 are the optimal switching points of a 010 control, then they are
given by

τ1 =
z − L0

2
, τ2 = T − z

2
(3.17)

where z has to lie within the interval (c,
√

c) and is solution of

e2z−L0−2T − z − c
z(1− z)

= 0 (3.18)

————————-
Figure 1 about here
————————-

For T ≥ 1 the parameter space can be subdivided into the following regions (see
Fig. 1)

• Region I: = {(c, L0, T ) : T ≥ 1, 0 ≤ L0 ≤ 2T, (L0 + 2T )2 ≤ 4c} ∪
{(c, L0, T ) : T ≥ 1, 4T 2 ≤ 2TL0 ≤ c}

• Region II: =
{

(c, L0, T ) : T ≥ 1, c > 0, L0 > max{
√

c, 1 + (
√

c− 1)e2T−
√

c, c
2T }

}
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• Region III: =
{

(c, L0, T ) : T ≥ 1, 1 ≤ c < (L0+2T )2

4 , 0 ≤ L0 <
√

c
}

• Region IV: = {(c, L0, T ) : T ≥ 1, 1 ≤ c < 4T 2,
√

c ≤ L0 ≤ 1 + (
√

c− 1)e2T−
√

c}

• Region V: = {(c, L0, T ) : T ≥ 1, 0 ≤ L0 ≤
√

c ≤ 1}

Proposition 3.1 now implies the following theorem.

Theorem 3.2.

In region I it is optimal to apply no regulation. In region II the optimal solution is
of type 10. In region III the optimal solution is of type 0q0. In regions IV and V
their remain two candidates for an optimal solution. In region IV the candidates are
of type 10 and 1q0, in region V the candidates are of type 10 and 010.

As for a given set of parameters in region IV and region V, respectively, different
types of controls may be feasible, one has to evaluate the utility function to choose the
optimal solution out of various candidates. From numerical simulations we conjecture
that in region IV the optimal solution is always of type 1q0.

Remark:

We retreat from presenting detailed results for the case T < 1. For 0.5 ≤ T < 1 the
results are quite similar to the above case. The only difference is that region V is
subdivided into two regions. Within one of these subregions no regulation at all is
also candidate for an optimal solution. In case that T ≤ 0.5 the types 0q0 and 1q0 are
not feasible anymore and the optimal solution has to be chosen out of the candidates
0, 10, and 010.

4. Numerical examples

We present some numerical examples of the optimal solution of the QR-model which
should also show the qualitative dependence of the solution on the parameter values.
In all runs the time horizon was kept fixed at T = 1.5.

—————————–
Figures 2a & 2b about here

—————————–
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Dependence on initial loss:
Figure 2a shows how the loss L(t) evolves for different initial values L0 but fixed

unit regulation costs c = 4. For L0 = 0.5 it is not worth spending money in regulation
and the optimal solution is of type 0. For increasing values of L0 (e.g. L0 = 1.5)
one enters region III and the optimal solution is of type 0q0. During an initial phase
of no regulation L(t) increases up to L̂ =

√
c (L̂ = 2 in our example), then it is

kept constant by an interval of singular control, and increases towards the end of the
planning horizon when no regulation is applied to save regulation expenditures. For
L0 > L̂ but still not too high initial loss (e.g. L0 = 3.) the optimal solution is of type
1q0, where it is possible to reach L̂ by an initial phase of full regulation and then one
proceeds similar to the last case. For very high levels of initial loss (e.g. L0 = 5), the
optimal solution is of type 10, as it is not worth to apply full regulation for a long
enough time until the singular level L̂ is reached.

Fig. 2b shows the solutions for c = 0.5, i.e. for cases where an interval of singular
control does not exist and the solutions are only of type 010 and 10. For small
values of L0 (L0 = 0.1 and L0 = 0.4 in the simulation) the solutions are of type 010.
It is optimal to start with no regulation and to wait until the loss has grown to a
high enough level, as the regulation is not very effective for small deviations from
the target (cmp. equation (2.1)). In an intermediate time interval full regulation is
applied, which brings L(t) asymptotically near to 1. Towards the end of the time
horizon no regulation is applied for obvious reasons. For larger values of L0 (L0 =
0.8, L0 = 1, L0 = 1.5 in our example) it is optimal to immediately start with full
regulation and the optimal solution is of type 10.

—————————-
Figures 3a & 3b about here

—————————-

Dependence on unit regulation costs:
Time paths of L(t) for fixed initial loss L0 = 2 and various values of regulation

costs are depicted in figure 3a. For low regulation costs (c = 0.5) the optimal solution
is a bang bang control, as it is not too costly to apply full regulation for a long
time. For increasing regulation costs one enters region IV (c = 2.5) and the optimal
control is of type 1q0. As L0 > L̂ the loss is first reduced to L̂ by applying full
regulation during an initial phase, it is then kept constant at L̂ by moderate control,
and increases towards the end. For c = 4 we have the hairline case L0 = L̂ with
optimal solution of type q0 (see also the table in theorem 3.1). For larger values of c
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(e.g. c = 5) the optimal solution is of type 0q0. As L0 < L̂, L(t) has to increase up
to L̂ within an initial interval of no regulation before it can be kept constant at L̂ by
the singular control. For too high regulation costs (e.g. c = 8) the optimal solution
is no regulation at all.

Figure 3b shows solutions for small initial loss with L0 = 0.4. Beside the cases
of no regulation for high regulation costs (c = 4) and the case of a 0q0 control for
c = 1.5 it depicts a solution of type 010 for c = 0.7 and a solution of type 10 for
c = 0.1.

5. Conclusion

We analyzed a model of optimal regulation of a quality diffusion process suggested by
Liu and Nam (1999) and obtained substantially different results. It turned out that
the optimal control is piecewise constant with at most two switching points, which
can be easily determined.

Due to rescaling the variables the number of parameters was reduced to only 3 (in
the case of no discounting) relevant parameters, unit regulation costs c, initial loss L0

and the time horizon T. Beside some pathological cases the qualitative dependence
of the optimal regulation on the parameter values can be characterized as follows:
For moderate regulation costs, i.e. 1 < c < 4T 2, it is optimal to keep the loss at a
constant level L̂ by applying moderate regulation for a relatively long intermediate
time interval. Depending on the initial loss L0, full regulation is applied in an initial
phase to reach L̂ if L0 > L̂. In case that L0 < L̂ no regulation is necessary at
the beginning. It is optimal to wait until the loss reaches L̂ due to the random
disturbances, and then keep the loss at this level by moderate regulation. Towards
the end of the planning horizon no regulation is applied to save regulation costs
accepting a deteriorating quality level. For a high initial loss the level L̂ cannot be
reached and the optimal solution is a bang bang control.

For high or low regulation costs, i.e. c 6∈ (1, 4T 2), an intermediate interval of
moderate control does not show up.

The results of the analysis depend crucially on the assumption of linear regulation
costs as only in this case time intervals with singular control can occur. The case
of nonlinear regulation costs is left for further research. As an extension to the
current paper it would also be an interesting topic to consider different diffusion
processes where, e.g., the variance of the Wiener disturbance depends on the level of
the diffusion process rather than being constant.
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Appendix:

Proof of Lemma 3.1.

(i) Let us assume that λ(τ) ≥ 0 for some τ ∈ [0, T ). Then λ̇(τ) > 0 which im-
plies that λ̇(t) > 0 and λ(t) > 0 ∀t ∈ (τ, T ]. This is in contradiction to the
transversality condition λ(T ) = 0.

(ii) Along any singular part of the optimal solution the switching function as well
as its first time derivative have to be zero. Straight forward calculations yield:

Ṡ = −2λ̇L− 2λL̇ = −2L− 4λ− 2ρλL = 0 (A.1)

S = 0 implies
λ = − c

2L
(A.2)

Substituting (A.2) into (A.1) gives

−2L +
2c
L

+ ρc = 0 (A.3)

with the unique (positive) solution given by (3.2).

As L(t) is constant within the interval of singular control, L̇ has to be zero,
from which we get (3.4). Moreover, (3.3) follows from (A.2).

The level of the singular control is admissible (i.e. lies within the interval (0, 1])
only in case that

c ≥ 2
2 + ρ

(A.4)

(iii) The order of the singular solution is the smallest integer k such that the deriva-
tive

(−1)k ∂
∂q

d2k

dt2k Hq (A.5)

is non-zero (cmp. Bell and Jacobson, 1975). For our model we have:

d
dt

Hq = Ṡ = −2L− 4λ− 2ρλL (A.6)

d2

dt2
Hq = −8 + 4q(L− 2λ)− 2ρ(L + 4λ)− 2ρ2λL (A.7)

(−1)
∂
∂q

d2

dt2
Hq = −4L + 8λ < 0 (A.8)

i.e. the order is k = 1 and the generalized Legendre-Clebsch condition (3.5)
holds.
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(iv) Condition (3.1) holds iff q̂ ∈ [0, 1] which is equivalent to L̂ ≥ 1, as q̂L̂ = 1. The
last relation follows from L̇ = 0 which has to hold along the singular part of the
solution.

Proof of Lemma 3.2.

(i) S(T ) = −c < 0 due to the transversality condition. As the switching function
is continuous, S(t) is negative on an interval (τ2, T ] and therefore the optimal
control is set to q = 0 towards the end of the planning horizon.

(ii) Switching from q = 1 to q = 0 at t = τ can only be optimal, if S(τ) = 0 and
Ṡ(τ) ≤ 0 holds. S(τ) = 0 implies

λ(τ) = − c
2L(τ)

(A.9)

Substituting (A.9) into Ṡ(τ) = −2L(τ)− 4λ(τ)− 2ρλ(τ)L(τ) yields

−2L(τ) +
2c

L(τ)
+ ρc ≤ 0 ⇔ 2L2(τ)− ρcL(τ)− 2c ≥ 0 (A.10)

For positive L(τ) (A.10) holds iff L(τ) ≥ L̂.

(iii) Analogous with part (ii).

(iv) If within a time interval starting or ending at τ the optimal control is q̂ then
the solution is singular on this interval which obviously implies that L(τ) = L̂.

(v) Let us assume that the control is singular on the interval (τ1, τ2), i.e. that
q(t) = q̂ < 1, L̇ = 0 and L(t) = L̂ > 1 hold ∀t ∈ (τ1, τ2). Switching from
q = q̂ to q = 1 at t = τ2 implies that L̇(t) < 0 and thus L(t) < L̂ ∀t > τ2.
Therefore switching to q = 0 (or q = q̂) is not possible after τ2. This, however,
is a contradiction to q = 0 at the end of the planning horizon (see (i)).

Proof of Theorem 3.1.

In cases with L̂ ≤ 1 a singular control q̂ < 1 cannot occur as the existence of a
singular control requires L̂ ≥ 1 (see Lemma 3.1) and the singular control q̂ coincides
with the upper limit 1 if L̂ = 1.

We now distinguish the following cases:
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• L̂ ≤ 1 and L̂ ≤ L0 :

If the optimal control is q(t) = 0 ∀t ∈ [0, τ) at the beginning of the planning
period, then L(t) is increasing in [0, τ) and L(t) > L̂ ∀t ∈ (0, τ) because of
L0 ≥ L̂. According to lemma 3.2 switching to q = 1 is not possible and therefore
q(t) ≡ 0.

If it is optimal to start with q(t) = 1 ∀t ∈ [0, τ), then L(t) evolves according to

L(t) = 1 + [L0 − 1]e−2t (A.11)

and L(t) ≥ L̂ ∀t ∈ [0, τ). Switching to q = 0 is therefore possible and has to
occur according to lemma 3.2. After switching to q = 0 L(t) is increasing and
therefore q(t) has to remain zero.

• L0 < L̂ < 1 :

If the optimal control starts with q(t) = 0 ∀t ∈ [0, τ) it is possible to switch to
q = 1, as L0 < L̂ and therefore L(t) ≤ L̂ for sufficiently small t. For q(t) = 1,
L(t) then converges monotonically to 1, and thus L(t) ≥ L̂ and it is possible to
switch back to q = 0. Afterwards, of course, q(t) has to be kept at zero.

• L0 < L̂ = 1 :
The optimal control has to start with q(t) = 0 which has to be applied at least
until L(t) reaches L̂ = 1. It is then possible to switch to q = 1 which keeps L(t)
at the level L̂ and therefore switching back to q = 0 is still possible. If one would
choose q = 1 before L(t) has reached L̂, then L(t) would move asymptotically
to 1, but would not reach it in finite time. Thus L(t) < L̂ ∀t ∈ [0, T ] which
together with lemma 3.2 (ii) is a contradiction to q(T ) = 0.

• 1 < L̂ < L0 :
If the optimal control starts with q = 0 then L(t) is increasing and L(t) > L̂.
According to lemma 3.2 switching to q = 1 or q = q̂ is not possible. If the
optimal control starts with q = 1 then it is possible to switch either to q = 0 as
long as L(t) ≥ L̂ or to q = q̂ as soon as L(t) reaches L̂. In the first case q then
has to remain zero, in the second case only switching to q = 0 after a period of
singular control is possible (see Lemma 3.2(v)).

• 1 < L̂ = L0 :
As in the latter case a control starting with q = 0 has to remain zero. Moreover,
an optimal control cannot start with q = 1 as in this case L(t) would be strictly
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monotonically decreasing in an initial interval leading to L(t) < L̂ and q would
have to remain 1 which is a contradiction to lemma 3.2 (i). Therefore only a
type q0 control is a second candidate for an optimal solution.

• 1 < L̂ and L0 < L̂ :
Similar to the last case an optimal control cannot start with q = 1. A control
starting with q = 0 either can be constantly zero, or it is possible to switch to
q = q̂ as soon as L(t) reaches L̂. Switching to q = 1 is not possible, because
afterwards L(t) would be strictly smaller than L̂ and q = 1 would have to
hold further on. After the phase of singular control only switching to q = 0 is
possible.

Proof of Proposition 3.1.

(i) In case that q ≡ 0, the canonical system has the solution

L(t) = L0 + 2t (A.12)

λ(t) = t− T (A.13)

Therefore the switching function is given by

S(t) = −2(L0 + 2t)(t− T )− c (A.14)

with a maximum value given by

max
t∈[0,T ]

S(t) =







(L0+2T )2

4 − c if 2T − L0 ≥ 0

S(0) = 2L0T − c if 2T − L0 < 0
(A.15)

This maximum has to be negative to ensure that the optimal policy is no regu-
lation at all.

(ii) At the switching points the following has to hold:

λ(τ2) = τ2 − T = λ̂ = −
√

c
2

(A.16)

L(τ1) = L0 + 2τ1 = L̂ =
√

c (A.17)

with solution (3.12). Condition (3.13) follows immediately from 0 ≤ τ1 < τ2 <
T.
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(iii) At the switching points

λ(τ2) = τ2 − T = λ̂ = −
√

c
2

(A.18)

L(τ1) = 1 + [L0 − 1]e−2τ1 = L̂ =
√

c (A.19)

has to hold which implies (3.14). Obviously 0 ≤ τ1 < τ2 < T can only hold
under condition (3.15).

(iv) At the switching point the following has to hold:

f(τ) = −2λ(τ)L(τ)− c = 0 (A.20)

with
L(τ) = [1 + (L0 − 1)e−2τ ] and λ(τ) = τ − T (A.21)

This implies (3.16). Straighforward calculations yield

∂f(τ)
∂τ

= −2− 2(L0 − 1)e−2τ (1 + 2T − 2τ) (A.22)

Therefore f(τ) is monotonically decreasing for L0 ≥ 1. As f(T ) = −c < 0, there
is a unique solution in case that f(0) = 2TL0 − c is positive and no solution if
f(0) is negative. For L0 < 1 f(τ) does not have to be monotone and multiple
solutions may exist.

(v) At the switching points the following has to hold:

−2λ(τ1)L(τ1) = −2λ(τ2)L(τ2) = c (A.23)

with
L(τ1) = L0 + 2τ1, λ(τ1) = −1

2
+

[

τ2 − T +
1
2

]

e2(τ1−τ2) (A.24)

and
L(τ2) = 1 + [L0 + 2τ1 − 1]e−2(τ2−τ1), λ(τ2) = τ2 − T (A.25)

Defining x = L0 + 2τ1, y = e2(τ1−τ2) and z = 2(T − τ2) equation (A.23) can be
written as

x(1− y) + xyz = z(1− y) + xyz = c (A.26)

which immediately implies x = z and y = z−c
z(1−z) . From the definition of x and

z we get τ1 = (z − L0)/2 and τ2 = T − z/2. Substituting into the definition of
y, z has to be solution of

e2z−L0−2T =
z − c

z(1− z)
(A.27)
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Expression (A.27) has to lie within the interval (0, 1) as τ1 < τ2, which is only
possible for c < z <

√
c (taking into consideration that a 010 control can only

be optimal for c ≤ 1; see Theorem 3.1).
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Captions of the Figures

Figure 1: Partition of the (c, L0)−parameter plane for T = 1.5.
Figure 2a: Time paths of the loss L(t) for T = 1.5, c = 4 and various initial

values L0.
Figure 2b: Time paths of the loss L(t) for T = 1.5, c = 0.5 and various initial

values L0.
Figure 3a: Time paths of the loss L(t) for T = 1.5, L0 = 2 and various parameter

values of unit regulation costs.
Figure 3b: Time paths of the loss L(t) for T = 1.5, L0 = 0.4 and various

parameter values of unit regulation costs.
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L0 > L̂ L0 = L̂ L0 < L̂

L̂ < 1 (i.e. c < 2
2+ρ) 0, 10 0, 10 0, 10, 010

L̂ = 1 (i.e. c = 2
2+ρ) 0, 10 0, 10 0, 010

L̂ > 1 (i.e. c > 2
2+ρ) 0, 10, 1q0 0, q0 0, 0q0

Table 1. Candidates for an optimal solution depending on initial and singular loss.
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